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INTRODUCTION 


Tuis is the first volume of a five-volume course of higher mathematics 
which has been studied by Soviet mathematicians, physicists and 
engineers for forty years. In the first two editions (1924, 1927), which 
were practically identical, this first volume was written jointly by 
J. D. Tamarkin and V. I. Smirnov, but on the title page of later 
editions, prepared without the late Professor Tamarkin’s cognizance 
and deviating from the two earlier editions in many respects, Professor 
Smirnov’s name appears alone. 

Professor Tamarkin’s career and his contributions to both Russian 
and American mathematics are well known to British and American 
readers, but the achievements of Professor Smirnov are known to a 
more restricted circle. Vladimir Ivanovitch Smirnov, who was born 
in 1887, has had a distinguished career in research and teaching which 
fits him ideally for the writing of a comprehensive work of extensive 
proportions. His research has been mainly in the theory of functions 
and of differential equations but he has made valuable contributions 
to applied mathematics and, in particular, to theoretical seismology 
and all his work has been characterized by a broad scientific outlook 
and he has done more than any other Soviet mathematician to main- 
tain and strengthen the connections between mathematics and physics. 
His pupils, among whom are numbered S. L. Sobolev, N. E. Kochin 
and I. A. Lappo-Danilevskii, have maintained this tradition of work- 
ing in both pure and applied mathematics, a tradition which Smirnov 
inherited from his teacher V. A. Steklov. 

Professor Smirnov’s teaching experience in the old Institute of 
Transport, in a technical high school, in the Physics Department of 
the Mathematics and Physics Faculty of the University of Lenin- 
grad, and as Director of the Theoretical Section of the Institute of 
Seismology, Moscow, led him to study the design of a special course 
of higher mathematics for physicists and engineers, a project in the 
course of which he received the counsel of his many physicist friends 
particularly V. A. Fock and T. V. Kravets. The five-volume set of 
which the present volume is the first is the outcome of that study. It 
is, of course, designed as a first course for pure mathematicians in the 
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topics considered as well as for students and research workers whose 
main interest lies in the applications of mathematics. 

The whole work is notable not only for the wealth of the illustrations 
it draws from physics and technology to illuminate points in pure 
mathematics, but also for the clarity of the exposition. This has al- 
ready been recognized in the Soviet Union by the esteem by which 
the author’s work is held by academic teachers, by the award in 1947 
of the State Prize (previously called the Stalin Prize) to the author for 
this work, and it is to be hoped that through Mr. Brown’s translation 
its merits will become just as well known in the English-speaking 
world. 

The present volume is an introduction to calculus and to the prin- 
ciples of mathematical analysis including some introductory material 
on functions of several variables as well as on functions of a single 
variable. As well as providing the material necessary for the under- 
standing of the methods of mathematical physics it is an excellent 
introduction to these subjects for students of pure mathematics. 


I. N. SNEDDON 


PREFACE TO THE EIGHTH RUSSIAN EDITION 


THE present edition differs very considerably from the last. The 
material relating to analytic geometry has been excluded, and the 
remaining material has been rearranged as a result. In particular, 
applications of the differential calculus to geometry are now to be 
found collected in § 7 (Chapter IT). A chapter has been added which 
was previously the first of Volume II, dealing with complex numbers, 
the basic properties of integral polynomials, and the systematic 
integration of functions. 

Further substantial additions must be mentioned, apart from the 
various minor additions and modifications to the text. In view of 
the fact that quite subtle and difficult problems of higher analysis 
are encountered in later volumes, it was thought useful to give the 
theory of irrational numbers, and its use in proving tests for the 
existence of limits and the properties of continuous functions, at the 
end of § 2 (Chapter I) after the theory of limits. A rigorous definition 
and study of the properties of the elementary function is also to be 
found there. The proof of the existence of implicit functions is included 
in Chapter V, dealing with functions of several variables. 

The text is arranged so that the large type can be read independently. 
The small type sections contain examples, some additional particular 
problems, all the theoretical material referred to above, and the final 
section of Chapter IV, which deals with theory of a more difficult kind. 

My sincere thanks are due to Professor G. M. Fikhtengol’ts for a 
number of valuable suggestions regarding the text, which I have 
incorporated during the final revision of the book. 


PREFACE TO THE SIXTEENTH RUSSIAN EDITION 


THE basic text and plan of the book have remained unchanged in the 
present edition, though there are a number of alterations due to the 
requirements of accuracy and completeness. This refers especially to 
applications of the differential and integral calculus to geometry. 


V. SmMrrRNov 
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CHAPTERI 


FUNCTIONAL RELATIONSHIPS 
AND THE THEORY OF LIMITS 


§ 1. Variables 


1. Magnitude and its measurement. Mathematical analysis has a 
fundamental importance for exact science; unlike the other sciences, 
each of which has an interest only in some limited aspect of the 
world around us, mathematics is concerned with the most general 
properties inherent in all phenomena that are open to scientific 
investigation. 

One of the fundamental concepts is that of magnitude and its 
measurement. It is characteristic of a magnitude that it can be meas- 
ured, i.e.it can be compared in one way or another with some specific 
magnitude of the sort which is accepted as the unit of measurement. 
The process of comparison itself depends on the nature of the magnitude 
in question and is called measurement. Measurement results in an 
abstract number being obtained, expressing the ratio of the observed 
magnitude to the magnitude accepted as the unit of measurement. 

Every law of nature gives us a correlation between magnitudes, 
or more exactly, between numbers expressing these magnitudes. 
It is precisely the object of mathematics to study numbers and the 
various correlations between them, independently of the concrete 
nature of the magnitudes and laws which lead us to these numbers 
and correlations. ; 

Thus, every magnitude is related by its measurement to an abstract 
number. This number depends essentially, however, on the unit 
assumed for the measurement, or on the scale. On increasing this 
unit, the number measuring a given magnitude decreases, and con- 
versely, the number increases on decreasing the unit. 

The choice of scale is governed by the character of the magnitude 
concerned and by the circumstances in which the measurements are 
carried out. The size of the scale used for measuring one and the same 
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magnitude can vary within the widest possible limits — for instance, 
in measuring length in accurate optical studies the accepted unit of 
length is an Angstrom (one ten-millionth of a millimetre, 107~1°m); 
whereas use is made in astronomy of a unit of length called a light- 
year, i.e. the distance travelled by light in the course of a year (light 
travels approximately 300,000 km in one second). 


2. Number. The number which is obtained as a result of measurement 
may be integral (if the unit goes an integral number of times into the 
magnitude concerned), fractional (if another unit exists, which goes an 
integral number of times both into the measured magnitude and into 
the unit previously chosen — or in short, when the measured magni- 
tude is commensurable with the unit of measurement) and finally, 
irrational (when no such common measure exists, i.e. the given magni- 
tude proves incommensurable with the unit of measurement). 

It is shown in elementary geometry, for instance, that the diagonal 
of a square is incommensurable with its side, so that, if we measure 
the diagonal of a square using the length of side as unit, the number 
V2 obtained by measurement is irrational. The number zx is similarly 
irrational, obtained on measuring the circumference of a circle, the 
diameter of which is taken as unit. 

Reference can usefully be made to decimal fractions, in order to 
understand the idea of irrational numbers. As is known from arith- 
metic, every rational number can be represented in the form of either 
a finite or an infinite decimal fraction, the infinite fraction being peri- 
odic in the latter case (simple periodic or compound periodic). For 
instance, on carrying out division of the numerator by the denominator 
in accordance with the rule for division into decimal fractions, we 
obtain: 


5 = 

33 7 0.151515... = 0.1(5), 
5 i 

Sy = 0.2777... = 0.2 (7). 


Conversely, as is known from arithmetic, every periodic decimal 
fraction expresses a rational number. 

In measuring a magnitude, incommensurable with the unit taken, 
we can first reckon how many times a full unit goes into the measured 
magnitude, then how many times a tenth of a unit goes into the re- 
mainder obtained, then how many timesa hundredth of a unit goes into 
the new remainder and so on. Measurement of a magnitude, incommen- 
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surable with the unit, will thus lead to the formation of an infinite 
non-periodic decimal fraction. An infinite fraction of this sort corres- 
ponds to every irrational number, and conversely, to every infinite 
non-periodic decimal fraction there corresponds a certain irrational 
number. If only a few of the first decimal places are retained in this 
infinite decimal fraction, an approximate value is obtained below 
the irrational number represented by this fraction. Thus, for example, 
on extracting the square root in accordance with the usual rule to 
the third decimal place, we obtain: 


V2 = 1.414... 


The numbers 1.414 and 1.415 are approximate values of |/2 with 
an accuracy of one-thousandth, below and above. 

Decimal places can be used for comparing the sizes of irrational 
numbers with each other, and with rational numbers. 

Magnitudes of different signs, positive and negative, have to be 
considered in many cases (temperatures above and below 0°, positive 
and negative velocities of displacement along a line, and so on). Such 
magnitudes are expressed by corresponding positive and negative 
numbers. If a and b are positive numbers and a < b, then —a > —b, 
and any positive number, including zero, is greater than any negative 
number. 

All rational and irrational numbers are arranged in a certain definite 
order, according to their magnitudes. All these numbers form the 
aggregate of real numbers. 

We shall note one circumstance in connection with the represen- 
tation of real numbers by decimal fractions. We can write an infinite 
decimal fraction with nine recurring in place of any given finite decimal 
fraction. For example: 3.16 = 3.1599... If finite decimal fractions 
are not used, an accurate one-to-one correspondence is then obtained 
between real numbers and infinite decimal fractions, i.e. to every 
real number, except zero, there corresponds a definite infinite decimal 
fraction and to every infinite decimal fraction there corresponds a 
definite real number. Negative numbers can be associated with cor- 
responding infinite decimal fractions with the minus sign in front. 

The four primary operations can be carried out in the domain of real 
numbers, except division by zero. The root of odd degree of any given 
real number always has one specific value. The root of even degree 
of a positive number has two values, which differ only in sign. The root 
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of even degree of a negative real number has no meaning in the domain 
of real numbers. The rigorous theory of real numbers and the opera- 
tions on them is given later in small type in [40]. 

The number expressing a given magnitude is called its arithmetic or 
absolute value when associated with the + sign. The absolute value of 
the magnitude expressed by the number a, or in other words, the 
absolute value of the number a, is denoted by the symbol | a |. Thus 
we have: 


|a| = a, if a is a positive number, 
|a |= —a, if a is a negative number. 


It can easily be shown that the absolute value of the sum |a + 5 | 
is equal to the sum of the absolute values of the parts, |a|-+ |b |, 
only if the parts have the same sign; otherwise, it will be less, so that 
we have: 


Jato] <lal+ ||. 


For example, the absolute value of the sum of the numbers (-++3) 
and (—7) is equal to four, but the sum of the absolute values of the 
parts is equal to ten. 

Similarly, it can be shown that 


Ja —d] > a] —[d|, 


on the assumption that |a| > | |. 

The absolute value of the product of any number of factors is equal 
to the product of the absolute values of these factors, and the absolute 
value of a quotient is equal to the quotient of the absolute values of 
numerator and denominator, i.e.: 

labc| = Jal -|b}-{cl and ie = + 

3. Constants and variables. The magnitudes studied in mathematics 
are divided into two classes: constants and variables. 

A magnitude is called a constant when it retains the same (invariable) 
value in a given investigation; a magnitude is a variable when, for 
one reason or another, it can assume different values in a given investi- 
gation. . 

It is evident from these definitions that the concepts of constant 
and variable are largely a matter of convention and depend on the 
circumstances in which the given phenomenon is studied. A magnitude 
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that may be considered as a constant under certain conditions, can be- 
come a variable under different conditions, and conversely. 

For instance, it is important to know, when measuring the weights 
of bodies, whether the weighing operations are carried out at the same 
point of the earth’s surface, or at different points: if the measurements 
are made at the same point, the acceleration due to gravity, on which 
the weight depends, will remain constant, and differences in weight 
between different bodies will depend only on their masses. On the 
other hand, if the measurements are made at different points on the 
earth’s surface, the acceleration due to gravity cannot be looked on 
as a constant, since the centrifugal force due to the rotation of the 
earth must be considered. As a result of this factor, the same 
body will weigh less at the equator than at the poles, as can be ob- 
served if a spring-balance is used, instead of a lever-balance. 

Similarly, the length of the rods used in the construction of some 
technical device can be looked on as invariable for the purposes of 
rough calculation. When greater accuracy is needed, so that regard is 
taken of the effect of temperature on the measurement, the length of 
a rod becomes variable, with the natural result that all calculations 
become more complex. 


4. Interval. The character of the change of a variable can be ex- 
tremely diverse. A variable can assume either all possible real values, 
without limits (time t, for example, calculated from some definite 
initial moment, can assume all possible values, both positive and 
negative), or its values are limited by certain inequalities (absolute 
temperature 7'°, for example, must be greater than —273°C); or 
finally, a variable can assume only certain, and not all possible, types 
of value (only integral, in the case of the population figure for a given 
year or for the number of molecules in a given volume of gas, or only 
commensurable with a given unit and so on). 

We shall note some of the most common ways in which variables 
change in theory and practice. 

If the variable x can assume every real value permitted by the 
condition a < x < b, where a and 6 are fixed real numbers, we say 
that x varies in the interval (a, b). Such an interval, including its ends, 
is sometimes referred to as a closed interval. If the variable x can 
assume all values in the interval (a, b) except its ends, ie. a< a <b, 
we say that x varies inside the interval (a, 6). Such an interval, with 
its ends excluded, is referred to as an open interval. Furthermore, the 
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domain of variation of x can be an interval, closed at one side and 
open on the other:a <x2<bora<x<b. 

If the domain of variation of 2 is defined by a < x, we say that x 
varies in the interval (a, + °°), which is closed on the left and open 
on the right. Similarly, if 2 < b, we have the interval (— ©9, b), open 
on the left and closed on the right. If x can assume any real value, we 
say that x varies in the interval (— ©, -+ c°), open on both sides. 


5. The concept of function. We are concerned in most applications 
not with one variable, but with several variables at once. 

Let us take the example of a certain quantity of air, say 1 kg; 
the variables defining its state are: its pressure p (kg/m?), the volume 
v (m5) which it occupies; its temperature /°C. Let us assume for the 
moment that the temperature of the air is maintained at 0°C; the 
number ¢ is then a constant, equal to zero. The only remaining 
variables are p and v. If the pressure p changes, then the volume » 
changes; for example, if the air is compressed, the volume decreases. 
We can change p arbitrarily (at least within the limits technically 
attainable), in which case we can refer to p as an independent variable; 
for every pressure p, there is evidently a completely defined volume. 
There must thus be a law which enables the corresponding volume 
v to be found for every value of p. This is, of course, Boyle’s law, 
which says that the volume occupied by a gas at constant tem- 
perature is inversely proportional to the pressure. 

Applying this law to our kilogram of air, the relationship between 
v and p can be put in the form of an equation: 


__ 273% 29.27 
P 


The variable v is in this case called a function of the independent 
variable p. 

Turning from this particular example, we can say that, theoretically 
speaking, an independent variable is characterized by a large number 
of possible values, its value being any one chosen arbitrarily from all 
these possible values. The independent variable x, for example, can 
have a set of values consisting of the interval (a, b), or the inte- 
rior of this interval, i.e. the independent variable x can take any 
value satisfying the condition a < x < b, ora <a <b. It might be 
the case that x takes any integral value, etc. In the example quoted 
above, p had the role of independent variable, and the volume v was 
a function of p. We shall now define a function theoretically. 
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Derinition. A quantity y is called a function of the independent 
variable x, if for any given value of x (from all its possible values) there 
corresponds a definite value of y. 

Thus, if y is a function of x, defined in the interval (a, b), this means 
that there is a corresponding definite value of y for any value of x 
from this interval. 

It is mostly just a matter of convenience which of two magnitudes, 
zx or y, is to be taken as the independent variable. In our example, 
we could have changed the volume v arbitrarily and defined the 
pressure p each time, thus having v as the independent variable and 
p as a function of v. We obtain an expression for p as a function of 
the independent variable by solving the equation given above in 


terms of p: 
273 X 29.27 
LS = 


What has been said in regard to two variables is extended without 
difficulty to the case of any desired number of variables; and we can 
distinguish here between independent variables, and dependent variables 
or functions. 

Returning to our example, let us assume that the temperature is 
no longer 0°C, but can change. Boyle’s law must now be replaced by 
the more complex relationship of Clapeyron: 


pv = 29.27 (273 + T), 


which shows that, when studying the gaseous state, only two of the 
magnitudes p,v and J can be changed arbitrarily, the third being 
fully defined when the values of these two are given. We can take p 
and 7' as independent variables, for example, in which case v is a func- 


tion of them: 
29.27 (273+ 7) 


P 
Or similarly, » and 7 can be independent variables, and p a function 
of them. 
Let us take another example. The area S of a triangle is given in 
terms of the lengths of sides a, b,c, by the formula: 


S = Vp (p — a) (p — 6) (p — 0), 
where p is half the perimeter of the triangle: 


p= a 
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The sides a, b,c can vary arbitrarily, provided only that each side 
is greater than the difference, and less than the sum, of the other two. 
The variables a, b, c are thus independent variables restricted by certain 
inequalities, whilst S is a function of them. 

We can also fix two sides, say a, 6, and the area S of the triangle; 


using the formula: 

S= ab sin QO, 

where C is the angle between sides a, b; we can then find C. The magni- 
tudes a, 6, S are the independent variables here, and C the function. 


The variables a, b, S must be restricted in this case by the condition: 
; 28 
sin C= “ab <l. 


It may be noted that we obtain two values for C in this example, 
depending on whether we take the acute or obtuse angle, both of which 


have the same sine: 


sin C = Rass . 
ab 


We meet here the concept of a many-valued function, about which 
more will be said below. 


6. The analytic method of representing functional relationships. 
Every law of nature, connecting certain phenomena with others, 
establishes a functional relationship between magnitudes. 

There are many ways of representing a functional relationship, but 
the most important are the three following: (1) the analytic, (2) the 
tabular, and (3) the graphical, or geometrical method. 

We say that a functional relationship between magnitudes, or more 
simply, a function, is represented analytically, if these magnitudes are 
connected with each other by equations. These equations contain the 
magnitudes, subject to the various mathematical operations: addition, 
subtraction, division, taking logarithms etc. We always arrive at an 
analytic representation of a function on studying a problem theoreti- 
cally: which means that, having established basic premises, we make 
use of mathematical analysis and obtain results in the form of mathe- 
matical formulae. For instance, in celestial mechanics, all the possible 
motions, positions and interactions of the heavenly bodies are deduced 
from a single basic law, that of universal gravitation. 

If we have a direct expression for the function (i.e. the dependent 
variable) in terms of mathematical operations on the independent 
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variables, we say that the function is given explicitly. The expression 
for the volume v of a gas at constant temperature in terms of the 
pressure is an example of an explicit function (of one independent 
variable): 

__ 273% 29.27 

ee 

Similarly, the expression for the area S of a triangle in terms of the 
sides: 


S = Vp(p — a) (p — 8) (p—o), 
is an example of an explicit function of three independent variables. 
Another example may be given of an explicit function of one indepen- 


dent variable: 
y = 2a" — 38a + 7. (1) 


It is often inconvenient or impossible to write down the formula 
expressing a function in terms of the independent variables. We can 
write briefly instead: 

y = f(z). 


This notation means that y is a function of the independent variable 
x, and f symbolizes the dependence of y on x. Of course another letter 
can be used in place of f. If we are considering several different func- 
tions of x, several different letters must be used to express symboli- 
cally the dependence on z: 


f(x), F(x), (2), ete. 


This notation is not only used when the function is given analyti- 
cally, but is used in the general case of functional dependence, as 
defined in [5]. 

Use is made of an analogous abbreviated notation for functions of 
several independent variables: 


v= F(x, y, 2). 


Here, v is a function of the variables z, y, z. 

We obtain particular values of functions by giving the independent 
variables particular values and carrying out the operations indicated 
by the symbols f, F,... For example, the particular value of the 
function (1) for x = 1/2 is: 


y=2-(5)—3->47 


I 
= 


10 FUNCTIONAL RELATIONSHIPS AND THE THEORY OF LIMITS [7 


In general, the particular value for x = x, of some function f(x) is 
denoted by f(x.) and similarly for functions of several variables. 

It is as well not to confuse the general concept of a function, which 
we gave in [5], with the concept of the analytic expression of y in 
terms of x. Reference is made in the general definition of a function 
only to some law, in accordance with which there is a corresponding 
definite value of y for any one of the set of possible values of the 
variable x. No analytic expression (formula) for y in terms of x is 
assumed here. It may be further remarked that a function can be 
defined by different analytic expressions for different portions of the 
domain of variation of the independent variable. For example, we can 
define the function y in the interval (0,3) in the following way: 
y=x2+5 for 0< a2 < 2, and y= 11 — 2x for 2< « < 3. A cor- 
responding value of y is in this case defined for any given x in the 
interval (0, 3), which agrees with the definition of a function. 


7. Implicit functions. A function is called implicit when we have 
no direct analytic expression for it in terms of the independent 
variables, but only an equation relating its values to those of the 
independent variables. For instance, if a variable y is related to a vari- 
able x by the equation: 

y° — x= 0 ’ 


y is an implicit function of the independent variable x; or on the other 
hand, x can be reckoned an implicit function of the independent 
variable y. 

An implicit function v of several independent variables 2, y, z, ... 
is defined in general by an equation: 


F(x, Y, 2, ...,0) = 9. 


We can only compute the value of this function by solving the 
equation with respect to v, thus putting v in the form of an explicit 
function of x, y, 2, ...: 


v = 9(%, y, 2, ...). 


In the above example, y is expressed in terms of 2 as: 


y = V2". 
However, it is by no means essential to solve the equation to obtain 
the various properties of the function v; more often than not, an 
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implicit function can be studied quite well from the equation that de- 
fines it, without attempting a solution. 

The volume v of a gas, for example, is an implicit function of the 
pressure p and temperature 7’, defined by the equation: 


pv = R(273 + T). 


The angle C between sides a and b of a triangle of area S is an 
implicit function of a, b, S, defined by the equation: 


ab sin C = 28. 


8. The tabular method. The analytic method of representing a 
function is primarily used in theoretical work, when it is a matter of 
general laws. In practical work, which requires the computing of a 
large number of particular values of different functions, an analytic 
presentation is often unwieldy, since it means carrying out all the 
necessary calculations in each case. 

To avoid this, particular values of the most commonly occurring 
functions are computed for a large number of particular values of 
the independent variables, and tables are compiled. 

For example, there are tables of values of the functions: 

y= 2; — ; Vx; m2; na; log,) 7; log,,sin x; log,,cos a; etc. 
Such functions are constantly met with in practical work. Very useful 
tables have also been compiled for more complicated functions, such 
as Bessel functions, elliptic functions etc. There are further tables 
for functions of more than one variable, the simplest example being 
the ordinary multiplication table, i.e. a table of values of the function 
z= ay for different integral values of x and y. 

Occasionally, the tables only give the function for particular values 
of the independent variables, adjacent to those values for which the 
function is required; in order to make it possible to use the tables in 
this case, various rules of interpolation exist; one such rule is given in 
school courses on using logarithmic tables (proportional parts). 

Tables have special importance when they represent a function, 
the analytic expression for which is unknown; this is the case when 
an experiment is carried out. Every experimental investigation aims 
at discovering hidden functional relationships, and experimental results 
are set in the form of a table, relating the different values of the mag- 
nitudes investigated in the experiment. 
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9. The graphical method of representing numbers. Passing to the 
graphical method of representing functional relationships, we shall 
begin with the representation of a single variable. 

Every number 2 can be represented by a certain interval. Having 
settled once for all on the choice of the unit of length, it is sufficient 
to construct an interval, the length of which is exactly equal to the 
given number x. Thus, every magnitude can be represented geo- 
metrically by an interval, as well as expressed by a number. 


So as to be able to represent negative numbers, we agree to cut 
off intervals along the same straight line, thus attributing a definite 
direction to them (Fig. 1). We agree further to denote every interval 
by a symbol AB, the point A being called the origin, and the point B 
the end of the interval. 

If the direction from A to B coincides with the direction of the line, 
the interval represents a positive number; whilst if the direction from 
A to B is opposite to that of the line, it represents a negative number 
(A, B, in Fig. 1). The absolute value of the number concerned is ex- 
pressed by the length of the interval representing it, irrespective of 
direction. 

The length of the interval AB will be denoted by | AB|; if AB 
represents a number x, we shall simply write: 


a= AB; || = |ABI. 
We can make things more definite by agreeing once and for all to 


locate the origin of all intervals at a previously chosen point O of 


0 A(x) 


| oe oe ene 


Fig. 2 


the line. Every interval OA, and hence the number « that it rep- 
resents, will now be fully defined by the point A, its end (Fig. 2). 
Conversely, given the number x, we can define the magnitude and 
direction of the interval OA, and hence its end A. 
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Thus, if we take a straight line X’X (axis) in a given direction, 
and mark out on tt a point O (origin), a corresponding point A of this 
line will be defined for every real number x, the interval OA being measured 
by the number x. Conversely, for every point A of the axis there is a 


corresponding fully defined real number x, measuring OA. This number 
x ts called the abscissa of the point A; if we want to denote that the point 
A has abscissa x, we shall write A(z). 

If the number x varies, the point A representing it moves on the 
axis. The concept of interval established above becomes easy to visua- 
lize with this graphical representation of the number x. If x varies in 
the interval a < x < b, the corresponding point on the axis X’ X can 
be situated anywhere in the interval, the ends of which have abscissae 
a and 6. 

If we were limited to rational numbers alone, there would be no 
abscissa corresponding to the point A when the interval OA proved 
incommensurable with the chosen unit, in other words, rational 
numbers alone do not fill in all the points of a straight line. This fill- 
ing is achieved by introducing irrational numbers. The proposition 
mentioned above is basic to the graphical representation of a single 
variable: a corresponding real number is defined for every point of 
the axis X’ X, and conversely, a corresponding point of the axis 
X’ X is defined for every real number. 

Let us take two points on the axis X’ X: the point A, with abscissa 
2,, and point A, with abscissa x,. The number x, will correspond to 
the interval OA,, and number x, to OA,. Taking all the possible 
mutual arrangements of points A, and A,, it is easy to see that the 
interval A,A, corresponds to the number (a, — 2,), so that the length 
of the interval is equal to the absolute value of the difference (x, — 2x,): 

|A, Ag| = |r, — 2]. 

If, for example, x, = —3 and x, = 7, the point A, lies to the left 
of O at a distance equal to 3, and point A, lies to the right of O at 
a distance equal to 7. The section A,A, will have length 10 and will 
be directed along the axis X’ X, i.e. corresponding to it we have the 
number 10 = 7 — (—3) = 2, — 2. We leave it to the reader to 
analyse other possible arrangements of the points A, and Ag. 


10. Coordinates. We saw above, that the position of a point on a 
line X’ X can be defined by a real number x. We now indicate the 
analogous method of defining the position of a point on a plane. 
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We shall take two mutually perpendicular axes X’X and Y’Y 
on a plane, with their point of intersection O as origin on each (Fig. 3). 
The positive directions on the axes are shown by arrows. We have a 
real number, denoted by the letter x, corresponding to a point of the 
axis X’X. Similarly, a real number denoted by y corresponds to a 
point of the axis Y’Y. If specific values are assigned to x and y, 
points A and B are defined on axes X’X and Y’Y; knowing A and B, 
we can construct the point UV as the intersection of lines parallel to 
the axes and passing through A and B. 
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To each pair of values x, y, there corresponds a single fully defined 
position of the point M on the plane of the figure. 

Conversely, to each point M of the plane there corresponds a fully 
defined pair of values of x,y, corresponding to the points at which 
lines through the point M parallel to the axes intersect the axes 
X’X and Y’Y’. 

With the directions of the axes shown in Fig. 3, x is to be reckoned 
positive or negative, depending on whether A lies to the right or left 
of point O; similarly, y is positive or negative, depending on whether 
B lies above or below, point 0. 

The magnitudes x,y defining the position of point M in the plane, 
and defined in turn by point M, are called the coordinates of M. The 
axes X’X, Y’Y are called the coordinate axes, the plane of the figure 
is the plane of coordinates XOY, and the point O is the origin of co- 
ordinates. 

Magnitude x is called the abscissa, and y the ordinate, of the point M. 
We shall specify the point M by its coordinates by writing: M(x, y). 

This method of representation is called the method of rectangular 
coordinates. 
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The signs of the coordinates of the point M when situated in differ- 
ent quadrants of the axes (I-IV) (Fig. 3) can be shown in a table: 


M | I | x [om | ow 


It is obvious that the coordinates x, y of M are equal to the 
distances of M from the coordinate axes, associated with the corre- 
sponding signs. 


11. Graphs. The equation of a curve. We return to x and y, represent. 
ing the point UM. Let x and y be connected by a functional relationship 
This means that, on varying x (or y) arbitrarily, a corresponding value 
of y (or x) can be found each time. Every such pair of values x and y 
corresponds to a definite position of the point M on the plane XOY; 
when the values vary, the point M moves over the plane and thus 
traces out a certain curve (Fig. 4), which is called a graphical represent- 
ation (or simply a graph or diagram) 
of the functional relationship con- 
cerned. 

If the relationship is given analyt- 
ically as an equation in explicit form : 


ee f (x), 
or in implicit form: 
F (x, y) = 0, 


we call this the equation of the curve, whilst the curve is the graph of 
the equation. A curve and its equation are simply different expressions 
of the same functional relationship, i.e. all points, the coordinates of 
which satisfy the equation of a curve, lie on this curve, and conversely, 
the coordinates of all points lying on the curve satisfy its equation. 

If the equation of a curve is given, the curve itself can be constructed 
more or less accurately on a sheet of graph paper (more strictly, any 
desired number of points lying on the curve can be constructed); 
the more points are taken, the more evident becomes the shape of the 
curve. This method is called plotting a curve. 
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The choice of scale is important in plotting curves. Different scales 
can be chosen for 2 and y. The plane is taken as a sheet of paper, 
ruled into squares or rectangles, depending on whether the scales of 
x and y are the same or different. It is assumed below that the scales 
of x and y are the same. 

The reader is recommended at this point to plot some curves of 
simple functions, and to vary the scales of x and y. 

The concepts introduced above of the coordinates of a point JM, 
of the equation of a curve and the graph of an equation, establish an 
intimate connection between algebra and geometry. On the one hand, 
we can represent and study an analytic relationship by a visual, 
geometrical method, on the other hand; it becomes possible to solve 
geometrical problems with purely algebraic operations, including 
here the fundamental work of analytic geometry, first undertaken by 
Descartes. 

In view of its extreme importance, we shall formulate again the 
facts that lie at the basis of analytic geometry. If we mark out two 
coordinate axes in a plane, every point of the plane corresponds to a 
pair of real numbers, the abscissa and ordinate of the point, and conver- 
sely, every pair of numbers corresponds to a definite point of the plane, 
the first number being its abscissa and the second its ordinate. A curve 
on the plane corresponds to a functional relationship between x and y, 
that is, to an equation containing x and y which is satisfied if, and only tf, 
x and y can be replaced by the coordinates of some point of the curve. 
Conversely, an equation containing two variables x and y has a corres- 
ponding curve, made up of the points of the plane whose coordinates, 
when substituted for x and y, satisfy the equation. 

We now turn to the study of the graphs of simple functions. We 
again note that if we have a functional relationship given by an equa- 
tion in explicit or implicit form: 


y = f(z), or F(z, y) = 0, 


then the curve in the plane of axes X’X, Y’Y corresponding to this 
equation is called the graph of the equation or the graph of the function 
defined by the equation. The abscissae and ordinates of points of this 
curve give mutually corresponding values of the variables x and y, 
connected by the functional relationship. 


Graphs are drawn automatically in recording devices; the variable x 
is usually time; y is the magnitude, the variation of which with time in- 
terests us: for example, barometric pressure (barograph) or temperature 
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(thermograph). The indicator which records the relationship between the 
volume and pressure of the gas enclosed in a steam or gas engine is worth 
mentioning. 


12. Linear functions. The simplest function, which at the same time 
has extremely important applications, is the polynomial of the first 
degree: 


y=ax+b, (2) 


where a and 0 are given constant numbers. We shall see that the graph 
of this function is a straight line. It is called a linear function. 
We shall first consider the case of b equal 


Y 
to zero. The function then has the form: 


y= 07: (3) 


This expresses the fact that the 
variable y is directly proportional to 
the variable x, the constant coefficient 
a being called the coefficient of pro- 
portionality. Fig. 5 

Turning to the figure (Fig. 5), we see 
that equation (3) expresses the following geometric property of the 
graph in question: whatever point Mf we take on it, the ratio of the 


ordinate y = NM of this point to its abscissa 2 = ON is equal to the 
constant a. Since, on the other hand, this ratio is equal to the tangent 


of the angle a between the segment OM and the axis OX, it is evident 
that the geometrical locus of M is a straight line, passing through the 


origin of coordinates O at an angle a (or x 4+ a) to the axis OX. 

Angle a is reckoned counter-clockwise from the direction OX. 

The geometrical importance of the coefficient a in equation (3) is 
simultaneously revealed: a is the tangent of the angle a between the 
axis OX and the straight line corresponding to this equation, a being 
therefore called the slope of the straight line. It may be noted that 
if a is a negative number, the angle a is obtuse, and the cor- 
responding line is as shown in Fig. 6. 

Let us now return to the general case of a linear function, viz, to 
equation (2). The ordinate y of the graph of this equation differs from 
the corresponding ordinate of the graph of equation (3) by the constant 
amount b. Thus, we immediately obtain the graph of equation (2), 
if the graph of equation (3) shown in Fig. 5 (for a > 0) is displaced 
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parallel to the axis OY through a distance b: upwards for 6 positive, 
downwards for b negative. We obtain a straight line, parallel to the 


initial line, and cutting offa segment OM, = 6 on the axis OY (Fig. 7). 

Thus, the graph of function (2) is a straight line, the coefficient a 
being equal to the tangent of the angle that the line makes with the axis 
OX, and the constant term b equal to the segment cut off by the line on the 
axis OY, measured from the origin O. 

Conversely, given any straight line LZ, not parallel to the axis OY, 
its equation can easily be written in the form (2). In accordance 
with the above, it is sufficient to take the coefficient a equal to the 
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tangent of the angle of inclination of this line to the axis OX, and b 
equal to the segment that it cuts off on the axis OY. 

We shall note a particular case, which presents a well-known pecu- 
liarity. Let a = 0. Equation (2) gives for all 2: 


y = 5, (2,) 


i.e. a “function” of x is obtained, such that its value b remains the 
same for all values of x. It is obvious that the graph of equation (2,) 
is a straight line, parallel to the axis OX and displaced from it by a 
distance | 6 | (upwards for b > 0, and downwards for b < 0). To avoid 
special reservations, we shall sometimes say that equation (2,) also 
defines a function of x. 


13. Increment. The basic property of a linear function. We shall 
establish one important new concept, with which we shall often be con- 
cerned in the study of functional relationships. 

The difference between the final and initial values of the independent 
variable x on transition from the initial value x, to the final value x, 
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is called the increment of x, equal to x, — x,. The difference between the 
final and initial values of the function y = f(x) is called the corresponding 
increment of the function: 


Y,— Y1 = f(%) — f(a). (3) 
These increments are often denoted by: 
de = %,— 2%, 4y=4,—-y. 


It may be noted here that the increment can be either positive 
or negative, and that the magnitude receiving the ‘‘increment’”’ does 
not necessarily increase. 

It must be pointed out that the symbol Az has to be regarded as 
a single entity in denoting the increment of x. 

We shall consider the case of a linear function, when 


Yo = ax,-+6 and y, = ax,+b. 
Subtracting term by term, we have: 


Y, — Yy = a(x, — Xj) (4) 
or 
Ay = ade. 


This equality shows that the linear function y = ax + b has the 
property that the increment of the function (y, — y,) is proportional 
to the increment of the indepen- 
dent variable (x, — x,), the coef- 
ficient of proportionality being 
equal to a, ie. to the slope 
of the graph of the function. 

Turning to the graph itself 
(Fig. 8), corresponding to the in- 
crement of the independent va- 


riable we have the segment M,P = 
= Ag = %,— x,, and correspond- 
ing to the increment of the func- 
tion, PM, = Ay = y, — y,; and formula (4) follows at once from 
considering the triangle U,PM,. 

We shall now assume that a certain function has the above property 
of proportionality of the increments of the independent variable and 
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of the function, expressed by (4). It follows from this formula that: 


Yo = Ax, — x) + Y; 


or 
Yo = a, + (y, — ax). 


We shall take the initial values of the variables z, and y, as com- 
pletely defined, and denote the difference (y, — az,) by the single 
letter b: 

Y2 = AX, +6. 


Since we can take any final values of the variables x, and y,, we can 
simply write in place of the letters x, and y, the letters x and y, and 
rewrite the above equality in the form: 


y=ax+b, 


ie. every function having the above property of proportionality of the 
increments is a linear function y = ax + b, where a is the coefficient 
of proportionality. 

A linear function and its graph, a straight line, can thus serve to 
represent any natural law in which the increments of the magnitudes 
concerned are proportional, as is very often the case. 

3 
U4. Graph of uniform motion. This is one of the most important applica- 


tions, which gives a mechanical interpretation of the equation of a straight 
line and its coefficients. If the point P moves along a certain path (trajec- 
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tory), its position is fully defined by the distance, measured from either side 
along the trajectory from a given point A of it to the point P. This distance, 
i.e. the are AP, is called the path traversed, and is denoted by the letter 
8; 8 can be both positive and negative, its values on one side of the initial 
point A being reckoned positive, and on the other side, negative. 


15] EMPIRICAL FORMULAE 21 


The path s traversed is a certain function of time ¢; taking time as the 
independent variable, we can draw a graph of the motion, i.e. a graph of the 
functional relationship (Fig. 9): 


s= f(t); 


this is not to be confused with the trajectory itself. 
The motion is called uniform if the path traversed by a point in any given 
interval of time is proportional to this interval, in other words, if the ratio 


8 — 8, Ae 


tz—t, At 


of the path traversed in the 
interval from ¢, to f,, to the 
size of this interval, is a cons- 
tant; this constant is called 
the velocity of the motion and 
is denoted by v. 

It is clear from the above 
that the equation of the graph 
of uniform motion has the 
form: 


s = vi + 8,5; 


the graph itself is a straight 
line, the slope of which is 
equal to the velocity whilst the 
initial ordinate 8, is the initial 
value of the path 8 traversed, 
i.e. the value of s at t= 0. 

Figure 10 shows the graph of the motion of a point P, moving with con- 
stant velocity v, in a positive direction from the instant 0 to the instant 
t, (acute angle with axis of ¢), then with higher constant velocity v, in the 
same direction (larger acute angle) to the instant ¢,, then with negative 
constant velocity v, (in the opposite direction, obtuse angle) back to its 
initial position. In the case of several points, all moving in the same tra- 
jectory (for instance, when making up schedules of the movement of trains 
or trams), this graphical method is particularly suitable as a practical means 
of determining the encounters of the moving points, and in general for 
reviewing the movements as'a whole (Fig. 11). 


15. Empirical formulae. The simplicity of constructing a straight line 
and of thus expressing a law of proportionality between the increment of 
a function and that of the independent variable makes a straight line graph 
an extremely convenient means of arriving at an empirical law, i.e. one 
following directly from the experimental data, without special theoretical 
investigation. 
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We represent graphically on a sheet of millimetre paper the table of experi- 
mental results and thus obtain a series of points. If we wish to obtain an 
approximate empirical formula so as to study a functional relationship in 
the form of a linear function, we now draw a straight line, which, if it does 
not pass through all the points given (which, of course, is almost always 
an impossibility), is made at the least to pass between these points in such 
a way that as nearly the same number of points as possible appear on one 
side of the line as on the other, all the points being reasonably close to it. 
Error theory, and observation theory, study more accurate ways of drawing 
the line mentioned, as also for judging the degree of error arising with such 


Fig. 12 


an approximation. In less accurate investigations, however, such as in tech- 
nology, the drawing of the empirical line is most simply carried out by the 
“taut string’ method, the nature of the method being evident from the 
name. Having obtained the line, we use direct measurement to determine 
its equation: 
y=ax-+b, 
which gives the required empirical formula. When obtaining this formula 
we must not lose sight of the fact that different scales are very often in use 
for the magnitudes « and y, i.e. lines with the same slope on the axes OX, 
OY, may represent different numbers. In this case, the slope a will not be 
equal to the tangent of the angle between the line and the axis OX, but 
will differ from this by a factor numerically equal to the ratio of the units 
of length used in representing magnitudes z and y. 
Example (Fig. 12). 


a“ 0.212| 0.451) 0.530] 0.708] 0.901 1.520] 1.738; 1.871 


L120 1.341 


y | 3.721 3.910 4.350 


a79 3.870 


1.000 4090] 4350 +201 4.269 


16] PARABOLA OF THE SECOND DEGREE 23 


The result is: 
y ~ 0.375x + 3.65. 


(Here, and subsequently, the sign ~ denotes approximately equal to.) 


16. Parabola of the second degree. The linear function 
y= ax+b 


is a particular case of an integral function of the n-th degree or a poly- 
nomial of the n-th degree: 


y= a)e" + a,27"1+...44,,¢+4,, 


the simplest case of which, after the linear function, is the polynomial 
of the second degree (n = 2): 


y = ax? + ba +; 


the graph of this function is called a parabola of the second degree or 
simply a parabola. 
For the present, we shall consider only the simplest case of a 
parabola : 
y = ax’. (5) 


This curve can easily be plotted. Figure 13 shows the curves y = 2” 
(a = 1) and y = —2? (a = —1). The curve corresponding to equation 
(5) is situated wholly above the axis OX for a > 0, and wholly below 
the axis OX for a < 0. The ordinate of this curve increases in absolute 
value when z increases in absolute value, the increase being the faster, 
the greater the absolute value of a. Figure 14 shows a series of graphs 
of the function (5) for different values of a, these values being marked 
in the figure against the corresponding parabolas. 

Equation (5) contains only 2, and hence does not vary on changing 
z to —2, ie. if a given point (x, y) lies on the parabola (5), the point 
(—z, y) also lies on it. The two points (x, y) and (—2, y) are evidently 
symmetrical relative to the axis OY, i.e. one of them is the mirror 
image of the other relative to this axis. Thus, if the right-hand 
portion of the plane is turned through 180° about the axis OY and 
combined with the left-hand portion, the part of the parabola lying 
to the right of the axis OY will coincide with the part of the parabola 
lying to the left of this axis. In other words, axis OY is an azis of 
symmetry of the parabola (5). 

The origin of coordinates is the lowest point of the curve for a > 0,. 
and the highest point for a < 0, and is called the vertex of the parabola. 
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The coefficient a is fully defined if one point M, (xo, y,) of the parabola 
is given, not at the vertex, since we have then: 


so that the equation of the parabola (5) now has the form: 


v=uls| - (6) 


Xo 

Ix] | | A * ; - There is an extremely simple meth- 
yy od of constructing any desired num- 
AE ber n of points of the parabola, given 
Zs Y the vertex, the axis of symmetry and 
BEE : any point M, of it, not at the vertex. 
Zee We divide the abscissa and ordi- 
Zzeee nate of the given point M, into n 
; —_ equal parts (Fig. 15) and draw a pen- 
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cil of lines from the origin to the 
points of division of the ordinate. 
Fie. 15 The points of intersection of these 
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lines with lines through the points of division of the abscissa and parallel 
to the axis OY are points of the parabola. In fact, we have by construction 
(Fig. 15): 


n—Il ; n—1 
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i.e. from (6), the point M, (a, y;) also lies on the parabola. The proof is 
similar for the remaining points. 
If we have two functions: 


y =f,(z) and y = f,{z) 


and their corresponding graphs, 
the coordinates of the points of 
intersection of the graphs satisfy 
both the equations, i.e. the 
abscissae of the points of inter- 
section are solutions of the equa- 
tion : 


fila) = f(a). 


This fact can readily be used 
solve a qudaratic equation approx- 
imately. Having constructed as accurately as possible the graph of 
the parabola 


y =e (6,) 


on a piece of millimetre graph paper we can now find the roots of the 
quadratic equation 


oe = pxe+g (7) 


as the abscissae of the points of intersection of the parabola (6,) and 
the straight line y = px + q. Three cases are shown in Fig. 16, of 
two points of intersection, of one point (tangent to the parabola), 
and of no point of intersection. 


17. Parabola of the third degree. The third degree polynomial : 
y = ax? + ba? + cx + d, 
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has a graph in the form of a curve called a parabola of the third degree. 
We shall consider the simplest case of this curve: 
y = ax, (8) 


For a positive, the signs of x and y are the same; for a negative, 
they are different. In the first case, the curve lies in the first and 
third quadrants of the coordinate axes, and in the second case, it lies 
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in the second and fourth quadrants. Figure 17 illustrates the form of 
the curve for various values of a. 

If x and y change simultaneously to (—z) and (—y), both sides 
of equation (8) change sign, and the equation is not essentially altered, 
ie. if the point (x, y) lies on the curve (8), the point (—a, —y) also 
lies on this curve. The points (x, y) and (—x, —y) are evidently sym- 
metrical relative to the origin O, i.e. the line joining them is bisected 
at O. It follows from this that every chord of the curve (8) that passes 
through the origin of coordinates O is bisected there. In other words: 
the origin of coordinates O is the centre of the curve (8). 

A further particular case of a third degree parabola will be men- 
tioned: 

y = aw +- cx. (9) 
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The right-hand side of this equation is the sum of two terms, and 
consequently, to construct the curve, it is sufficient to draw the 
straight line 

y= cx (10) 


and take the sums of corresponding ordinates of graphs (8) and (10) 
directly from the figure. Figure 18 illustrates the various forms that the 
curve (9) assumes (with a= 1, and 
various ¢). 


If the curve 
y = x8 
is drawn, we obtain a convenient, though 


not too accurate, method for solving graph- 
ically an equation of the third degree: 


w= po+dq, 


the roots of this equation being, in fact, 
the abscissae of the points of intersection 
of the curve y = 23 with the line 


y=pet+ gq. 
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As can be seen from the figure (Fig. 
19), there may be one, two, or three 
points of intersection, but there must be at least one, ie. an equation of 
the third degree must have at least one real root. A rigorous proof of this is given 
later. 


18. The law of inverse proportionality. The functional relationship: 


expresses the law of inverse proportionality between variables x and y. 
Variable y decreases by as many times as x increases. For m > 0, 
x and y have the same sign, i.e. the graph is located in the first and 
third quadrants of the coordinate axes; similarly, the graph is in the 
second and fourth quadrants, for m < 0. As x approaches zero, the 
absolute value of the fraction m/z becomes very large. Conversely, 
for large absolute values of x, the ratio m/x becomes small in 
absolute value. 
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Plotting this curve directly gives us Fig. 20, which shows curves (11) 
for various m, the full-line curves corresponding to m > 0, and the 
broken curves to m < 0, the corresponding value of m being noted 
against each curve. We see that each of the curves drawn, called 
rectangular hyperbolas, has infinite branches, the points on a given 
branch approaching the coordinate axis OX or OY with indefinite 
increase of the abscissa x or the ordinate y, respectively. These lines 
are called asymptotes to the hyperbola. 


Fie. 20 Fia. 21 


The coefficient m in equation (11) is completely defined if any point 
M ,(Xo, Yo) Of the curve in question is given, since now: 


ToYo = ™M, 


equation (11) can now be written: 


LY = XOYn © (12) 
or 

YY. 

Xo x * 


Hence follows a graphical method for obtaining any required number of points 
of a rectangular hyperbola, given its asymptotes and any one point of it 
M ((%o, Yo). Taking the asymptotes as coordinate axes, we draw an arbitrary 
pencil of lines OP,, OP,, ... from the origin, and mark off the points of inter- 
section of these lines with the lines y = y, and « = 2%. 

We draw new lines parallel to the axes through each pair of points 
of intersection lying on a given line of the pencil; the points of inter- 
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section of these new lines are then points of the rectangular hyperbola (Fig. 
21). This follows from the similarity of triangles ORQ, and OSP,: 


SP, _ OR Pau YI Yo 


OS kQ, ers 


i.e. the point M,(x,, y,) lies on the curve (12). 


19. Power functions. The functions y = az, y = az*, y = az and 

y = m/x which we have studied above, are particular cases of a func- 
tion of the form: 

y = ax", (13) 


where a and » are any given constants. Function (13) is called in 
general a power function. We shall confine ourselves to drawing the 
curves for x positive and a = 1. Figures 22 and 23 show the graphs 
corresponding to various values of n. 


3 
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y= x", 2<0 


N 


Y= *x7,0>0 
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Fra. 22 Fie. 23 


The equation y = 2” gives y = 1 at x = 1 for all values of n, ie. all 
the curves pass through the point (1, 1). The curves rise for n positive 
and x > 1, the rate of rise increasing with the size of n (Fig. 22). 
The function y = x” is equivalent to a fraction for negative n (Fig. 23). 
Instead of y = x~?, for instance, we can write y = 1/2. In these cases, 
the ordinate y diminishes with increase of x. The curves corresponding 
to equation (13) are sometimes referred to as polytropic. They are 
often encountered in thermodynamics. 
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It may be noted here, that we take the value of the radical as posi- 
tive, for fractional n; for example, we take as positive at = Vz. 


The two constants a and n appearing in equation (13) are defined, provided 
two points of the curve M,(x,,y,) and M,(a,, y,) are given, in which case 
we have: 

Y. = OR], Yy,= ark, (14) 


we eliminate a by dividing one equation by the other: 


Ri eee eal . 
Y2 vs 


Taking logarithms, we obtain n as 


_ logy, — logy, . 
loga, —loga, ’ 
having found n, we obtain a from either of equations (14). 

Figure 24 illustrates a graphical method of obtaining any required number 
of points of the curve (13), given two of its points M,(x,, y,) and M,(x-2, y2). 
We draw two arbitrary lines through the point O at angles a and # to axes 
OX and OY respectively; we then take perpendiculars to the axes from the 
given points M,, M,, intersecting the arbitrary lines in points S,, S,; 7,, T), 
and intersecting the axes in points Q,, Q,; R,, R,. We now draw R, T, through 
R, parallel to R, T,, and S, Q, through S, parallel to S, Q,. Having finally 
drawn lines parallel to the corresponding axes through 73 and Q3, the inter- 


section of these gives us the point M (23, y3) of the curve. Taking similar 
triangles, we have: 


i.e. 
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whence: 

Ca v1 
3 z ° 

It can be shown in exactly the same way that 


a 
Ya 
ee 
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Using (14), we find: 


tye 2\n 

ax, Hf 

Ys a (ay)? =2 cet = axt, 
axt x; 


i.e. the point (#5, y,) lies on the curve (13), as was required to be shown. 


20. Inverse functions. We shall introduce a new concept, that of 
inverse function, in order to study further elementary functions. 
As was mentioned in [5], we are free to choose either x or y as inde- 
pendent variable in a functional relationship between them, the actual 
decision being made purely as a matter of convenience. Let us take 
a certain function y = f(x), with x as independent variable. 

The function defined by the same functional relationship y = f(x), 
but having y as independent variable and x as the function 


a= oy), 


is called the inverse of the given function f(x), this latter being often called 
the direct function. 

The notation for the variables is not important in itself, so that, 
denoting the independent variable in both cases by the letter x, we 
can say that g(x) is the inverse of f(x). For example, if the direct 
functions are 

y=artb, y= 2", 


the inverse functions are 
a—b B 
GO| 2 ee ya. 


Finding the inverse function from the equation of the direct function 
is called inversion. 

Let us take the graph of the direct function y = f(x). It can easily 
be seen that the same graph can serve as a graph of the inverse func- 
tion x = p(y). 

In fact, both the equations y = f(x) and x = (y) give the same 
functional relationship between x and y. Suppose an arbitrary x is given 
in the direct function. If we mark off an interval from the origin O 
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along the axis OX, corresponding to the number z, then erect a per- 
pendicular to OX from the end of this interval as far as its 
intersection with the graph, we obtain the value of y corresponding 
to the chosen ~ as the length of this perpendicular, with the corres- 
ponding sign. In the case of the inverse function x = y(y), we have 
only to measure off the given value y from the origin O along the axis 
OY, a perpendicular to OY then being erected from the end of this 
segment as far as its intersection 
with the graph. The length of this 
perpendicular, with the relevant 
sign, gives us the value of x cor- 
responding to the chosen y. 

The inconvenience arises here, 
that the independent variable xis 
measured off on one axis, name- 
ly OX, in the first case, whilst 
in the second case the indepen- 
dent variable y is measured off 
on the other axis, OY. In other 
words, we can only keep the 
same graph on transition from 
the direct function y = f(z) 
to the inverse function x = 
= p(y), provided we bear in mind that, on making the transi- 
tion, the axis representing the value of the independent variable 
becomes the axis representing the function, and vice versa. 

To avoid this inconvenience, we turn the plane as a whole on making 
the transition, so that the axes OX and OY change places. 
We simply turn the plane of the figure, together with the graph, 
through 180° about the bisector of the first quadrant of the coordinate 
axes. The axes having changed places, the inverse function x == 9(y) 
now has to be written in the usual way: y = g(2). Thus, given the graph 
of the direct function y = f(x), the graph of the inverse function y = p(x) 
is obtained simply by turning the plane of the graph through 180° about 
the bisector of the first quadrant of the coordinate axes. 

The full-line curve of Fig. 25 represents a direct function, the 
broken curve being its inverse. A broken line is also used for the 
bisector of the first quadrant of the coordinate axes, the plane of 
the figure being rotated about this, in order to obtain the broken 
curve from the full curve. 
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21. Many-valued functions. It is characteristic of all the graphs of 
elementary functions considered above, that perpendiculars to the 
axis OX cut the graph in not more than one, and for the most part 
in one, point. This means that, given x in the function defined by the 
graph, one corresponding value of y is defined. A function of this 
sort is said to be single-valued. 

If perpendiculars to OX cut the graph in more than one point 
this means that, given x, there are several corresponding ordinates 
of the graph, i.e. several values of 
y. Such functions are called many- 
valued; they have already been 
mentioned in [5]. 

Although the direct function y=f(z) 
is single-valued, its inverse y = 9(zx) 
can be many-valued. This is evi- 
dent, for instance, from Fig. 25. 

We shall consider in detail one 
elementary case. The continuous 
curve of Fig. 13 is the graph of 
the function y = 2. If the figure 
is turned through 180° about the Braeee 
bisector of the first quadrant of the 
axes, the graph of the inverse function y = //x is obtained (Fig. 26). 

Let us consider it in detail. For negative x (to the left of axis OY), 
perpendiculars to OX do not intersect the graph, i.e. the function 
y = x is not defined for z < 0. This corresponds to the fact that 
the square root of a negative number has no real value. For positive x, 
however, perpendiculars to OX cut the graph in two points, ie. 
for a given positive x we have two ordinates of the graph: MN and 
MN,. The first ordinate gives a certain positive y, the second a 
negative value of the same absolute magnitude. This corresponds to 
the fact that the square root of a positive number has two values, 
equal in absolute magnitude and opposite in sign. It is also evident 
from the figure that we have only one value y = 0 for « = 0. Thus, 
the function y = x, defined for x > 0, has two values for x > 0, 
and one value for « = 0. 

It may be noted that our function y = x can be made single- 
valued by taking only part of the graph of Fig. 26. For instance, 
let us take only the part in the first quadrant of the axes (Fig. 27). 
This corresponds to taking only positive values of the square root. 
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It may also be noted that the part of the graph of the function y = z, 
shown in Fig. 27, is obtained from the part of the graph of the direct 
tunction y = 2? (Fig. 13) lying on the right of axis OY. The part of 
the graph of 
as y= Va ory=2" 
lying in the first quadrant of the axes, has already been illustrated in 
Fig. 22. 

We now turn to the case when rotation of a single-valued direct 
function leads to a single-valued inverse function. A new concept 
must be introduced for this. 


Y 


—we X 
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The function y = f(x) is said to be increasing, if y increases when the 
independent variable x increases, 1.e. if x, > x, implies f(x.) > f(x). 

With the axes OX, OY as used by us, increasing z implies movement 
along OX to the right, and increasing y, movement upwards along 
OY. It is characteristic of the graph of an increasing function that, 
on moving along the curve in the direction of increasing x (to the 
right), we also move in the direction of increasing y (upwards). 

Let us consider the graph of a single-valued increasing function, 
defined in the interval a < x < 6 (Fig. 28). Let f(a) = c and f(b) = d, 
so that evidently, since the function is increasing, c < d. If we take 
any y in the interval c<y<d,and draw the corresponding perpendicular 
to the axis OY, this perpendicular will cut our graph in only one 
point, i.e. for every yin the interval c < y < d there is one correspond- 
ing definite value of x. In other words, the inverse of an increasing 
function is single-valued. 

It is clear from the figure that this inverse function is increasing. 

Similarly, the function y = f(x) is said to be decreasing, if increase 
of the independent variable x implies decrease of the corresponding y, 
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ie. if x, > x, implies f(x,) > f(x,). It can be shown, as above, that 
the inverse of a decreasing function is a single-valued, decreasing 
function. A further important fact will be noted. We assume in all 
our discussions that the graph of the function consists of an unbroken, 
continuous curve. This is equivalent to a special analytic property 
of the function f(z), viz, continuity of the function. A rigorous mathe- 
matical definition of continuity is given in Chapter II, where con- 
tinuous functions are studied. The present chapter aims merely at 
a preliminary acquaintance with basic concepts, which are considered 
systematically in later chapters. 

It may be noted as regards terminology, that when no reference 
is made to a function being many-valued, it can always be assumed 
to be single-valued. 


22. Exponential and logarithmic functions. Let us now return to the 
study of elementary functions. An exponential function is defined by 
the equation 


y= a, (15) 


where the base a is a given positive number, different from unity. The 
value of a* is evident for integral positive x. For fractional positive , 
a* is defined as the radical a?'? = ja, where, with even g, we agree 
to take the positive value of the radical. Without entering at present 
into a detailed consideration of the value of a* for irrational x, it 
will simply be said that approximate values of a* are obtained by 
taking approximate values for the irrational x (as described above 
in [2]); and the closer the approximation for 2, the closer for a*. 
For instance, as approximations for a¥?, where 


V2 = 1.414213..., 


we have: 


10 1900 


ai =; qi-4 — Va; qi-41 — Yate; aire 


Evaluation of a* for negative x follows from evaluation for positive x, 
since a~* = 1/a*. Since we agreed above always to take the positive 
radical in the expression a?/? — //a?, it follows that the function a* 
is positive for all real xz. Apart from this, it may be mentioned in 
passing that it can be shown that a* is an increasing function for 
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a> 1, and a decreasing function for 0<a <1. A more detailed 
study of this function is given later, in [44]. 

Figure 29 illustrates the graph of function (15) for various values 
of a. We shall note some peculiarities of these graphs. We have, 
first of all, a°= 1 for any a, so that the graph of function (15) passes 
through the point y = 1 on the axis OY for any a, ie. through the 
point with coordinates z=0, y = 1. 
For a@ > 1, the curve rises indefi- 
nitely from left to right (in the direc- 
tion of increasing xz). On mov- 
ing to the left, it approaches the 
axis OX indefinitely, without ever 
touching it. The curve is differently 
situated relative to the axes for 
a <1. On moving to the right, the 
curve indefinitely approaches the 
axis OX, whilst it rises indefinitely 
on moving to the left. Since a” is al- 
ways positive, the graph is evidently 
located above the axis OX. It may be 
noted further, that the graph of the 
function y=(1/a)*can be obtained from the graph of y = a*, by tur- 
ning the figure through 180° about the axis OY. This follows directly 
from the fact that, with such turning, x becomes —x, and a~* = (1/a)*. 

A further remark: if a = 1, then y = 1*, so that we have y= 1 
for all x [12]. 

A logarithmic function is defined by the equation: 


y = log, x. (16) 


By definition of logarithm, function (16) is the inverse of function 
(15). Thus, we can obtain the graph of the logarithmic function 
(Fig. 30) from the graph of the exponential, by turning the curves 
of Fig. 29 through 180° about the bisector of the first quadrant of 
the axes. Since function (15) is increasing for a > 1, the inverse 
function (16) is also increasing and single-valued, being only defined 
for x > 0, as is evident from Fig. 29 (logarithms of negative numbers 
do not exist). All the graphs of Fig. 30 cut the axis OX in the point 
x = 1. This corresponds to the fact that the logarithm of unity is 
zero for any base. For the sake of clarity, Fig. 31 shows a single graph 
of (16) for a > 1. 
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The concept of logarithmic scale and the theory of the logarithmic slide-rule 
are closely associated with the concept of logarithmic function. 

A scale is called logarithmic when it is drawn on a given line so that the 
length of a division, instead of corresponding with the number which denotes: 
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the division, corresponds with the logarithm of this number, usually to base 
10 (Fig. 32). Thus, if a certain division of the scale denotes the number zz, 


the length of the segment lx is equal to log,,v, instead of x The length of 
the segment between two points of the scale, denoting x and y, will be: 


ly — lz = log,, y — logy) x = log, a (Fig. 32); 
the logarithm of the product zy is obtained simply by adding segment ly 
to lz, since the segment thus obtained is equal to: 


log ,, x -+ logy, y = logy, (xy). 


Thus, given a logarithmic scale, multiplication and division of numbers 
can be carried out simply by adding and subtracting segments of the scale, 
this being realized most simply in practice with the aid of two identical scales, 
one of which can slide along the other (Figs. 32 and 33). This is the idea. 
underlying the construction of logarithmic slide-rules. 
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Logarithmic paper is often used for calculations; this consists of ruled sheets, 


where the divisions of the axes OX and OY are in accordance with a logarith- 
mic, instead of an ordinary, scale. 


23. Trigonometric functions. We shall only consider the four basic 
trigonometric functions 


y= sing, Y= cosa, 


y=tanz, y= cota, 


Fia@. 34 


Fig. 35 


the independent variable x being measured in radians, i.e. taking 
as unit angle the angle subtended at the centre of a circle by a segment 
equal in length to the radius. 

The graph of the function y = sin x is shown in Fig. 34. It is evident 
from the formula: 


COs & = sin (2 -f. 3) 


that the graph of y = cos x (Fig. 35) can be obtained from the graph 
of y = sinz simply by displacing it to the left along the axis OX 
by an amount 2/2. 

The graph of the function y = tan z is shown in Fig. 36. The curve 
consists of a series of identical, separate, infinite branches. Each 
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branch is located in a vertical strip of width a and consists of an 
increasing function of x. Finally, Fig. 37 gives the graph of y = cot x, 
which is also made up of separate infinite branches. 


if 
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The graphs obtained by displacing the graphs of y = sina and 
y = cos x to the left or right along the axis OX by an amount 2z, 
coincide with the original graphs, corresponding to the fact that func- 
tions sinz and cos have period 22, ie. 


sin (x + 2) = sina and cos (x + 2m) = cosz, 
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for any x. The graphs of functions y = tan # and y = cot x similarly 
coincide on displacement along the axis OX by the amount z. 
The graphs of the functions: 


y = Asinax, y= Acosax (A > 0, a > 0) (17) 


are always similar to those of y = sin x and y = cos a. For example, 
to obtain the graph of the first of functions (17) from the graph of 
y = sin 2, the lengths of all the ordinates of this latter function must 
be multiplied by A, and the scale on the axis OX changed in such 
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a way that the point with abscissa « becomes the point with abscissa 
za. Functions (17) are also periodic, with period 2z/a. 
The graphs of the more complicated functions: 


y = Asin (ax + b), y = A cos (ax + 5), (18) 


which are referred to as simple harmonic curves, are obtained from the 

graphs of functions (17) by displacement to the left along the axis OX by 

an amount b/a (taking 6 > 0). Functions (18) also have a period of 2n/a. 
The graph of another more complicated function: 


y = A,sina,x + B,cosa,x + A,sin a, 2 + B, cos a, x, 


consists of the sum of several terms of type (17),and can be constructed, 
for example, by adding the ordinates of the graphs of the separate 
terms. The curves thus obtained are usually referred to as compound 
harmonic curves. Figure 38 illustrates the construction of the graph 
of the function: 

y = 2sin x + cos 2a. 
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It may be remarked here, that the function: 
y = A, sin a,x + B,cosa,x (19) 


can be written in the form (18) and represents a simple harmonic 
oscillation. 
We write, in fact: 


A, B, 
n= =, = 
VAi + Bj Ai + Bj 
A= VA} + Bj. 
Obviously: 
A,=mA, B,=nA, (20) 
and also: 
m+ n=l, 


jm[ <1, |n[ <1, 


so that, from trigonometry, an angle b, can always be found such 
that: 
cos b, = m, sind, =n. (21) 


Substituting for A, and B, in (19) from expressions (20), and using 
(21), we obtain: 


y = A(cos b, - sin a,x + sin b, - cos a,z) , 
i.e. 
y = Asin (a,x + d,). 


24. Inverse trigonometric, or circular, functions. These functions are 
obtained by inversion of the trigonometric functions: 
y= sin az, cosx, tan x, cota, 
their symbols being respectively: 


y = are sin 2, arc cos x, arc tan x, are cot z ; 


these symbols are simply abbreviated forms of description for the 
angle (or arc), of which the sine, cosine, tangent or cotangent is respec- 
tively equal to zx. 

We shall consider the function: 


y = aresin x. (22) 
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The graph of this function (Fig. 39) is obtained from the graph 
of y = sin x by the rule given in [20]. This graph is wholly located 
in the vertical strip of width two, based on the interval -1 <a< +1 
of the axis OX, i.e. the function (22) is only defined in the interval 
—Il<x<-+1. Furthermore, equation (22) is equivalent to the 
equation sin y = 2; and, as is known from trigonometry, for a given 
x we obtain an infinite number of values of y. We see from the graph, 
in fact, that perpendiculars to the axis OX from points in the interval 


—1<a< +1 have an infinite number of points in common with 
the graph, i.e. function (22) is many-valued. 

We see directly from Fig. 39 that function (22) becomes single- 
valued if, instead of taking all the graph, we limit ourselves to the 
part shown in heavier type, which corresponds to stipulating that we 
shall consider only those values of the angle y, having a given siny=2, 
which lie in the interval (—2/2, 2/2). 

Figures 40 and 41 illustrate the graphs of y = arc cos # and y = 
== arc tan x, the parts of the graphs in heavier type being those which 
must be kept in order to make the functions single-valued (we leave 
it to the reader to draw the figure for arc cot x). It may be noted here 
that the functions y = arc tana and y = arc cot x are defined for 
all real values of x. 
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By noting from the figure the interval of variation of y over the 
heavier part of the curve, we obtain a table of bounds, within which 
the function remains single-valued: 


y | arc sin 2 | arc COs x | arc tan | arc cot 


: I 7 
Inequality eget O<y<a eee O<y<a 
for y 2 2 | 2 4 


It can easily be shown that the functions thus defined, called the 
principal values of the inverse trigonometric functions, satisfy the 
relationships: 


° i 4 
are sing -+ arc cosz7 = aor 
(23) 


% 
are tanz + are cotz = Fae 


§ 2. The theory of limits. 
Continuous functions 


25. Ordered variables. When referring to the independent variable z, 
we have only been concerned with the set of the values that zx 
can assume. For example, this can be the set of values satisfying 
0 <a< 1. We shall now consider the variable x taking an infinity 
of values in sequence, i.e. we are now interested, not only in the set 
of values of x, but also in the order in which it takes these values. 
More precisely, we assume the possibility of distinguishing, for every 
value of x, a value that precedes it and a value that follows it, 
it being also assumed that no value of the variable is the last, i.e. 
whatever value we take, there exists an infinity of successive values. 
A variable of this type is sometimes called ordered. If x’, x” are two 
values of the ordered variable x, a preceding and a succeeding value 
can be distinguished, whilst if x’ precedes x”, and x” precedes x’’’, 
then 2’ precedes x’’”’. We shall assume, for example, that the set of 
values of x is defined by 0 < x < 1, and that of two distinct values 
x’ and x” the succeeding value is the greater. We thus obtain an ordered 
variable, continuously increasing through all real values from zero to 
unity, without reaching unity. The sequence of values of the variable, 
for phenomena occurring in time, is established by the temporal 
sequence, and we shall sometimes make use of this time-scheme below, 
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using terms such as ‘“‘previous” and “‘later’’ in place of ‘“‘preceding”’ 
and “‘succeeding” values. 

An important particular case of an ordered variable is that when 
the sequence of values of the variable can be enumerated, by arranging 
them in a series of the form: 


Vip Wh; Ng hen, oes 


so that, given two values x, and x,, the value succeeds that has the 
greater subscript. In the case mentioned above, when the variable 
increases from zero to unity, we can clearly not enumerate its suc- 
cessive values. It may also be noted that it is possible to encounter 
identical values amongst those of an ordered variable. For example, 
we might have x,= 7 and x,,=7 in the enumerated variable. Abs- 
tracting, as we always do, from the concrete nature of the magnitude 
(length, weight etc.), we must understand by the term ‘ordered 
variable’, or as we shall say for brevity, ‘‘variable’’, simply the total 
sequence of its numerical values. We normally introduce one letter, 
say z, and suppose that it assumes successively the above-mentioned 
numerical values. 

For every value of the variable x, a corresponding point K is defined 
on the axis OX. Thus, as x varies in sequence, the point K moves 
along OX. 

The present paragraph is devoted to the basic theory of limits, 
which is fundamental to all modern mathematical analysis. This 
theory considers some extremely simple, and at the same time, ex- 
tremely important, cases of variation of magnitudes. 


26. Infinitesimals. We assume that the point K constantly remains 
inside a certain interval of the axis OX. This is equivalent to the 


condition that the length of the interval OR, where QO is the origin, 
remains less than a definite positive number M. The magnitude z is 


said to be bounded in this case. Noting that the length of OK is |x|, 
we can give the following definition: 

DEFINITION. A variable x is said to be bounded, if there exisis a 
positive number M, such that |x| < M for all values of x. 

We can take « = sina as an example of a bounded magnitude, 
where the angle a varies in any manner. Here, M can be taken as any 
number greater than unity. 

We now consider the case when the point K is displaced successively, 
and indefinitely approaches the origin. More precisely, we suppose 
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that successive displacements of point K bring it inside any previously 


assigned small section S’S of the axis OX with centre O, and that it 
remains inside this section on further displacement. In this case, we 
say that the magnitude x tends to zero or is an infinitesimal. 

We denote the length of the interval 8’S by 2e, where e signifies 
any given positive number. If the point K is inside S’S, then 
OK < «and conversely, if OK < e, K is inside S’S. We can thus 
give the following definition: The variable x tends to zero or is an 
infinitesimal, if for any given positive e there exists a value of x, such 
that for all subsequent values of x, |x| < e. 

In view of the importance of the concept of infinitesimal, we give 
another formulation of the same definition. 

Derinition. A magnitude x is said to tend to zero or to be an infini- 
tesimal, if on successive variation | x | becomes, and on further variation 
remains, less than any previously assigned small positive number e. 

The term “infinitesimal” denotes the character of the variation 
of the variable described above, and the underlying concept is not 
to be confused with that of a very small magnitude, which is often 
employed in practice. 

Suppose that, in measuring a certain tract of land, we obtained 
1000 m, with some remainder that we considered very small in com- 
parison with the total length, so that we neglected it. The length of 
this remainder is expressed by a definite positive number, and the 
term “infinitesimal” is evidently not applicable here. If we were 
to meet with the same remainder in a second, more accurate measure- 
ment, we should cease to consider it as very small, and we should 
take it into account. It is thus clear that the concept of a small mag- 
nitude is a relative concept, bound up with the practical nature of 
the measurement. 

Suppose that the successive values of the variable x are 


Wi ys Wass Wns eas 


and let « be any given positive number. To prove that z is an infini- 
tesimal, we must show that, starting with a certain value of n, |z,| 
will be less than ¢, i.e. we must be able to find a certain integer NV 
such that 


|an|<eforn>WN. 


This NV depends on e. 
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As an example of an infinitesimal, we take the magnitude assuming 
successively the values: 


GPP Pr. O<T<)D. (1) 
We have to satisfy the inequality: 
g’ <« or nlogiyg < log,ye. 


Remembering that log,,q is negative, we can rewrite the above 
inequality as: 
logo é 
a log15 9g ’ 
since division by a negative number changes the sense of the inequa- 
lity; thus we can now take N as the largest integer in the quotient 
log, € / log.) g. Thus the magnitude in question, or as we usually say, 
the sequence (1) tends to zero. 

If we replace g by (—q) in the sequence (1), the only difference is 
the appearance of the minus sign with odd powers; the absolute 
magnitude of the members of the sequence is as before, and hence 
we also have an infinitesimal in this case. 

The fact that x is infinitesimal is usually denoted by: 


lim z = 0 or x> 0. 


Here, lim is an abbreviation of “limit’’ 

We note two properties of infinitesimals. 

1. The sum of any (definite) number of infinitesimals is also an 
infinitesimal, 

Take, for example, the sum w = x + y + 2 of three infinitesimals, 
and suppose that the variables are enumerated. Let 


G5. Be asd Dis Yow ssf Sis Sys a 


be the successive values of 2, y, z, respectively. We obtain successive 
values for w: 


Wy By Yy HF By Wy = By Yat By ee 


Let ¢ be any given positive number. Since 2, y, z are infinitesimals, 
we can say that there exists N,, such that | 2, |< e/3 for n > N,; 
N,, such that | y, | < ¢/3 for n > N,; and Nz, such that |z, | < e/3 
for n > N,. If N denotes the greatest of N,, N, and N3, we have: 


lta] <5 Wal <-g-3 len| <-> for n> JN, 
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and hence: 


lal < lal + [Yn + lenl <—g- + -g- +p for n > N, 


ie. |wn|<e for n>N, whence w=2+y+42 is an_ infini- 
tesimal. In the general case of non-enumerated variables we can 
look on x, y, z as functions of some ordered variable f: x = x(t), 
y = y(t), 2 = 2(t). Variables x, y,z are themselves ordered, so that 
if t = ¢’ precedes ¢ = ¢”, then z(t’) precedes x(t”), etc. The sum 


w(t) = a(t) + y(t) + af), 


obtained by adding the z, y, and z corresponding to the same value 
of ¢, is also ordered. The proof is as above, for enumerated vari- 
ables. In this latter case, ¢ has the role of subscript; or the subscript 
can be looked on as an increasing, integral ?. 

2. The product of a bounded magnitude and an infinitesimal is an 
infinitesimal. 

We consider the product of the enumerated variables zy, where x 
is bounded, and y is an infinitesimal. We have the condition that 
|z| remains less than some positive M for any n. If ¢ is any given 
positive number, there exists N, such that |y, | < ¢/M forn > N. 
Thus 


tn Yn| = Ital Yul <M. = for n> N. 


Hence, |r, yn | < ¢ for n > N, so that ry > 0. The proof is analogous 
for non-enumerated variables. 

We note that the second property is all the more readily justified 
if x is a constant. We can now take MU as any positive number greater 
than |x|, ie. the product of a constant and an infinitesimal is an 
infinitesimal. 

In view of the fundamental importance of the concept of infini- 
tesimal for what follows, we shall pause to add some remarks supple- 
mentary to the above. 

As we have shown, a variable having the sequence of values (1), 
tends to zero, only if 0<q<1 or ~—l<q< 0. Setting ¢g=1/2, 
for example, we obtain the sequence: 
1 


Agi ae 2 
2°38? Te gee 
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Each successive value is less than the previous one in this case, 
and the variable tends to zero, diminishing all the time. Setting 


q = — 1/2, we obtain the sequence: 
Divo tttc, Zag. hs 
ott eet hae 8’ 16°°"* 


Here the variable tends to zero, taking values in turn greater than, 
and less than, zero. 
Suppose that we insert zero in every other place in the above 
sequence, i.e. we take a variable with the sequence: 
1 


1 1 1 1 
> 32° 


a, 0, y? 0, “e 2? 0; B 0, 


1 
0, gy, 0... 

Clearly, the variable in this case tends to zero, though in the process 
it takes exactly the value zero an infinite number of times. This does 
not contradict the definition of a magnitude tending to zero. 

Finally, suppose that all the successive values of a variable are 
equal to zero. This also comes under the definition of a magnitude 
tending to zero, all the more since | x | is now zero all the time, i.e. 
|a | < e for any given positive e«, not only from a certain initial point 
of its variation, but always. In other words, a constant equal to zero 
comes under the definition of an infinitesimal. No other constant 
whatever comes under the definition. 

There is one further point. We recall the definition of infinitesimal: 
for any given positive ¢, there exists a value of the variable 2, 
such that for all subsequent values, |z|<e. It follows immediately, 
that in proving that a given variable x tends to zero, we can confine 
ourselves to considering only those values of « that succeed a, cer- 
tain definite value of x, where this definite value can be chosen 
arbitrarily. 

Concerning this, it is useful in the theory of limits to add a rider 
to the definition of a bounded magnitude, viz, there is no need to 
demand that | y |< M for all values of y; it is sufficient to take the 
more general definition: a magnitude y is said to be bounded, if there 
exists a positive number M and a value of y, such that |y| << M for all 
subsequent values. 

The proof of the second property of infinitesimals remains 
unchanged with this definition of a bounded magnitude. For 
an enumerated variable, the first definition of a bounded magni- 
tude follows from the second, so that the second is not less 
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general. In fact, if |v, |< M for n > N, then denoting by M’ the 
greatest of numbers 


[2 |,]a,|,... {ay | and M, 


we can assert that |xz,| << M’ + 1 for any n. 


27. The limit of a variable. We have called a variable an infini- 
tesimal, if its corresponding point K in the axis OX has on displace- 
ment the following property: on successive variation the length of 


the interval OK becomes, and on further variation remains, less 
than any given positive number ¢. We now suppose that this pro- 


perty is fulfilled, not by the interval OK, but by AK, where A 


Ss RRS 


0 a-e & 7 €& are 


x 


Fie. 42 


is a definite point on the axis OX with abscissa a (Fig. 42). In this 


case, the interval 8’8 of length 2e will have its centre at the point 
A, abscissa x = a, instead of at the origin, and the point K must 
come within this interval on successive displacement, then remain 
there on further displacement. We say in this case that the constant 
a is the limit of variable x, or that x tends to a. 

Noting that the length of AK is |a — | [9], we can formulate 
the following definition: 

DEFINITION. The constant a is called the limit of the variable x, 
when the difference a — x (or x — a) is an infinitesimal. 

Having regard to the definition of an infinitesimal, a limit can be 
thus defined: 

Derrinition. The constant a is called the limit of the variable x, 
when we have the following property: for any given positive e there 
exists a value of x such that, for all subsequent values, |a — «|< e. 

We note some immediately obvious consequences of this definition, 
without dwelling on their detailed proof. 

No variable can tend to two different limits, and not every variable 
has a limit. For example, the variable sin a oscillates between —1 
and 1 on successive increase of the angle a, and has no limit. 

The limit of an infinitesimal is zero. 
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If x and y vary simultaneously, and each tends to a limit in the course 
of successive variation, whilst both always satisfy x < y, their limits 
a and b satisfy the condition a < b. 

We note here, that if the variables satisfy x < y, the sign of equality 
can be obtained for their limits, ic. we have a < Bb. 

If x,y,z vary simultaneously and always satisfy the condition 
xa<y < zon successive variation, and if x and z tend to the same limit 
a, y also tends to the limit a. 

If a is the limit of x (or x tends to a), we write: 


limz =a, or «>a. 


If x tends to a, the difference « — a = a is an infinitesimal, and 
we can write: 


x=ata (2) 


i.e. every variable tending to a limit can be expressed as the sum of two 
terms: a constant term, equal to the limit, and an infinitesimal. Con- 
versely, if a variable x can be expressed in the form (2), where a is a 
constant, and a is an infinitesimal, the difference x — a will be an in- 
finitesimal, and hence, a is the limit of x. 

If the sequence x,, x3, ... tends to the limit a, every infinite subse- 
QUeNCE Xp,, Xp,, ... contained in the first sequence, also tends to a.In this 
subsequence, the subscript », increases with increasing k and runs 
through some part of the set of positive integers. There is no 
analogous property, generally speaking, for a non-enumerated variable 
tending to a limit. 

We take as an example the variable x with the sequence of values: 


w,=0.1, % = 0.11, 2, =0.111,... 
mt 


TT, 
t,=0.11...11,...; 
and we show that its limit is 1/9. We first form the difference 1/9 — xp: 


1 1 1 1 


1 1 
oe = 90 — = 300° “9% 


= 9000 °°"? 


The condition: 


27) THE LIMIT OF A VARIABLE 51 


is evidently equivalent to the condition: 
9 X10" > = or 2 > logy, a — logy) 9, 


and we can take N as the greatest integer contained in the difference 
log.) l/e — log,, 9. In this example, the difference 1/9 — x, is a positive 
number for every n, i.e. x tends to the limit 1/9 whilst always remaining 
less than it. 

We now consider the sum of the first » members of the indefi- 
nitely diminishing geometrical progression: 


Sp = b+ bg + bgt... +g" (0O< lq] <)). 


As we know, 
__ b(1—g") 


8, Iq 


Setting n = 1, 2,3, ..., we obtain the sequence: 


Bis Shs Gas ans Bhse ae 


We have from the expression for s,: 


b ages bq” 
l—q eee Ge” ie 


The right-hand side consists of the product of a constant b/(1 — q) 
and an infinitesimal gq” [26]. Hence, using the second property of 
infinitesimals [26], the difference b/(1 — q) — s, is an infinitesimal, and 
we can say that the constant b/(1—q) is the limit of the sequence 
Sy, Sg, -.- Sx 

Suppose that b > 0 and q < 0. The difference b/(1 — g) — 8, is now 
positive for even n and negative for odd n, so that the variable s, 
is alternately greater than, and less than, the limit to which it tends. 

The same remarks apply in the case of magnitudes that tend to a 
given limit as were made in the previous paragraph, apropos mag- 
nitudes that tend to zero. 

Any constant, equal to the number a, comes under the definition 
of a variable, tending to the limit a. We note here, that a magnitude, 
all of whose values are equal to a, has in the ordinary way an infinite 
set of values, though all these values are equal to the same number. 
This view of a constant as a particular case of a variable comes in 
useful later on. 
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Furthermore, there is no need to consider all the values of a variable 
x when defining its limit; we need only take values subsequent to 
some arbitrarily given value. 

Another point: if a variable x tends to a limit a, it will differ from a 
by as little as is desired, after a certain initial moment of its varia- 
tion, and hence it is all the more a bounded variable. 

An ordered variable does not always have a limit, as already men- 
tioned. If we take, for example, the enumerated variable x, = 0.1; 
%_ == 0.11; x, = 0.111, ..., whose limit is 1/9, and the variable y, = 1/2; 
Y, = 1/27; y= 1/2°, ..., whose limit is zero, the enumerated variable 
2, == 0.15.2, <= 1/2; 2, == 0.11¢-2,==1/2*; 2, 0.111; 2, = 1/27; =... does not 
tend to a limit. The sequence of its values z,, 23, z, ... has the limit 
1/9, and the sequence 2, 2,2, .-- has the limit zero. 


28. Basic theorems, 1. The limit of the algebraic sum of a finite 
number of variables is equal to the sum of their limits. 

For the sake of exactness let us take the algebraic sum « — y + z 
of three simultaneously varying magnitudes. We suppose that x, y 
and z tend respectively to limits a,b and c. We show that the sum 
tends to the limita —b-+c. 

We have by hypothesis [27]: 


e=atay=b4+f,2=c4+), 


where a, 8, y are infinitesimals. We can write for the sum: 


z—yte=(ata)—O+Atet+y)= 
=(a—b+e)+(a—6+)). 


The first bracket on the right-hand side of this equation is a con- 
stant, and the second is an infinitesimal [26]. Hence: 


lim (@ —y+2)=a—b+c=limaz — limy + limz. 


2. The limit of the product of a finite number of variables is equal to 
the product of their limits. 

We confine ourselves to the case of the product zy of two variables. 
We suppose that x and y vary simultaneously, tending respectively 
to limits a and 6, and we show that xy tends to the limit ab. 

We have by hypothesis: 


x=ata y=b+, 


28) BASIO THEOREMS 53 


where a and # are infinitesimals; hence: 
xy = (a + a) (6+ £) = ab + (af + ba + af). 


Using both of the properties of infinitesimals from [26], we see that 
the sum in the bracket on the right of this equation is an infinitesimal, 
and hence we have: 

lim (ay) = ab = lima - lim y. 


3. The limit of a quotient is equal to the quotient of the limits, provided 
the limit of the denominator is not zero. 

We take the quotient z/y, and suppose that x and y tend simul- 
taneously to their respective limits a and 6b, where b 4 0. We show 
that x/y tends to a/b. 

To prove the theorem, it is sufficient to show that the difference 
a/b — x/y is an infinitesimal. By hypothesis: 


t=ata;y=b+ 8 (b#0), 


where a and f are infinitesimals. Hence: 


a x I 
eo a Bea PO 


The denominator of the fraction on the right of this equation is the 
product of two factors, and tends to b?. Thus, from some initial moment 
of its variation, it is greater than 6?/2, the fraction as a whole being 
included between zero and 2/b?, i.e. the fraction is bounded. The term 
(a8 — ba) is an infinitesimal. Hence [26], the difference a/b — x/y is 
an infinitesimal, and 
lim x 
limy ° 


Hmioe ee oe 
Uo. bare 


The theorems proved are of fundamental importance in the theory 
of limits. The proofs have been given for the general case, and not for 
the case of enumerated variables, as when proving the properties of 
infinitesimals. But the remark we made when proving the first pro- 
perty of infinitesimals should be borne in mind. Take the case of a 
product. We take x and y as functions of some ordered variable ¢ : 7 = 
= x(t); y = y(t). Then x and y are themselves ordered variables. The 
same can be said of their product: w(t) = a(t) - y(t). The subscript 
plays the part of ¢ in enumerated variables, increasing through integral 
values. 

We remark further, that the above theorems establish the existence 
of the limit of a sum, a product and a fraction. For example, the third 


64 FUNCTIONAL RELATIONSHIPS AND THE THEORY OF LIMITS 29) 


theorem can be stated more fully as: if numerator and denominator 
tend to limits, and the limit of the denominator differs from zero, 
the quotient then tends to a limit, and this limit is the quotient of the 
limits of numerator and denominator. 

We note some consequences of these theorems. If x tends to the 
limit a, then ba, where b is a constant and k a positive integer, tends 
to the limit ba“, in accordance with Theorem 2. 

Consider the integral polynomial 


f(z) =a,2" + a,o™I +... 4,07 * +... 44, 1,2 + 4m, 


with constant coefficients a,. Using Theorem 1 and the previous 
remark, we can say that this polynomial tends to a limit: 


lim /(z) = f(a) as x tends to a where f(a)'=a,a™-+a,a™—... 
wee faa A. On A+ Am. 
Similarly, as a tends to a, the rational fraction: 


(2) == Gy 2M ay BUTE eth Oy Bt Om 
® boa? + bj aP 1+... be +b, 


(3) 


tends to a jimit: 


m-~-1 


aya" + a, a test Omy @ +0m, (4) 
oa? + baht... +b ate, ’ 


if boa? + bar). ..+.6,,4a+ 6,0. 


All these remarks are valid, in whatever way x tends to its limit a. 

We can of course take polynomials arranged in powers of several 
variables, all tending to limits, instead of polynomials arranged in 
powers of a single variable. 

For example, if lim x = a and lim y = 6, then lim (a + ay + y’) = 
= a? -++ ab +- 6. 


lim ¢ (x) = 9(@)'= 


29. Infinitely large magnitudes. If the variable x tends to a limit, 
it is evidently bounded, as already remarked. We now consider some 
cases of variation of unbounded magnitudes. 

As before, we shall take along with x its corresponding point K, 
displaced on the axis OX. Let the point K move in such a way that, 
however large an interval TT we take, with the origin as centre, the 
point K will eventually be displaced outside it, and from then on will 
remain outside. In this case, x is an infinitely large magnitude, and 
tends to infinity. Let 2M be the length of the interval TT, Recalling 
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that the length of the interval OK = |x|, we can give the following 
definition: 

The magnitude x is said to be infinitely large, or to tend to infinity, 
if on successive variation of x, |x| becomes, and on further variation 
remains, greater than any given positive number M. In other words, 
the magnitude «x is called infinitely large if it satisfies the following 
condition: given any positive number M, there exists a value of x such 
that, for all subsequent x, |x| > M. 

In particular, if x is infinitely large, and always remains positive 
during its successive variation as from a certain initial value (point K 
to the right of O), we say that x tends to plus infinity (+- oo). Similarly, 
if x remains negative (point K to the left of O), we say that x tends 
to minus infinity (— ©). 

The following symbols are used for infinitely large magnitudes: 


liimz = co, limzg=4 oc, limr=—o, 
or 
%—> co t—>-+ co %—> -—- oO, 


The term ‘infinitely large’ serves merely as a brief designation for 
the character of variation described above of the variable x, and here, 
as with the concept of infinitesimal, a distinction must be made between 
the concepts of “infinitely large” and ‘very large’ magnitudes. 

If, for example, x takes the sequence of values 1, 2,3, ... then 
evidently, > + oo. If its sequence of values is: —1, —2, —3, ..., 
then x-» — co. And finally, if the sequence is: —1, 2, —3,4,..., 
we can write: 7—> oo, 

Let us take as a further example the magnitude with the sequence 
of values: 


OP, ---9,---.(G>)), (5) 
and let M be any given positive number. The condition 
g>M 
is equivalent to 


and hence, if NV is the greatest integer contained in the quotient 
logi9 M log, ¢, we have: 


g >M forn>N, 


ie. the variable in question tends to + ©. 
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If g is replaced by (—g) in the sequence (5), the only change is in 
the signs of odd powers of g, the absolute values of the members of 
the sequence remaining as before; thus, for negative g, with absolute 
value greater than unity, the sequence (5) tends to infinity. 

When in future we say that a variable tends to a limit, a finite limit 
is to be understood. It is occasionally said that a variable “tends to 
an infinite limit”, implying by these words an infinitely large magni- 
tude. 

An immediate consequence of the above definitions is: if variable 
x tends to zero, then m/z, where m is a given constant, differing from 
zero, tends to infinity; and if x tends to infinity, m/x tends to zero. 


30. Monotonic variables, The important thing is often to show that 
a given variable tends to a limit, without necessarily being able to 
discover what this limit actually is. We now outline an important 
test for the existence of a limit. 


20 X 
Ky Wg hyh% A 
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We suppose that the variable x is always increasing (more precisely 
never decreasing) or else always decreasing (more precisely, never 
increasing). In the first case, any given value is not less than all 
preceding values, and not greater than all subsequent values. In the 
second case, any given value is not greater than all preceding, and not 
less than all succeeding, values. We speak of monotonic variation in 
these cases. 

Point K on the axis OX, corresponding to x, is now displaced in 
a single direction, positively, if x increases, andnegatively, if 2 decreas- 
es. It is obvious at once that only two possibilities can arise: either K 
moves away indefinitely along the line (x -+ o or — ~©), or K 
indefinitely approaches some definite point A (Fig. 43), ie. a tends 
to a limit. If « is known to be bounded, as well as varying monotoni- 
cally, the first possibility drops out, and it can be asserted that the 
variable tends to a limit. 

This argument is based on intuition, and evidently lacks the force 
of a proof. We shall give the rigorous proof later. 

The above test for the existence of a limit is usually formulated as 
follows: if a variable is bounded and varies monotonically, it tends to a 
limit. 
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Take the example of the sequence: 


ae at x i 
My Sr gy = gy ns ig >t (6) 
where x is a given positive number. 
We have: 
x 
Un = Un-1 a (7) 


For n > x, x/n is less than unity, and u, < Up_, ie. from some 
initial value, w, is always decreasing for n increasing, whilst remaining 
greater than zero. The variable thus tends to some limit w, in accor- 
dance with the test for the existence of a limit. Let the integer n inc- 
rease indefinitely in equation (7). We obtain in the limit: 


uw=u:O0oru=0, 
i.e. 


lim = 0. (8) 


If we replace x by (—zx) in sequence (6), the only change is in the 
sign of members with odd n, so that the new sequence also tends to 
zero, i.e. equation (8) is valid for any given x, positive or negative. 

We obtain the limit in this example, after first showing that it 
exists. If we did not show its existence, our method could lead to a 
false result. Consider, for instance, the sequence: 


UG) Ug Goon US aes (GS 1): 
We have obviously: 
Un = Un—1 7- 


We denote the limit of u, by u, without troubling about its existence. 
On transition to the limit in the above equation, we obtain: 


u == ug, Le. u(l— gq) = 0, 
and hence, 
“w=. 


But this result is false, since we know that for g > 1, lim g” = 
= -++ oo [29]. 


31. Cauchy’s test for the existence of a limit. The test for the 
existence of a limit given in [80] is a sufficient, but not a necessary 


+ The symbol m! called “factorial n”, is short for the product 1-2-3..n. 
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condition that a limit exists, since, as we know [27], a variable can 
tend to a limit without varying monotonically. 

The French mathematician Cauchy gave a necessary and sufficient 
condition for the existence of a limit, which we shall now formulate. 
If the limit is known, it is characterized by the fact that, starting with 
a certain value of the variable, the absolute value of the difference 
between the limit and the variable is less than any given positive «. 
According to Cauchy’s test, a necessary and sufficient condition for 
a limit to exist is that, starting from a certain value of the variable, 
the difference between any two successive values of the variable is 
less than any given positive «. We formulate this rigorously: 

CaucHy’s TEST. A necessary and sufficient condition for a variable x 
to have a limit is that, given any positive number e, there exists a value 
of x such that, for any two successive values x’ and x”, we have | x’—x"|<e. 

Suppose that we have the enumerated variable 


Oe ee ome 


According to Cauchy’s test, a necessary and sufficient condition for 
this sequence to have a limit is that, given any positive e, there exists 
an N (depending on e) such that 


[2m — Vl <e, for m and n>WN. (9) 


Jt is easy to show that this condition is necessary. If our sequence 
has the limit a, we write %m— %n = (tm — a) + (a — 2,), whence it 
follows: 

[2m — x, < lm — a a la “= @,- 


But, by definition of a limit, there exists N such that |, —a|< e/2 
and |a—2,|<e/2for m and n > N, and therefore |x, — 2,| << e 
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for m and n > N. To put the matter briefly, values of x lying arbitra- 
rily close to a lie arbitrarily close to each other. 

We avoid a rigorous proof at present of the sufficiency of Cauchy’s 
test and give a descriptive explanation instead (Fig. 44). 
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Let M, be a point of the coordinate axis corresponding to the 
number 2,. Suppose that condition (9) is fulfilled. In accordance with 
this condition, there exists a value N = N, such that 


|, Pp: ty, <i, 
for s > N,, i.e. every point M,, where s > N,, lies inside the interval 
AjA,, the length of which is equal to two and the mid-point of which 


corresponds to ay,. 
Similarly, there exists a value N = N, > N,, such that 


\t,— tn, |< > for s> Np. 


We construct an interval, of length unity, with mid-point M My; 
and we let AA, be the part of this interval belonging to AA). 
By virtue of the two conditions above, the point M, must lie inside 
interval A} A, for s > N,. 

Similarly there exists N = N,>N,, such that |z,—2y, |< 1/3 
for s > N. We proceed as before, and construct Aj{A,, with length 
not exceeding 2/3 and belonging to A}A,, all values of M, being 
interior points of it for s > N,. Setting e= 1/4, 1/5,..., 1/n,..., we ob- 
tain in this way a sequence of intervals A‘A n, each successive member 
of which is comprised in the previous member, whilst the length of 
the members tends to zero. The ends of these intervals obviously tend 
to the same point A, and the number a corresponding to this point 
is the limit of the variable x, since it follows from the construction 
described above that, for a sufficiently large value of s, all the points 
M, will lie as close as desired to the point A. 


As an application of Cauchy’s test, we take Kepler’s equation, which 
defines the position of a planet in its orbit. This equation has the form: 


w=qsine-+a, 


where a and g are given numbers, both lying between zero and unity, and 
x is unknown. 
We take an arbitrary x, and construct a sequence of numbers: 


v= qsing,+a, v= sin tz, ++ a, ..., 
= {8N%,_, +4, Ty, = 78N +a, .. 
Subtracting the first equation from the second term by term, we obtain: 


2, — ©, =g(sin x, — sin aq) = 2gsin- “t= cog Sit Fo, 
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Noting that | sin a| < | aj and | cosa{< 1, we have: 


jv, — a] < 2g 


a= tal ge, — a (10) 


We can find in precisely the same way that 
| %—a%,| <q|%,—2,], 
so that, using (10), we can write: 
| &y — a, | << [ x, — «I. 
Proceeding in this manner, we obtain for every n the condition: 
arr — Fal <Q" |x, — a4]. (11) 
We now consider the difference x,, — x,, taking m > n for the sake of 
clarity: 
Ly — Ly = Ly — Vey Ly — Cm + Mm—2 —- Um—g be Mp — Lp 
Using (11), and the formula for the sum of the terms of a geometrical 
progression, we may write: 
tm — Cyl < [8 — Vrms| b |Lm—1 — Vmaal + |@m-2 — mal Hee 
[pa — Bal < (QM gM? QM feet g") [ay — ol 
+ |@, — 2p. 
1 — q | 1 ol 
As n tends to infinity, g” tends to zero [26]; |x, — 2,| is constant; the 
fraction (l—g'-")/(1—g) always lies between zero and 1/(1—g), i.e. is bounded, 
since, for m > n, q™—" lies between zero and unity. Thus, with indefinite 
increase of n, and any m > n, the difference 2,,-— 2%, tends to zero, and 
condition (9) is fulfilled. We can say, in accordance with Cauchy’s test, that 
a limit exists: 
lim Ly = é, 
Tt—>+ oF 
We let » tend to infinity in the equation 
Cai = Gg sine, + a. 


Using the continuity of the function sin x,t we find in the limit: 


Eé=gsinf+a, (12) 


i.e. the limit ¢ of the variable 2, is also the root of Kepler’s equation. 

We started with an arbitrary x, in’constructing the sequence 2,. We show, 
however, that Kepler’s equation does not possess two roots, i.e. that lim x, = 
= ¢ is independent of the choice of x, and is equal to the single root of Kepler’s 
equation. 


t The definition of continuity is given below [34]. 
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We assume there is a root ¢, in addition to the root ¢, so that: 


é; = qsin é, +a. 


Subtracting equation (12) term by term from tbis equation, we obtain: 


&, — é= (sin é, — sing) = 2qsin leaks cos Ste ; 


whence, as before, 


[4.—-€l<q¢]4,— |]. 


But q lies between zero and unity, so that the above relationship is only 
possible for §, — §=0, ie. §, = &, and hence Kepler’s equation has only 
one root é. 


32. Simultaneous variation of two variables, connected by a functional 
relationship. We consider two variables x and y, connected by the 
functional relationship: 


y = f(x), 


and we let f(x) be defined to the left and right of the point 7 = c. 
We shall assume that x increases and passes through all real values 
as it tends to c, without in fact reaching c. In this case, f(x) is an ordered 
variable. We suppose that it has a limit A. 
This is usually written as follows: 
lim y= lim f(z)= 4, (13) 
x->c—0 x>c—0 
where the symbol «-—> c — 0 indicates that x tends to c from the side 
of lower values. 
Similarly, if x tends to c whilst diminishing and passing through all 
real values, and if f(z) now tends to the limit B, we write this as: 
lim y= lim f(x) = B. (14) 
x->c+0 x>c+0 
The existence of the limit (13) is evidently equivalent to f(x) coming 
as close as desired to the number A, when x comes sufficiently close 
to the number c, whilst remaining less than c, i.e. (13) is equivalent 
to the following: for any given positive number e there exists a positive 
number n such that 


| A — f(x) |< as soon as O< ce —2 < 9. 


Of course, 7 depends on e. 
In precisely the same way, (14) is equivalent to: for any given posi- 
tive number « there exists a positive number y such that 


| B — f(x) |< e« as soon as O< a —c< 7. 
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If limits A and B are equal, we write this as follows: 


lim y = lim f(z) = A. (15) 


It is immaterial here, whether x is on one side of c or the other, and 
(15) implies: for any given positive ¢ there exists a positive 7 such that 


|4 — f(x) |< as soon as |c—a|<7 anda#e. (16) 


Limit (13) is often denoted by the symbol f(~ — 0) and limit (14) 
by fle + 9): 
Jim fle) = fle—0);_ tim f(a) = fle + 0). 


Symbols f(¢ — 0) and f(c + 0) should be distinguished from f(c), ie. 
the value of f(x) for « = c. This latter value can differ from f(¢ — 0) 
and f(c + 0), or in fact can be entirely meaningless. The limits f(c — 0) 
and f(c -+ 0) exist in the case of functions having graphs with no 
discontinuities, when we obviously have: f(c — 0) = f(e + 0) = fic), 
ie. 


Pan [a 1): 


We say in this case that the function f(x) is continuous for «= c¢ 
(at the point x = c). We shall consider the properties of continuous 
functions in detail later. 

We return to the general case. The above definitions are easily 
generalized for the case when y tends to infinity. It is easy to see, 
for example, on the basis of what has been said, that 


lim 
xwe—9 FE 


: 1 
=-— oo; lim = -+ oo, 


lim tanz=-+oo; lim tanzy=—o 


x m 
x+ > —0 ee +0 


Taking the principal values of the function y = arc tan x [24], we 
can write: 


* % 
lim are tan = 
@—c 2 
x>c—0 
J r4 
lim are tan =~ 
z-—e 2 


x—c+0 
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If f(x) is defined for all sufficiently large x, the limit can exist: 
lim f(x) = A. 


x +00 


If f(x) is defined for all x, either positive or negative, that are suffi- 
ciently large in absolute value, the limit can exist: 


lim f(z)i= A. 
Xo 
The latter is equivalent to: for any given positive number « there 
exists a positive number M, such that 
|A —f(z)|<e for |x| > 2. 


The following equations may easily be verified: 


x-+-f0 X-—00 
lim —=0; lim 2=-+co; 
X—> 09 X-> 0 
1 
tim —2%=) tim — 2 
2 + a? 
3 5 
Bee he oe ae 
li a =lim os 
x0 xe. Ye 
as 


We also take an example from physics. Suppose that we heat a 
certain solid, and let ¢, be its initial temperature. The temperature 
of the body rises on heating, until the melting point is reached. The 
temperature now remains constant on further heating, till the point 
when the whole of the substance has passed over to the liquid state; 
after this, the temperature-rise begins again, in the resultant liquid. 
The situation is similar on passage from the liquid to the gaseous 
state. We shall consider the amount of heat Q@ communicated to the 
substance as a function of the temperature. Figure 45 shows the graph 
of this function, with temperature on the horizontal axis, and the 
amount of heat absorbed on the vertical axis. Let ¢, be the temperature 
at which transition to the liquid state begins, and ¢, the temperature 
at which the transition from the liquid to the gaseous state begins. 
Evidently: 

lim @=ord. AB and lim Q = ord. AC. 


i+t,-0 tt, +0 
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The size of the segment BC gives the latent heat of fusion, and 


that of EF the latent heat of vaporization. 

If limits f(c — 0) and fle + 0) exist and differ, their difference 
f(c + 0) —f(c — 0) is called the break, or jump, of function f(x) at 
x= c (at the point x = c). 

The function y = arc tan 1/(x — c) has a jump of a at x =c. The 
function Q(t) just considered has a jump equal to the latent heat of 
fusion at the melting-point ¢ = #,. 

In defining the limit of f(x) as x tends to c, we assumed that x 
never actually coincides with c. This proviso is made, since the value 


Fig. 45 Fig. 46 


of f(x) for x = ¢ either sometimes does not exist, or else has nothing 
in common with the values of f(z) for x close to c. Thefunction Q(é), 
for example, is not defined for ¢ = ¢,. 

Another explanatory example may be given. We assume that a 
function is defined as follows in the interval (—1, +1): 


y=x-+1 for -l<2x< 0; 
y=x—-lfor O0O<a2<1; y=0 forr=0. 


Figure 46 shows the graph of this function; it consists of two straight 
sections, with their ends excluded (for x = 0), and a single isolated 
point, the origin. We now have: 


lim f(z)=1; lim f(z) =—1; f(0)=0. 


x>—0 xXx++0 
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33. Example. We consider an example that is important later on. 
We take 
sin z 
Te ge = 
This function is defined for all x, other than x = 0, for which both 
numerator and denominator become zero, so that the fraction loses 
its meaning. We shall see how y varies as x tends to zero. The magni- 
tude of the fraction does not change when x 
changes sign, so that it is sufficient to find the 


limit of the fraction as x tends to zero through A 
positive values, ie. in the first quadrant. Pan 
This limit exists, as we shall show. From the Ne fi) 
above remarks, the same limit is obtained fp 
for x tending to zero through negative values. 

We note that the theorem regarding the Fic. 47 


limit of a quotient cannot be used, since 
the denominator tends to zero as x— 0. 

We shall take x as the angle subtended at the centre of a circle 
of unit radius. Measuring angle in radians, we have (Fig. 47): 


sin z = AC, x = -5-are AB, tanxz = AD, 


where AD is the tangent to the circle at the end of are z. 
Since the length of the arc is intermediate between the length of 
the chord and the sum of the tangents, we can write: 


2sinz < 2x4 < 2tanz, 
whence, dividing by 2 sin z, we have: 


ee 


sin % cos 2 


or 
1 > = > cosz. (17) 


But as x tends to zero, cos x, given by the distance OC, evidently 
tends to unity, i.e. the variable sin x/x always lies between unity anda 
magnitude tending to unity, and hence [27]: 

lim y ine ee. 
az-»0 a0 & 


We determine for this case the number 7, encountered in condi- 
tion (16). 
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Subtracting the three terms of (17) from unity, we have: 


0<1—"= <1 —cosz, 


and this shows that 
r ~l<e if |1 —cosa|<e. 
Recalling that the sine of an arc in the first quadrant is less than 
the arc itself, we obtain: 
= = 9 gin? *. Bein ee 
1 — cos % = 2 sin’ > <2(+] = 58 
and it is sufficient to choose: 
a? : 
> <6 ie. |x] < 20 
Thus, /2¢ can act as 7 in the given case. 


34. Continuity of functions. We have already introduced the 
definition of the continuity of a function at the point x =, if the 
function is defined both at the point and in the vicinity to left and 
right. We give the definition again. 

Derinition. The function f(x) is said to be continuous for x = ¢ (at the 
point x = c), if a limit of f(x) exists for x > c and if this limit is equal 
to f(c): 

lim f(a) = f(c) =f (ima). (18) 
xe xc 


We recall that this is equivalent to the fact that there exist limits 
f(c — 0) and f(c + 0) to left and right, and to the fact that these limits 
are equal to each other and to fic), ie. f(c — 0) =f(e + 0) = fie). 
Alternatively, the definition given above is equivalent, as we have 
seen [32], to: for any given positive e, there exists a positive n such that 


\f(c) —flx) | <e for |c—2])< (19) 


It may be remarked that, in view of the arbitrariness of the choice 
of e, we can write | f(c) — f(x) | < e¢ in place of | f(c) — f(x) |< e in 
this definition. This remark applies to all previous similar definitions, 
and in particular, to the definition of an infinitesimal and a limit, 
as also to the following equivalent definition of continuity. 

The difference x — c is the increment of the independent variable, 
whilst f(z) — f(c) is the corresponding increment of the function, 
so that the definition of continuity just given is equivalent to the 
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following: a function is said to be continuous at the point x = c, if to 
an infinitesimal increment of the independent variable (from the ini- 
tial value x = c) there corresponds an infinitesimal increment of the 
function. 

We note that the property of continuity, as expressed in equation 
(18), amounts to the possibility of finding the limit of the function 
by directly replacing the independent variable with its limit. 

We saw from formulae (3) and (4) [28], that polynomials in x and 
the quotients of such polynomials, ie. rational functions of 2, are 
functions continuous for any 2, except those for which the denomin- 
ator of the rational function becomes zero. 

The function y = 6 is also obviously continuous, its value being 
the same for all x [12]. 

All the elementary functions, discussed in the first chapter (power, 
exponential, logarithmic, trigonometric and inverse circular), are 
continuous for all the x for which they exist, except those for which 
they tend to infinity. 

For example, log,, x is a continuous function of x for all positive 2; 
tan x is a continuous function of x for all x, except 


= (2k +>, 


where k is any integer. 

Notice further the function u’, where u and v are continuous func- 
tions of x, u being assumed not to take negative values. This is also 
called an exponential function. It likewise has the property of con- 
tinuity, except for those x for which u and v are simultaneously zero 
or u=Oandv < 0. 

We shall accept without proof what has been said about the con- 
tinuity of the elementary functions, although proof is of course requi- 
red, and can in fact be given with complete rigour. We shall later 
examine the question in detail. 

It can easily be shown that the sum or product of any finite number 
of continuous functions is itself a continuous function; the same is 
true of the quotient of two continuous functions except for those values of 
the independent variable for which the denominator tends to zero. 

We only consider the case of a quotient. We assume that functions 
g(x) and y(x) are continuous for x = a and that y(a) 4 0. We take 
the function 


_ G(x) 
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Using the theorem concerning the limit of a quotient, we obtain: 


lim (2) re 
lim f(2) = sey = yay = Me): 
x~a 


which proves the continuity of the quotient f(a) for « = a. 

We note one simple example. If y = sin x is a continuous function 
of x, y = b sin x, where 6 is a constant, will also be continuous, being 
the product of the continuous functions y = b (see above) and y = 
== sin x. 

We turn again now to the function y = sin z/x. This is not defined 


for z = 0, but we know that lim y = 1. Hence, if we put y = 1 for 
x0 
x = 0, y will be a continuous function at the point xv = 0. 


Such a process of finding the limit of a function for x tending to its 
point of indeterminacy is called disclosing the indeterminacy, and the 
limit itself, if it exists, is sometimes called a true value of the function 
at this point of indeterminacy. We shall have many examples later 
on of the disclosure of indeterminacies. 


35. The properties of continuous functions. We defined above the 
continuity of a function for a given value of x. We now suppose that 
the function is defined in a finite interval a < x < b. If it is conti- 
nuous for any given x in this interval, we say that it is continuous in the 
interval (a,b). We note here that continuity of the function at the 
ends of the interval, x = a and x = }, consists in: 


lim f(x) = f(a), lim f (x) = [(6). 
x>a+0 x>b—0 


All continuous functions have the following properties: 

1. If the function f(x) is continuous in the interval (a, b), there exists 
at least one value of x in this interval at which f(x) takes its maximum 
value, and at least one value of x for which the function takes its minimum 
value. 

2. If the function f(x) is continuous in the interval (a, 6), with f(a) = m 
and f(b) = n, and if k is any number lying between m and n, there exists 
at least one x in the interval such that f(z) =k; and in particular, 
if f(a) and f(b) have opposite signs, there exists at least one x in the 
interval such that f(x) is zero. 

These two properties are immediately clear, if we note that the 
graph corresponding to a continuous function is a continuous curve. 
This remark cannot serve as a proof, of course. The concept itself of 
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a continuous curve, obvious at first sight, is seen to be unusually 
complex on closer inspection. The rigorous proof of the two properties 
mentioned, as also of the third, to follow, is based on the theory of 
irrational numbers. We accept these properties without proof. 

In subsequent paragraphs of the present section, we study the basis 
of the theory of irrational numbers and the relationship of this theory 
to the theory of limits and to the properties of continuous functions. 


Fra. 48 Fia@. 49 


We may remark that the second property of continuous functions can 
also be formulated thus: on continuous variation of x from a to b, 
the continuous function f(x) passes at least once through every num- 
ber lying between f(a) and f(0). 

Figures 48 and 49 show the graphs of functions, continuous in the 
interval (a, b), for which f(a) < 0 and f(b) > 0. In Fig. 48 the graph 
cuts the axis OX once, and f(x) is zero for the corresponding x. There 
are three such values of x, instead of one, in the case of Fig. 49. 

We now pass to the third property of continuous functions, which 
is less obvious than the two previous ones. 

3. If f(x) is continuous in the interval (a, 6), and if x = a, is a certain 
value of x in this interval, by condition (19) [34] (replacing c by ~,), 
for any given positive e there exists an 7, of course depending on e, 
such that 

fl) — fle) |<, if |e —ay| <1, 
it naturally being assumed that x also lies in this interval. (If, for 


example, x, = a,x must be greater than a, and if 2, = 6, x < b.) 
But the number 74 can depend, not only on e, but also on just what 
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value of x = x, we take in the interval. The third property of con- 
tinuous functions consists in the fact that, for any given e, there 
exists the same 7 for all x, in the interval (a, 6). In other words, 
if f(a) is continuous in the interval (a, b), for any given positive « there 
exists a positive n such that 


| f(x’) —f@)|<e (20) 


for any two values x” and x’ in the interval (a, b) which satisfy the in- 
equality 
|a”" ~ ax’ |< 7. (21) 


This property is referred to as uniform continuity. Thus, if a function 
is continuous in an interval (a, b), it ts uniformly continuous in this 
interval. 

We again remark, that we assume f(x) to be continuous, not only 
for all x inside the interval (a, 6), but also for =a and x = b. 

We shall further illustrate the property of uniform continuity by 
a simple example. We first rewrite the above inequality in another 
form, replacing the symbol x’ by x, and x” by (« + h). Nowxz” — 2’ =h 
is the increment of the independent variable, and f(x + h) — f(z) is 
the corresponding increment of the function. The property of uniform 
continuity now becomes: 


lff@+h)—fix)|<e if |h[ <n, 


where x and (x -++ hf) are any two points in the interval (a, b). 


Take the example of the function: 


f(z) = 2, 
We now have: 


f(a +h) — f(a) = (x +h)? — 2? = Qh + h?. 


For any given x, the expression (2xh +- h*) for the increment of our function 
obviously tends to zero, as the increment of the independent variable tends 
to zero. This is a further confirmation (cf. (34]) that the function in question 
is continuous for every x. It will be continuous, for instance, in the interval 
—1< 2 < 2. We show that it is uniformly continuous in this interval. We 
have to satisfy the inequality: 


| 2ah +ht|<e (22) 


for suitable choice of 7 in the inequality |h| < , where x and (a2 + h) 
must lie in the interval (—1, 2). We have: 


| Qh +h? | < | Qh} +h2=2l all hb] + Ar. 
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The maximum value of | x | in the interval is two, and hence we can rewrite 
the above inequality with greater force as: 


| Qah + he] <4] nh] +h. 


We shall always take |h| <1. Then h? <|h|, and we can write the above 
in the form: 
| 2ch + At <4] hb] +I 
or 
| 2ah +h? |< 6A. 


The inequality (22) will certainly be satisfied, if we take | h | on the condi- 
tion 5| | < e. Thus, h must satisfy two inequalities: 


Ja] <1 and |b] <=. 


We can thus take for 7 the least of the two numbers | and e/5. For small 
e (in fact, e < 5), we must take 7 = «/5, and this 7 is evidently the same, 
for a given e, for all x in the interval (—1, 2). 

The property mentioned cannot obtain in the case of discontinuous func- 
tions, or those continuous only inside an interval. Take the function, the 
graph of which is shown in Fig. 46. It is defined in the interval (—1, 4-1) 
and has a discontinuity at x = 0. It has values as close as desired to unity, 
but it does not take the value unity, or values greater than unity. There 
is thus no maximum among the values of this function. Similarly, there is 
no minimum. The elementary function y = x does not take either a maxi- 
mum or minimum value inside the interval (0.1). If it is considered in the 
closed interval (0,1), it reaches its minimum value at x = 0, and its maximum 
at x = 1. Take another function, f(x) = sin (1/z) continuous in the interval 
0 <2 < 1, open on the left. As x tends to zero, the argument 1/x increases 
indefinitely, and sin (1/x) oscillates between (—1) and (+1), having no 
limit as 2 + -+ 0. We show that this function is not uniformly continuous in 
the interval 0 < a <1. We take two values: a2’ = Ifna and 4’’ = 2/(4n + 1)2, 
where 7 is a positive integer. Both values lie in the interval for any choice 
of n. Further, we have: 


J(x’) = sin nz = 0; 


{ (2) = sin(2nz + 5-2] =I, 
Thus: 
f(a’) f(z’) = 1 
2 1 
(4n+1)x na ~ 


and 


ao” — 2 = 


As the positive integer n tends to infinity, the difference x’’ —x’ tends to 
zero, whilst f(x’’) — f(z’) remains equal to 1. It is thus evident that there 
does not exist a positive 7, such that, in the interval 0 <2 < 1, (21) implies 
| f(2’’) — f(a’) | <1; this corresponds to choosing ¢ = 1 in formula (20). 
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Take the function f(z) = a sin (1/xz). The first term of the product tends 
to zero as x > -+ 0, whilst the absolute value of the second, sin (1/#), does 
not exceed unity; hence [32], f(z) > 0 as a> -++ 0. The second term has 
no meaning for « = 0, but if we complete the definition of our function by 
taking f(0) = 0, i.e. if we take f(x) = w sin (1/x) forO <x% < Jl and f(0) = 0, 
we obtain a function continuous in the closed interval (0,1). The functions 
sin (1/x) and x sin (1/x) are evidently continuous for any x, excepting zero. 


36. Comparison of infinitesimals and of infinitely large magnitudes. 
If a and f are two magnitudes, simultaneously tending to zero, the 
theorem regarding the limit of a quotient cannot be used for finding 
the limit of the ratio B/a. We shall assume that the variables a and f, 
whilst tending to zero, do not take the value zero. If the ratio B/a 
tends to a finite limit, differing from zero, the ratio a/f will also 
tend to a finite limit, differing from zero. We say in this case that 
B and a are infinitesimals of the same order. If the ratio B/a has a limit 
at zero, we say that £ is an infinitesimal of higher order in comparison 
with a, or that a is an infinitesimal of lower order in comparison 
with £. If the ratio B/a tends to infinity, a/B tends to zero, ie. B 
is of lower order compared with a, and a of higher order compared 
with 8. It is easy to show that, if a and B are infinitesimals of the 
same order, and y is an infinitesimal of higher order compared with 
a, y 1s also of higher order as regards 8. By hypothesis y/a > 0, and 
a/B has a finite limit, differing from zero. From the self evident equation 
y/B = y/a + a/B, and using the theorem regarding the limit of a pro- 
duct, it follows at once that y/B-»0, which proves our state- 
ment. 

We note an important particular case of infinitesimals of the same 
order. If a/8-—> 1 (so that also B/a-—> 1), infinitesimals a and £ are 
referred to as equivalent. It follows at once from the equation 


that the equivalence of a and B implies that the difference B — a is an 
infinitesimal of higher order than a. It similarly follows from the 
equation 


that their equivalence implies that 8 — a is an infinitesimal of higher 
order than f. 
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If B/a*, where k is a positive constant, tends to a finite limit, differ- 
ing from zero, we say that f is an infinitesimal of order k with respect 
to a. If B/a—>c, where ¢ is a number, not zero, | A/c a" | —>1, ie. B 
and ca‘ are equivalent infinitesimals, and therefore, y = B — ca* is 
an infinitesimal of higher order than f (or than ca‘). If a is taken as 
the basic infinitesimal, the equation 6 = ca“ + y, where y is an 
infinitesimal of higher order than ca“, represents the isolation from 
the infinitesimal f of the infinitesimal term ca“ (of the simplest 
form with respect to a), in such a way that the remainder is an 
infinitesimal y of higher order than f (or than ca‘). 

An analogous comparison can be made of the infinitely large magni- 
tudes wu and v. If v/u tends to a limit, finite and not zero, we say 
that uw and v are infinitely large magnitudes of the same order. If 
v/u— 0, then u/v — co. We say in this case that v is of a lower order 
of greatness with respect to u, or that wu is of a higher order of greatness 
with respect to v. If v/u—+>1, the infinitely large magnitudes are 
said to be equivalent. If v/u*, where k is a positive constant, has a 
limit, which is finite and not zero, we say that v is of the kth order 
of greatness with respect to wu. All the above remarks about infinitesi- 
mals apply for infinitely large magnitudes. 

We further remark, that if the ratio B/a or v/w has no limit at all, 
the corresponding infinitesimals or large order magnitudes are said 
to be incomparable. 


37. Examples, 


1. We saw above that 


; sin x 
lim ————~ = 1, 
x9 ot 


i.e. sinw and x are equivalent infinitesimals, and therefore sin z — x is 
an infinitesimal of higher order than x. We see later, that this difference is 
equivalent to — «3/6, i.e. it is an infinitesimal of the third order with respect 
to x. 

2. We show that the difference 1 — cos # is an infinitesimal of the second 
order with respect to x. We have in fact, on using a well-known trigonometric 
formula and with a simple rearrangement, 
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If z-—> 0, a = 2/2 also tends to 0, and as we have shown: 


. dL 
ne Ma é 
tiny = lim 6in @ yo 
x+0 oe a>0 6G 
2 
and hence, 
lim 1908 1 
x0 x 2 


i.e. in fact, 1— cos 2 is an infinitesimal of the second order with respect 
to a. 
3. From the expression 


ae ee 
JI+a+l1 
we have: 
Vi-ao~1l _ 1 
& Vl+a+1 
whence 
lim Vite—1 eee 
x~0 2) 2 


ie. Y1-+a2—1 and 2 are infinitesimals of the same order, yi +a—1 
being equivalent to 2/2. 


4. We show that a polynomial of degree m > 1 is an infinitely large magni- 
tude of order m with respect to x. In fact, 


m wi 
lim 202 +a,% fete On 1 t+ Om oes 


xX> ae am 


; a a, 
2-9 Vine a. ae va i) =a 
xX 09 e + x + + gm) a 9 


It can easily be seen that two polynomials of the same degree are infinitely 
large magnitudes of the same order, for x -> oo, The limit of their ratio is the 
ratio of the coefficients of their highest terms. For example: 


1 3 
batpe—-3 4 te at 
T+ ee . 


If the two polynomials are of different degree, the one of higher degree is 
an infinitely large magnitude of higher order with respect to the other, for 


cw oO, 


38. The number e. Our present example is important later on: we 
consider the variable taking the values 


(+4 
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where » tends to -++oo, increasing through positive integers. Using 
Newton’s binomial formula, we obtain: 


See eee 
ah ee 
fp MED R MMH EED Ay 
pM Da BaBd 1 
sida He dws 
ee ee ce oe 


+b D024) 


The sum written above contains (n + 1) positive terms. As the 
integer n increases, the number of terms increases and each term 
itself also increases, since in the expression for the general term: 


#0-H0-4)-0-4S 


kK! remains unchanged, whilst the differences in brackets increase 
with increasing n. We thus see that the variable in question increases 
with increasing 1; so that it is sufficient to show that the variable 
is bounded, in order to prove that its limit exists. 

We replace all the differences appearing in the general term by 
unity, and all the factors of kl, starting with 3, by 2. The general 


} The product -=] (a-—}...(a- a= 


n 


J } is obtained from the 


n(n—1) (n—2)...(n—b+ 1) 
a 
n in the denominator, each of the & terms of the product on top is divided 
by n. 


fraction if, noting that there are k terms 
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term is evidently now increased, and we shall have, on using the 
formula for the sum of the terms of a geometrical progression: 


QQ+t)<iti+ptotet ger ter = 


i.e. the variable (1+ 1/n)" is bounded. We denote its limit by the 
letter e: 

. ry? ‘ ee : 

lim (1 + —) =e (n is a positive integer). (23) 


n> +o 


This limit is evidently not greater than 3. 

We now show that the expression (1+ 1/z)* tends to the same 
limit e, if x tends to +09, taking any values. 

Let n be the greatest integer included in 2, ice. 


<a<cn+l. 


The number n evidently tends to + along with x. On noting 
that a power term increases, both with increase of the positive base, 
greater than unity, and with increase of the exponent of the 
power, we can write: 


iach) <0+ay<C+yy” en 
But by equation (23): 


n+21 
lim (1 +—--)'= lim emer): 


n+ 0 


and 


lim (1+ a = lim He a =." (1 it =) Ze: 


N->+ oo n> +o n 


Thus, the extreme terms of inequality (24) tend to the limit e, 
and hence the middle term must tend to the same limit, i.e. 


Jim (2 a ty =e. (25) 


We now consider the case when x tends to —oo. 
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We introduce a new variable y in place of x, putting 


x= -—l—y, 
whence 
yo eL , 


It is evident from the last equation that y tends to +°° as x tends 
to —oco, 
On changing the variables in the expression (1 + 1/z)* and noting 
equation (25), we obtain: 
, ye —y yry 
ae (1 + a) i eae aa 


= lim (teey" = lim (2 +4) (1 +—)|=e-1=e. 


yrto yr +e y y 


If x tends to ©, with either sign, ie. | x |— + ©, it follows from 

the above that here also: 
' 1y 
ies Ue (26) 

We shall later give a suitable method for calculating e to any 
degree of accuracy. Clearly, it is an irrational number; we have, 
to an accuracy of seven decimal places: e = 2.7182818... 

We can now easily find the limit of (1-+ k/x)*, where kis a given 
number. Using the continuity of a power function, we obtain: 

boy. 4 2 eee ae 
Be ra) = ap) a 
where y denotes x/k, and tends to infinity along with «x. 

An expression of the form (1+ &/n)"is encountered in compound 
interest theory. 

We suppose that an increment of capital occurs annually. If capital a 
returns an interest annually of » per cent, the accumulated capital 
in the course of a year will be: 

a(1 + k), 
where 


fot te, SBC ty 
as 100 ’ 
after another year has elapsed, it will be: 


al + k)?; 
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and in general, after the lapse of m years, it will be: 
a(l + k)”. 


We now suppose that the increment of capital takes place every 
l/n of a year. The number k is now diminished n times, since the 
percentage interest is counted over a year, whilst the number of 
intervals of time is increased n times; so that the accumulated capital 


over m years will be: 
k mn 
a (2 + —) * 


Finally, let n tend to infinity, ie. an increment of capital occurs 
in every smallest possible interval of time, and in the limit, con- 
tinuously. After the lapse of m years, the accumulated capital will be: 

7 k mi a k bemtiid 
lim a (1 ao =} = lima te 4. =| | = aekm, 
nN 00 ” n-> 0 n 

The number e is used as a base of logarithms. These are referred 
to as natural logarithms and are here denoted by the simple sign 
log without indicating the base. 

For x tending to zero, both numerator and denominator in the 
expression log (1+ z)/a tend to zero. Let us examine this indeter- 
minate form. We introduce a new variable y, putting 


So be Ye 
whence evidently, as x0, y tends to infinity. Substituting the 
new variable, and making use of the continuity of a logarithm and 


formula (26), we obtain: 


y 
lim Wes) = lim y log (2 +2] = = log (1 +] =loge=1. 
The advantage of the present choice of a base of logarithms is 
clear from this. Just as, using radian measure of angles, the true 
value of (sin z)/zis unity for x= 0, in the case of natural logarithms the 
true value of log (1+ 2x)/x is also unity for x = 0. 
The following relationship follows from the definition of logarithm: 


N = a8 , 


Taking logarithms to base e in this equation, we obtain: 


log N = log, N-loga or log, N = log N- er : 
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This relationship gives the logarithm of a number N to any base a 
in terms of its natural logarithm. The factor M = ljlog ais called 
the modulus of the system of logarithms to base a, and for a = 10 
it is given with an accuracy of seven decimal places by: 


M = 0.4842945... 


39. Unproved hypotheses. We left several hypotheses unproved, in 
dealing with the theory of limits, and we now give them again: the 
existence of a limit for a monotonic bounded variable [30], the 
necessary and sufficient condition for the existence of a limit (Cauchy’s 
test) [31] and the three properties of a function continuous in a 
closed interval [35]. The proofs of these hypotheses are based on the 
theory of real numbers and the operations on them. The following 
paragraphs will deal with this theory, and with the proofs of the 
above hypotheses. 

We introduce another new concept, and formulate a further hypo- 
thesis, the proof of which will also be given below. If we have a set, 
consisting of a finite number of real numbers (for example, we might 
have a thousand real numbers), there will be both a maximum and 
a minimum amongst them. On the other hand, if we have an infinite 
set of real numbers, such that, furthermore, all the numbers belong 
to a definite interval, there will not always be amaximumand minimum 
amongst them. For example, if we take the set of all real numbers, 
lying between 0 and 1, but at the same time exclude from this set 
the numbers 0 and 1 themselves, there will be neither a maximum 
nor a minimum in the set. Whatever number we take, near to but less 
than, unity, we can always find a second number, lying between 
this first number and unity. The numbers 0 and 1 in this case, whilst 
not belonging to our set of numbers, have the following property 
in relation to it: there is no number greater than unity among the 
set, but for any given positive number e there exists a number greater 
than (1 — «). Similarly, there is no number less than zero among 
the set, but for any given positive number «e there exists a number 
less than (0 + «). The numbers 0 and 1 are called the strict lower 
and strict upper bounds of the set of real numbers in question. 

We pass from this example to the general case. Let EH be some 
set of real numbers. We say that it is bounded above, if there exists 
a number M, such that all numbers belonging to E# are not greater 
than M. Similarly, we say that the set is bounded below, if there 
exists a number m, such that all numbers belonging to # are not 
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less than m. If a set is bounded above and below, we simply say 
that it is bounded. 

DEFINITION. The strict upper bound of a set E is defined as the 
number B (if it exists), such that no member of EH is greater than B, 
whereas, for any given positive e, there is a member greater than (B — e). 
The strict lower bound of the set is defined as the number a (if it exists), 
such that no member of E is less than a, whereas for any given positive 
e there is a member less than (a + e). 

If the set H# is not bounded above, ie. if there exists a member 
of £ greater than any given number, the set cannot have a strict 
upper bound. Similarly, if H is not bounded below, it cannot have 
a strict lower bound. If there exists a maximum among the numbers 
of the set, this is evidently the strict upper bound of the set. Similarly, 
if there is a minimum among the numbers of the set, this is the strict 
lower bound of set #. But as we have seen, there is not always a 
maximum or minimum among the members of an infinite set. It can 
be shown, however, that there is always a strict upper bound for a 
set bounded above, and always a strict lower bound for a set bounded 
below. We also note a direct consequence of the definition of strict 
bounds, that the strict upper and strict lower bounds must be unique. 

Later on, we shall often make use of the hypotheses indicated in 
the present paragraph. The next paragraph, in small print, can be 
omitted at a first reading. 


40. Real numbers. We begin by dealing with the theory of real numbers. 
We start out from the set of all rational numbers, integral and fractional, 
positive and negative. All these rational numbers can be arranged in increas- 
ing order. If this is done, and a and 6 are any two distinct rational numbers, 
any desired number of rational numbers can be found between them. Let 
a<6, and let us introduce the positive rational number r= (b —a)/n, 
where n is any positive integer. The rational numbers a + r,a + 2r,a + 3r, 
-..a-+(n—1)7r lie between a and b, and in view of the arbitrariness of 
choice of the integer n, our statement is proved. 

We define a section in the domain of real numbers as any division of all 
rational numbers into two classes, such that any number of one (the first) 
class is less than any number of the other (second) class. Evidently, in this 
case, if a given number belongs to the first class, every number less than 
it also belongs to the first class, and if a given number belongs to the second 
class, every number greater than it also belongs to the second class. 

We suppose that there is a greatest among the numbers of the first class. 
In this case, by the property mentioned of the set of rational numbers, 
it can be asserted that there is no minimum among the numbers of the second 
class. Similarly, if there is a least among the numbers of the second class, 
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there is no greatest among the numbers of the first class. We call the section 
a section of the first kind, if there is a greatest among the numbers of the 
first class, or if there is a least among numbers of the second class. It is easy 
to construct such a section. We take any rational number 6 and place all 
rational numbers less than 0 in the first class, and all rational numbers 
greater than b in the second class, whilst b itself is placed either in the first 
class (where it will be the greatest) or in the second class (where it will be the 
least). Taking every possible rational number as b, we obtain every possible 
section of the first kind. We shall say that such a section of the first kind 
defines the rational number 8, this being the greatest in the first, or the least 
in the second, class. 

But there exists a section of the second kind, where there is no greatest 
in the first, or least in the second, class. We construct one such section, as 
an example. We put in the first class all negative rational numbers, zero, 
and those positive rational numbers whose square is less than two, whilst 
we put in the second class all those positive rational numbers whose square 
is greater than two. Since there is no rational number whose square is equal 
to two, all the rational numbers are now assigned, and we have a certain sec- 
tion. We shall show that there is no greatest number in the first class. To 
do this, it is sufficient to show that, if a belongs to the first class, there 
exists a number greater than a, also belonging to the first class. This is evident 
if a is negative or zero; so we suppose a > 0. Since it belongs to the first class, 
a@ < 2. We bring in a positive rational number r = 2— a’, and we show 
that a positive rational number 2 can be defined, small enough for (a + 2) 
also to belong to the first class, i.e. for us to have the inequality: 


2—-(a+al?>0 or r— 2axz—2?> 0, 


i.e. it amounts to us finding a positive rational number which satisfies the 
inequality: 
a? + lax <r. 


Taking « < 1, we have 2? < a, and hence, x? + 2aw < 2 + 2ax = (2a + y x 
i.e. it is sufficient for us to satisfy the inequality: 


(Qa+-lae<r, 
so that x is defined by the two inequalities: 
ms 
e<landa< Wa +1 . 

We can evidently find as many positive rational numbers 2 as desired, 
satisfying both these inequalities. It can be shown in precisely the same way, 
that there is no least number in the second class of our section. We have thus 
constructed an example of a section of the second kind. The following hypo- 
thesis is a turning-point in the theory: we suppose that every section of the 
second kind defines a certain new entity, t.e. an trrational number. Different 


sections of the second kind define different irrational numbers. In the above 
example of a section of the second kind, it is easy to surmise that the irrational 


number defined is that usually denoted by V2. 
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We can now arrange all the irrational numbers thus introduced, together with 
the previous rational numbers, in increasing order, as is done intuitively with 
the points of the directed axis OX. If a is a certain irrational number, 
we denote the first and second classes of the section which defines it by 
I(a) and II(a) respectively. We reckon a as greater than any number of 
I(a), and less than any number of IT(a). Any irrational can thus be compared 
with any rational number. It remains to define the concepts of greater than 
and less than for any two distinct irrational numbers a and #. Since a and 
6 are distinct, classes I(a) and I(#) do not coincide, and one class is contained 
in the other. We suppose that I(a) is contained in I(f), i.e. every number 
of I(a) belongs to 1(8), whilst there is a number of I(f) belonging to II(a). 
We take it that here, by definition, a < f. In this way, the set of all 
rational and irrational numbers, or in other words, the set of ali real 
numbers is arranged in order. Using the definitions given above, it is now 
easy to show that, if a, 6, c are real numbers, and a <b, 6b <c, then 
a<e. 

We note above all one elementary consequence of the definitions given. 
Let a be a certain set number. Since there is no greatest number in 
class I(a), and no least number in class II(a), it is immediately evident that 
any desired number of rational numbers may be set between a and any 
given rational number a. Now let a < # be two distinct irrational numbers. 
Part of the rational numbers of I() enter into II(a), and hence it immediately 
follows that it is also possible to place any desired number of rational numbers 
between a and f, i.e. in general, any desired number of rational numbers can 
be placed between two distinct real numbers. 

We now pass to the proof of the basic theorem of the theory of irrational 
numbers. We take the aggregate of all real numbers and make some section 
of it, i.e. we assign all real numbers, both rational and irrational, to two 
classes I and II, such that any number of I is less than any number of II. 
We show that there must now be either a greatest number in class I, or a 
least number in class II (one excludes the other, as above, for a section of 
the domain of rational numbers). For this, we denote by I’ the set 
of all rational numbers of I, and by II’, the set of all rational numbers 
of II. Classes I’ and II’ define a certain section of the domain of rational 
numbers, and this section defines a real number a (rational or irrational). 
We suppose for clarity that this a lies in class I, with the above assignment 
of all real numbers into two classes. We show that a must be the greatest 
number of class I. If this were untrue, there would exist a real number 
B of classI, greater than a. We take some rational number r, lying between 
aand f,ie.a<r< §. It must belong to class I, and hence, to class I’. 

Thus, the number r, greater than a, is in the first class of the section 
(I’, IL’) defining a. But this is impossible; and hence our assertion that a 
is the greatest number of class I must be true. It can similarly be shown, 
that if a@ belongs to class II, it must be the least number there. 

We have thus proved the following basic theorem: 

FUNDAMENTAL THEOREM. For any section, made in the domain of real 


numbers, either the first class must contain a greatest number, or the second clasa 
a least number. 
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A simple geometrical meaning can easily be attached to all the arguments 
of the present paragraph. To start with, we take on the axis OX only the points 
with rational abscissae. A section in the domain of rational numbers cor- 
responds to cutting OX into two semi-axes. If the cutting is at a point with 
a rational abscissa, the section obtained is of the first kind, the abscissa 
of the point of cutting being itself counted as either in the first, or in the second, 
class. If the cutting occurs at a point for which there is no corresponding 
rational abscissa, a section of the second kind is obtained, defining an irrational 
number which is taken to be the abscissa of the point of cutting. After fil- 
ling in such empty points with irrational abscissae, every division of the axis 
now occurs at a point with a certain real abscissa. All this is mere geometrical 
illustration, and lacks the force of a proof. Using the definition given of an 
irrational number a, it is easy to form the infinite decimal fraction correspond- 
ing to this number [2]. Every finite piece of this fraction must belong to 
I(a), but if the last figure of this piece is increased by unity, the resultant 
rational number must belong to II(a). 


41. The operations on real numbers. The theory of irrational numbers 
contains, in addition to the definitions and the basic theorem given above, 
definitions of the operations on irrational numbers, and a study of the pro- 
perties of these operations. We shall define the operations by making use 
of sections in the domain of rational numbers; moreover, since these sections 
define not only irrational, but also rational numbers (sections of the first 
kind), the definitions of the operations will suit all real numbers in general, and 
will coincide with what is known in the case of rational numbers. Our dis- 
cussion is limited to general remarks in the present section. 

We make a preliminary lemma, Let a be a certain real number. We take 
some (small) positive rational number r, then a rational number a of I(a), 
and form the arithmetic progression: 


@,a+trea+ 2r,...,a+ nr, .. 


For n large, (a + nr) belongs to II(a); hence, there will exist a positive 
integer k, such that [a + (k — 1) 1] lies in I(a), and (a + kr) lies in I(a), 
i.e.: 

Lemma. For any given section of the rational numbers, there exist numbers 
in the two classes differing by any given positive rational number r, however 
small. 

We now pass to defining addition. Let a and § be two real numbers. Let 
a@ be any number of I(a), a’ be any number of II(a), 6 any number of I(f), 
b’ any number of II(f). We form all the possible sums (a + 8) and (a’ + b’). 
In every case we have:a + b <a’ + b’. We carry out a new section of the 
rational numbers, putting all rationals greater than all (a + 6) in the second 
class, and all remaining rationals in the first class. Any number of the first 
class is now less than any number of the second class, all the numbers (a -+ 6) 
falling in the first class, and all (a’ + 6b’) in the second class. This new section 
defines a certain real number, which we call the sum (a + £8). This number 
is evidently greater than or equal to all (a + b), and less than or equal to 
all (a’ + b’). Noting that, by the above lemma, numbers a and a’, as also 
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6 and 0b’, can differ from each other by any given small positive rational 
number, it is easy to see that there can exist only one number, satisfying the 
above-mentioned inequality. We can at once verify that addition satisfies 
the ordinary laws, known for rational numbers: 


a+ P= 8-+a; (a+ f)+y=at+(P+y) a+0—a4. 


For example, to obtain (B + a), we should have to construct the sums 
(b + a) and (b’ + a’) instead of (a -+ 6b) and (a’ -+ b’), in which case the 
former sums coincide with the latter, since addition of rational numbers 
is known to obey the rule of transposition. 

Let a be @ certain real number. We define the number (—a) by the section 
carried out as follows: we put in the first class all the rational numbers of 
Il(a) with changed sign, and in the second class, all numbers of I(a) with 
changed sign. This is in fact a section in the domain of rational numbers; 
and we have for (—a), as is easily verified: 


— {—a) =a; a+ (—a) = 0. 


Clearly, ifa <0, (—a)> 0, and conversely. Provided a40, we say that 
whichever of the numbers a and (~—a) is greater than zero is its absolute 
value. As before, | a | denotes the absolute value of a. 

We now pass to multiplication. Let a and # be two positive real numbers, 
ie. a> Oand B> 0. Let a be any positive number of I(a), b be any positive 
number of I(B), and a’, b’ any numbers of II(a) and IT(f) (they must also be 
positive). We construct a new section, putting all rational numbers greater 
than all products ab in the second class, and all the remaining rational num- 
bers in the first class. All ab fall in the first class, and all a’ 6’ in the second 
class. The new section defines a certain real number, which we call the pro- 
duct af. This number is greater than or equal to all ab and not greater than 
all a’ 6’, and there is only one real number satisfying these inequalities. 

In the case of negative a and/or 8, we carry out multiplication as in the 
previous case, whilst introducing into the definition of multiplication the 
usual rule of signs, i.e. we put af = + | a || BI, taking the (+) sign if both 
a and # are less than zero, and the (—) sign if one is greater than zero, and 
the other less than zero. 

We take as the definition of multiplication by zero that a-0 = 0-+a= 0. 
The basic rules of multiplication are at once verified: 


aB = Ba; (aB)y = a(By); a(B + y) = a8 + ay, 


and the product of a given number of factors can be zero if, and only if, 
at least one of these factors is zero. 

Subtraction is defined as the converse operation to addition, i.e. a — B = x 
is equivalent to x -+ 8 = a. Adding (—#) to both sides of this equation, we 
obtain by the properties of addition given above: «= a-+(—§), i.e. the 
difference has to be defined in accordance with this formula, so that the opera- 
tion of subtraction leads to addition. It remains to verify that the expression 
obtained for x actually satisifies the condition « + 8 = a, but this immediately 
follows from the properties of addition. We shall see how the usual property 
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is justified, that the inequality a > 6 is equivalent to a — B > 0. Before 
this, we turn to division, defining the reciprocal of a given number. If a is a 
rational number, differing from zero, the number l/a is called the 
reciprocal. Let a be a real number, not zero. Let a> 0 at first, and let 
a’ be any number of II(a) (it is rational and positive). We define the reciprocal 
of a by the following section: we put all negative numbers, zero, and l/a, 
in the first class, and the remaining numbers in the second class. Let a certain 
positive number c, belong to the first class of the new section. This means 
that c, = (1/a,), where a’ is in II(a). We take any positive rational number 
¢, <¢,. It can be written as c, = (1/a,), where a, is rational and a, < a, 
i.e. a, also belongs to II(a). In other words, if a certain positive number 
belongs to the first class of the new section, every smaller positive rational 
number also belongs to the first class. Also, all negative numbers and zero 
belong there, by hypothesis. Hence it is clear, that in forming the section 
that defines the reciprocal of a, we maintain the basic hypothesis that any 
number of the second class is greater than any number of the first class. This 
number, the reciprocal of a, is denoted by the symbol! I/a. 
If a < 0, we define the reciprocal by the formula: 
I 1 


a [a| 


Using the definition of multiplication, we obtain: 
a-e——=]. 
a 


We now turn to division. This is the inverse operation to multiplication, 
ie. a: B= 2x is equivalent to xf = a, and, as in subtraction, it is easy to 
see that, if 6 ~ 0, the quotient obtained:z = a- 1/8 is unique; in this way, 
division leads to multiplication. Division by zero is impossible. 

A number is raised to a positive integral power by multiplication. Extract- 
ing a root is defined as the inverse operation to raising to a power. Let a 
be a real positive number, and n a given integer, greater than unity. We form 
the following section of the rational numbers: we put in the first class all 
negative numbers, zero, and all positive numbers whose nth power is less 
than a, and all remaining numbers go into the second class. Using the defini- 
tion of multiplication, it is easily seen that the positive number 8, defined 
by this section, satisfies the condition: 6” = a, i.e. f is the arithmetic value 
of the root Va. If n is even, there will be a second value (— £). The root of odd 
degree of a real negative number is analogously defined (there is a unique 
answer). Exponential functions will be discussed in full detail later. We now 
note the following important result: having orice justified the basic laws of 
operations, all the rules and identities of algebra are simultaneously justified, 
if letters are understood to represent real numbers. 


42, The strict bounds of numerical sets. Tests for the existence of a limit. 
We now prove the theorem regarding the strict bounds of a set of real num- 
bers, formulated in [39]. 
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TuHeorEM. If a set E of real numbers is bounded above, it has a strict upper 
bound, and if E is bounded below, it has a strict lower bound. 

We restrict the proof to the first part of the theorem. By hypothesis, all 
numbers of # are less than a certain number M. We form a section of the real 
numbers as follows: we put all numbers greater than all numbers of H in 
the second class, and the remaining real numbers in the first class. We have in 
the second class, for example, all numbers (M -+ p), where p > 0, and in the first 
class, for example, all numbers of #. Let £ be the real number defined by 
the section made. By the basic theorem of [40], it will be the greatest in 
the first class, or the least in the second class. We show that f is in fact the 
strict upper bound of H. Firstly, there is no number among £ greater than 
8, since all numbers of £ are in the first class. Further, there certainly exists 
a number of £, greater than (f — ¢) for any e > 0, since, if there were no 
such number, (8 — é/2) would be greater than all numbers of # and would 
have to belong to the second class, whereas it is actually less than # and is 
in the first class. The theorem is thus proved. Clearly, if B belongs to £, 
it will be the greatest of the numbers of LE. 

We now prove the existence of a limit for a monotonic bounded variable 
{30}. Let the variable x be continually increasing, or at least, not decreasing, 
i.e. every one of its values is not less than any previous value. Furthermore, 
let x be bounded, i.e. there exists a number M, such that all values of x are less 
than M. We consider the set of all values of x. By the theorem just proved, 
there exists a strict upper bound of this set. We show that £ is the limit 
of x. Let « be an arbitrary positive number. By the definition of strict upper 
bound, there is a value of x greater than (f — e). Then, since z is monotonic, 
all subsequent values of x are greater than (f — «), whilst on the other hand, 
they cannot be greater than £; and since « is arbitrary, it follows that 
8 = lim 2. The case of a decreasing variable can be worked out in precisely 
the same way. 

We prove a preliminary theorem, before passing to the proof of Cauchy’s 
test [31]. 

THEOREM. Given a sequence of finite intervals : 


(21, 51), (Ap, bg), «- +5 (@n: bn), -- 


where each successive interval is contained in the previous one, 1.6. Qn4, > an 
and bni, < bn, and given also that the lengths of these intervals tend to zero, 
i.e. (b, — an) > 0, then the ends of the intervals, a, and b,, tend to a common 
limit, with increasing n. 

We have by hypothesis: a, < a, < ..., with also a, < b, for any value of n. 
The sequence a,, a,.,... is thus monotonic and bounded, and hence has a 
limit: a, > a. Since (b, — a,) > 0 by hypothesis, we have: b, = a, -+ &, 
where eé,, > 0, and hence b, also has a limit, equal to a. 

We now turn to the proof of Cauchy’s test. We confine ourselves to the 
case of an enumerated variable: 


Bp Vee sey Byes (27) 


We have to show, that the necessary and sufficient condition for the existence 
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of a limit of sequence (27) is as follows: for any given positive e there exists 
a subscript N, such that 


| 2m —- %| <e for m andn>N. (28) 


We show that the condition is sufficient, i.e. if it is satisfied, sequence (27) 
has a limit. It follows from our previous discussions [31], that if the condi- 
tion is satisfied, we can construct a sequence of intervals: 


(@,, by), (a2, be), pee) (a;, by) a o.$ 


with the following properties: each successive interval is contained in the 
previous one, the length (b, — a,) tends to zero, and for every (a,, 6,) there 
is a corresponding positive integer N,, such that all z, for s > N, lie in 
(a,, 6,). These (a,, 6,) are the sections A; A, of [31]. By the theorem above, 
we have a common limit: 
lim a, = lim b, = a. (29) 
k-+o k-> 0 

We show that a is the limit of sequence (27). Let ¢ be a given positive 
number. By (29), there exists a positive integer 1, such that (a,, 6,) and all 
subsequent intervals lie inside the interval (a — «,a -+ e). 

Hence it follows that all the numbers x, for s < N, also belong to this 
interval, ie. | a — 2,| <« for s> N). Since « is arbitrary, we see that a 
is the limit of sequence (27), and the sufficiency of condition (28) is proved. 
The necessity of the condition was proved earlier [31]. The proof remains 
valid for a non-enumerated variable. 


43. Properties of continuous functions. Turning to the properties of con- 
tinuous functions that were given earlier [35], we first prove an auxiliary 
theorem. 

THEOREM 1. Given f(x) continuous in an interval (a, b), and « any positive 
number, the interval can be subdivided into a finite number of new intervals 
in such a way that | f(x.) — f(%,) | < @, provided x, and x, belong to the same 
new interval, 

We shall prove this theorem by reductio ad absurdum. We suppose that 
it is impossible to subdivide (a, b) in the way described. We divide our inter- 
val at the centre, obtaining the two intervals: 

(«, at J ana (-2$?. ‘ o}.. 
If the theorem were true for each of these sub-intervals, it would clearly 
be true for the whole interval. We must therefore suppose that subvidision 
in accordance with the theorem is impossible in at least one of the sub-intervals; 
we take this sub-interval and again divide it into two halves. As before, the 
theorem is untrue for at least one of these two new halves, and we now divide 
this half into two, and so on. We thus obtain a sequence of intervals: 


(a, b), (1, by), (ay, bg), «.~5 (An, bn), - 


where each successive interval is half of the preceding one, so that the length 
(by — dp), equal to (6b — a)/2", tends to zero with increasing n. Further, the 
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theorem is untrue for every (a,,b,), Le. it is not possible to divide any 
(a,, b,) into new intervals so that | f(z.) — f(z,)| < e provided x, and 2, 
are in the same new interval. We show that this is absurd. 

By the theorem of [42], a, and 5, have a common limit: 


lim a, = lim 6, = a, (30) 


this limit, like all a, and 6,, lying in (a, 6). We first take a in the interior 
of (a, b). By hypothesis, f(x) is continuous for « = a, and hence [34], there 
is, for the ¢ given in the theorem, an 7 such that, for all w in the interval 
(a — n, a-+ n) the inequality is satisfied: 


1. 
[Ma) — f(@)|<-e. (31) 
If «, and 2, are any two values from the interval (a — y,a-+ 7), we have: 


f(@2) — f(®1) = f(z) — fla) + fla) — fle), 


whence 
| f(#2) — fey) | < | f@2) — fla) | + | f(a) — fie) |, 
and by (31): 
lie.) — fledl<—-+->> 
i.e. 


| f(#2) — fl) | <e (32) 


for any x, and a, in (a — 7,a-+ 7). But by (30), there will exist an interval 
(a;, 6) belonging to (a — ,a + 7). Hence inequality (32) will certainly be 
satisfied for any x, and x, from this interval, i.e. the theorem is satisfied 
for (a;, 6,) even without further subdivision. This contradicts the fact seen 
above, that the theorem is not satisfied for any (a,, b,,). The theorem is thus 
proved, if a is in the interior of (a, 6). If, for example, a coincides with the 
left-hand end of the interval, i.e. a =a, the proof is the same, except that 
the interval (a, a -- 7) is taken instead of (a — n,a-+ yn). 

We now turn to the proof of the third property of [35]. 

THEOREM 2. If f(x) is continuous in the interval (a,b), it is uniformly 
continuous in this interval, i.e. for any given positive « there exists a positive 
n, such that | f(x’’) — f(a’) | < e for any x’ and x’’ of (a, b) that satisfy the 
inequality | a’’ — a’ | < ». 

By Theorem 1, we can subdivide (a, 6) into a finite number of new inter- 
vals in such a way that | f(#,) — f(#,) | < e/2, provided that 2, and x, belong 
to the same new interval. Let 7 be the length of the shortest of the new 
intervals. We show that our theorem is in fact satisfied for this 7. In fact, 
if zx’ and «x’’ are two values from (a, 6), satisfying | 2’’ — x | < n, either 
x’ and x’’ belong to the same new interval or to two neighbouring intervals. 
In the first case, we have by the construction of the new intervals: | f(x’’) — 
— f(z’) | < ¢/2, and hence certainly | f(x’’) — f(x’) | <«. In the second 
case, we denote by y the point of contact of the two adjacent intervals con- 
taining «’ and «’’, We can now write: 


fv’) — fle’) = fle") — fly) + fr) — fe"), 
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i.e. 


| fle”) — fle’) |< | fle") — fo) | + Lf) — Fle’) | (33) 
But 


Me") — |< and YO) — fe <>, (34) 


since 2’’ and y are in the same new interval, and similarly for x’ and y. The 
inequalities (33) and (34) give us | f(”’’) — f(x’) | < ¢, and the theorem is 
proved. 

Theorem | also gives us the following corollary. 

Coro.uary. If a function is continuous in an interval (a, b), it 1s bounded 
above and below, i.e. simply bounded, in this interval. In other words, there 
exists an M, such that | f(x) | < M for all x in (a, b). We take a certain definite 
e, and let n, be the number of new intervals into which (a, b) must be sub- 
divided so as to satisfy Theorem 1 for every e= e,. We have | f(x.) — f(z.) | < 
< «, for any two points belonging to the same new interval. Hence it immedia- 
tely follows that | f(x) — f(a) | <n, e, for any # of (a,b), ie. all f(x) are 
included between f(a) — nr €, and f(a) + no€p. 

Since the aggregate of all f(x) of (a, 6) is bounded above and below, it has 
strict upper and lower bounds [42]. We denote the former by #, and the 
latter by a. We now prove the first property of [35]. 

THEOREM 3. A function continuous in an interval (a, b) attains maximum 
and minimum values in this interval. 

We have to show that there exists an x of (a, b), such that f(x) = 8, and 
similarly a y, such that f(x) = a. We confine ourselves to proving the first 
assertion, and do so by a contradiction. We suppose that f(x) is not equal 
to B for any =x of (a, b) (and hence is less than 8). We form a new function: 


1 
lias B— f(x) ° 


Since the denominator is never zero, the new function is also continuous 
in (a, b) [34]. On the other hand, it follows from the definition of strict upper 
bound, that for any e > 0 anda < «< b there exists an f(z) lying between 
(6 — e) and B. Now: 0 < 8 — f(x) < e and (x) < 1/e. Since e can be taken 
arbitrarily small, we see that g(x), continuous in (a, b), is not bounded above, 
which contradicts the above corollary of theorem 1. 

We finally prove the second property of [35]. Let f(z) be continuous in 
(a, b), and k be any number, lying betwen f(a) and f(b). We take for clarity, 
f(a) <k < f(b). We form a new function: 


F(z) = f(x) —k, 
continuous in (a, 6). Its values at the ends of the interval are: 
F(a) = fia) —k <0 
F(b) = f(b) —k>0 


i.e. F(x) has different signs at the ends of the interval. If we can show that 
there is an x, in (a,b) such that F(x,) = 0, we shall have f(z,) — k = 0, 
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i.e. f(xq) = &, and the second property is proved. It is thus sufficient to prove 
the following theorem: 

TuHEoreM 4. If f(x) is continuous in (a,b), and tf f(a) and f(b) are of opposite 
signs, there exists at least one x, for which f(x») = 0. 

We prove the theorem by supposing it false, as in III. Let f(x) never 
be zero in (a, 6). The new function: 


] ae 
p(x) = Flay (35) 


will also be continuous in (a, 6) [34]. We use Theorem 1, and take any e> 0. 
We find a finite set of points in (a, b), including its ends, so that the absolute 
value of the difference of f(x) for any two neighbouring points is less than 
e. Noting that f(a) and f(6) have different signs, we can find two neighbouring 
points £, and &, such that the corresponding f(x) have different signs. Thus, 
whilst f(¢,) and f(é,) have different signs, | f(é) — f(¢,)| < e. Since f(é,) 
and f(&,) are real numbers, it follows that the absolute value of each is less 
than «, ie. | f(é,)| < e. But now, by (35), | y(&,) | >1/e, and since ¢ can 
be taken arbitrarily small, it follows that g(x), continuous in (a, 6), is un- 
bounded in the interval. This is absurd. Thus the theorem is proved. 


44, Continuity of elementary functions. We proved earlier the continuity 
of polynomials and rational functions [34]. We now consider the exponential 
function : 

y =a* (a> 0), (36) 


where we take a > | for clarity. This function is fully defined for all positive 
rational x. It is defined for negative x by the formula: 


: (37) 


with also, a@° = 1. It is thus defined for all rational x. Also, the rules of addi- 
tion and subtraction of exponents on multiplication and division are known 
from algebra. 

If x is a positive rational number p/q, 


oe 
aX =Ja?, 


taking the numerical value of the radical. Evidently, a? > 1, and it follows 
from the definition of a root that a* > 1 for «> 0 (taking the definition 
from [41]). It follows from (37) that 0 < a* < 1 for x <0. We now show 
that a*8 > a*! if x, > 2, i.e. that a* is an increasing function. In fact, 


aX? — GX! =a gXt (qg*2-*1 — J), 


where z, — x, > 0, so that both factors on the right are positive. We show 
further that a* > 1 if x > 0, taking rational values. We first suppose that 
x -» 0, decreasing through all rational values (on the right). Then a* decreases, 
but remains greater than unity, and thus has a limit, which we denote by 
t. Moreover, given this variation of z, 2x also tends to zero on the right, 
through every rational value. We obviously have: 


2 
a’* == (a*) j 
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so that, passing to the limit: 
~I=P or Ul—1)=0, 


ice. l= 1 or 1 = 0. The second possibility is ruled out since a* >1. Thus, 
a*-> 1 as x > 0 on the right. It follows from (37) that we have the same 
limit for x > 0 on the left. Thus in general, a¥ > 1 if x > 0, taking rational 
values. Hence it immediately follows, that if z tends through rational values 
to a rational limit b, a* > a?. In fact, 


a* — a? = a? (a*-* — 1). 


Here, (a — b) -> 0, and by the above, (a*—® ~— 1) > 0. 

We now define function (36) for irrational 2. Let a be a certain irrational 
number, and let I(a) and II(a) be the first and second classes respectively of 
the section in the domain of rational numbers that defines a. We suppose 
that x-> a, increasing and passing through all the rationals of I(a). Then 
a* is increasing but bounded, being in fact less than a*”, where 2’’ is any 
number of II(a). Thus, for the above variation of 2, a* has a limit, which we 
denote for the present by L. Similarly, if x— a, decreasing through the 
rationals of II(a), a* again has a limit. We show that this limit is aiso L. 
Let x’ belong to I(a), and x” to II(a). We have: 


a” — a = a® ("~*~ 1) < Lia” — 1), 
Le, 
0 <a” —a” <L (a * — 1). 


For x’ and x” near a, (x” — x’) is as near zero as desired, and the same 
can be said of (a*” — a*’) by the above inequality; whence follows the coin- 
cidence of the limits. We take this limit LD as defining a°, i.e. a% ts the limit 
to which a* tends, when x -> a through rational values. Function (36) is now 
defined for all real 2. It is easy to show from the above, that the function is 
increasing, i.e. a*? > a, if x, and x, are any real numbers, satisfying x, > 2. 
We have to consider the cases separately, of x, and x, both irrational, or of 
one of them rational. We still have to show that the function is continuous 
for any real x. We must first show, that a* > 1 for x > 0, all real values being 
permitted. The proof is exactly the same as above, for rational x. Also as 
above, using the formula: 


a* — a" = a" (a*~* — 1), 


we can show that a* > a% for x - a, which proves that a* is continuous for 
any real 2. 

It is easy to verify that all the basic properties of exponential functions 
apply for any real exponents. For instance, let a and # be irrationals, and 
let x > a, y> B, x and y varying simultaneously through rational values. 
We have for rational exponents: 


a* ay = a*t, 


Passing to the limit, by the continuity of exponential functions proved 
above, we obtain the same property for irrational exponents: 


a% a? = att 8, 
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We also obtain the multiplication rule for raising a power to a@ power: 
(a7)? ats a 


as follows: if 8B = n is a positive integer, the formula follows at once from 
the rule for adding exponents on multiplication. If 8 = p/¢ is a positive 
rational, 


¢ ¢ 
(a%)P!9 we | (a)? = Va? = a2Pl9, 


The rule follows at once for negative rationals from (37). We now take 
8 irrational, and let rational r tend to 8. By the above: 


(a*)" — at’. 


Passing to the limit, and using the continuity of an exponential function, 
with @* taken as base on the left, we obtain (a)? = a. 

Before turning to logarithmic functions, we make a few remarks about 
inverse functions, which have already been briefly mentioned in the introduc- 
tion [20]. If y = f(x) is increasing and continuous in (a, b), with f(a) = A 
and f(b) = B, by the second property of continuous functions, when zx 
increases from a to b through all real values, f(x) increases from A to B, 
passing through all intermediate values. Thus, for every y in (A, B) there 
is a corresponding definite x in (a, 6), and the inverse function + = 9(y) 
will be single-valued and increasing. If « = x, is inside (a, 6), and x runs 
through a small interval (x, — ¢, #, + e), y will run through a certain inter- 
val (Yo — 71, Yo + %), where y, = f(x,). Denoting the least of the two 
positive 7, and 7, by 6, we can say that, if y belongs to (y, — 5, ¥, + 94), 
consisting of only part of (yy — 11, Yo + 7), v will belong all the more to 
the above (x. — 6, #, + 4), i.e. | p(y) — v(yo) | < e, provided | y ~ y,| < 6. 
Since « is arbitrary, this gives us the continuity of function « = g(y) at 
¥Y = Yy. If x, coincides with the end a, for example, we have to take the 
interval (% 9,2) + €) in place of (x, — 2, %, + 2) in the above discussion. 
The working is analogous for f(x) continuous and decreasing. 

We return to function (36). Since a> 1, a= 1+ 6, where b> 0, and 
Newton’s binomial formula gives for a positive integer n > 1: 


at = (1 +b)? <1+nb, 


whence it is clear that a* increases indefinitely on indefinite increase of 
x. Further, it follows from (37) that a* — oo for « > oo. On noting the above 
remarks about inverse functions, we can say that the function 


x= loggy, (38) 


the inverse of (36), is single-valued, increasing, and continuous for y > 0. 
The same results are obtained for 0 <a <1, except that functions (36) 
and (38) are decreasing. 

We now introduce a new concept, that of a function of a function. Let 
y == f(z) be continuous for a < x < 6, with its values lying in (c, d). Further, 
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let z = F(y) be continuous in the interval c < y < d. On taking the above 
function of x as y, we obtain a function of a function of x: 


z= Fly) = P(f(x)). 


We say that this function depends on x through the medium of y. It is 
defined for a < xz < 8. It is easily shown to be continuous in this interval. 
In fact, an infinitesimal increment of x gives a corresponding infinitesi- 
mal increment of y, since f(z) is continuous, and the infinitesimal incre- 
ment of y gives a corresponding infinitesimal increment of z, since F(y) 
is continuous. 

We now consider the power function 


z= a, (39) 


with any real exponent b, and taking positive values of x. It immediately 
follows from the discussion of exponential functions that the value of (39) 
is defined for every x > 0. Using the definition of logarithm and taking 
natural logarithms, for example, we can write instead of (39): 


2 = eblog x, 


Putting y = b log, and z = e”, we can consider the above as a function 
of a function of x, and the continuity of (39) for every 2 > 0 follows from 
the continuity of exponential and logarithmic functions. 

The continuity of the trigonometric functions is easily shown by using 
formulae of elementary trigonometry. From the formula: 


sin (x-+ h) — sing = 2sin-+ cos (e+) 


we have: 


jsin (@ + h) — sina |< 2 


Si A 
n->-|; 
since | cos (w + h/2)|< 1. But for any angle a: |sina| <|a]|, so that 
| sin (x9 + h) — sina | < |h| 


and thus the left-hand side tends to zero as h > 0, giving us the continuity 
of sin x for all x. The continuity of cos « for all x is similarly proved. The 
continuity of tan 2 and cot x for all x, except those for which the denomina- 
tors in the formulae below become zero, follows at once [34] from: 


sin 2 cos &% 
tan ¢ = » cotr= 
cos x 


The function y = sinz is continuous and increasing in the interval 
(— 2/2, n/2). Using the above remarks concerning inverse functions, we 
can assert that the principal value of the function z = are sin y [24] is a 
continuous, increasing function in the interval —1 < y < 1. The proofs 
are similar for the continuity of the remaining inverse circular functions. 
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EXERCISES ON CHAPTER I 


1. Prove that, if a and 6b are real numbers: 
[}a{—lb{{<ja—b|< [alt [dl]. 
2. Prove the following equalities: 


(a) |ab| = |aj-[bls() 


b 
) |ap=a% @) Yat=|al, 
3. Determine the range of values of 2 for which: 
a) |e —1| <8; (6) [2a +1[<1; 
c) |x +1] > 2; (4) | «—1l[<|a+1}. 


ee )» F(A) ) if f(x) = a — 622 + lla — 6. 

5. Find f(0), fi—3), f(—2), fe), [f@)P? if fe) = JI ¢ a 

6. Let f(x) = are coe log 1) x. Fad f{ (5), f(1), f(10). 

7. The function f(x) is linear. Find the function if f(—1) = 2 and 
f@) = — 

8. Find the formula for the quadratic function f(x) for which 
f(0) = 1, f(1) = 0 and f(3) = 5. 

9.It is given that f(4) = —2, f(5) = 6. Find the approximate 
value of (4.3) by assuming that the function f(z) can be 
represented by a linear function for 4 < a” < 5. (Linear inter- 
polation formula). 

10. Find a single formula by means of which to express the function: 


0Oifa<0 


fey=| oi x > 0. 


Define the domains in wee the following functions exist: 


LL. (a) y= e413 0) y= Ju ET 
12. y = 1/(4 — 2”). 

13. (a) y = Va? — 2; (b) y= x Vx? — 2. 
14, y = 2 + x — a. 

15. y = Y—a+ W/V2 + x. 

16. y = V(x — 2). 

17. y = logy, [(2 + 2) /(2 — 2)]. 

18. y = logy, [(a? — 3x + 2)/(z 4+ 1)]. 
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19. y = are cos [2a/(% + 1)]. 

20. y = arc sin log, ,(x/10). 

21. Define the domain in which the function y = |/(sin 2x) exists. 

22. f(x) = 2a4 — 3a3 — 5a? +- 64 — 10. Find ®(x) = }{ f(x) + f(—2)] 
and (2) =4[f(z) — f(—a)]. 

23. Find ® [p(x)] and y [®(x)], if D(x) = 2? and y(x) = 2. 

24. Find f{ f [f(x)]} if fw) = 1/1 — 2). 

25. Find f(z + 1) if fiz — 1) = 2°. 

26. Let f(n) be the sum of » terms of an arithmetical progression. 
Show that f(n + 3) — 3f(n + 2) + 3f(n + 1) —f(n) = 0. 

27. Prove that if f(z) is an exponential function, ie. f(x) = a*, 
x > 0, and if x,,%,, 7, form an arithmetical progression, then 
f(x,), f(%2), f(x,) form a geometrical progression. 

28. Let f(x) = log [(1 + 2)/(1 — 2)]. Show that 


fe) + fu) =( ZFS). 


29. Let g(x) =} (a* 4+ a-*) and y(x) =3(a* —a™*). Show that 
yu + y) = (x) ply) + vz) vty) and y(z + y) = oz) vy) + 


+ oy) p(x). 
30. Find f(—1), f(0), f(\) if 


are sin x for—co<2r<0 
arc tan x for O0< 4r< +c 


i) =| 


31. Find the zeros and the domains in which the following functions 
are respectively positive and negative: 


(a) y=1l+a; (b+) y= 2+4+u—2; () y= 1l—a4+ 2°; 
(d) y= x3 — 3x; (e) y = log,,[2z/(1 + 2)]. 


32. Find the inverses of the following functions: 
3 
(a) y= 2u+ 3; (6) y= 2x? —-1; () y= J1—233 
(d) y = log, (3x); (e) y = arc tan 3x. 
33. Find the inverse of the function defined by: 


_[rifa<o0 
xz ifz> 0 
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34. Write the following functional relationships in the form of a 
chain of equations the elements of which are simple functions 


(og. y= (+2) could be written as y= wu", u=1+42, 


1 
nd 
(a) y = (20 — 5); (b) y= 2°*; (c) y = log, tan ya; 
(d) y = are sin (3°*). 
35. From each of the following chains of equations form a com- 
pound function written in the form of a single equation: 
(a2) y= wv, u=sing; (b+) y=arctanu, u= lv, v = logyz; 
()y=2ifu<0y=0ifur>d0, vw=a—1. 
36. Write down in explicit form the functions y satisfying the 
following equations. 
(a) x? — arecosy = a; (b) 10*+ 10” = 10; (¢) «+ ly| = 2y. 
Find the domain of definition of each of the functions. 
Construct the graphs of the bilinear functions (hyperbolas): 
37. y = Lx. 
38. y = 1/(1 — 2). 
39. y = (x — 2)/(x + 2). 
40. y¥ = Yy + m|(x—x) if 7 = 1, yo = —1, m= 6. 
41. y = (2% — 3)/(3x + 2). 
Construct the graphs of the rational functions: 
42.y=u4-+ Ifx. 43. y = f(a +1). 44.y = Ife 45. y = 1a’. 
46. y == 10/(x? + 1) (Witch of Agnest). 47. y = 2a](x? + 1). 
48. y == (x -+ 1)/a?. 49. y = (2? + 1)/x. 
Construct the graphs of the trigonometric functions: 
50. y = sing. 5l.y = cosa. 52.y = tana. 53. y = cot x. 
D4. y = sec @. 55. y = cosec x. 56. y= A sin x with A = 1, 10, 1/2,—2. 
57.y =sinne with n=1, 2, 3, 3. 58 y=sin(«—), with 
p= 0, in, ix, a,—ja. 59. y=asine+bcosz, with a=6, 
b= —8. 60. y = sinz + cos. 61. y = cos* 2. 62. y = x + sin x. 
63. y = x sin a. 
Construct the graphs of the exponential and logarithmic functions: 
64. y = a* with a = 2, 5, e (= 2.718...). 
65. y = log,x, with a = 10, 2, 5, e. 
66. y = sinh a = 5 (e* — e~*). 67. y = cosh x = §(e* + e7%). 
68. y = tanh x = sinh 2/cosh x. 69. y = 10%. 
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70.y =e (error curve). TL. y = 271, 72. y = log, 2°. 
73. y = (log, 2)". 74. y = log, o(log,9x). 75. y = Ilog, x. 
76. y = log,,(I/x). 77. y = log,)(—zx). 78. y = log,({1 + 2). 
79. y = log,,(cos x). 80. y = 2-* sin x. 

81. Prove that as n> oo the limit of the sequence 


is equal to zero. For what values of n will we have the inequality 
n~* < e where e is an arbitrary positive number. 

Give an estimate of the lowest such n for (a) ¢ = 0.1; (b) ¢ = 0.01; 
(c) ¢ = 0.001. 

82. Prove that the limit of the sequence a, = n/(n-+ 1), (n= 
= 1,2,...) asn-—> oo is equal to 1. If ¢ is an arbitrary positive 
number find N such that |a, —1|<e for n>WN. Find NV 
if (a) e = 0.1; (6) e = 0.01; (c) ¢ = 0.001. 

83. Prove that 


lim 2? = 4, 
x-+2 


Given a positive number ¢ find a positive number 6 such that 
|x? — 4| < e whenever |x — 2| < 6. Calculate 6 if (a) « = 0.1; 
(6) ¢ = 0.01; (c) e = 0.001. 
84. Write out precisely what is meant by the following statements: 
(a) lim log,)% = —9°; (b) lim 2* = +; (c) lim f(x) = o. 
x~+0 x0 X-+ 00 


85. Find the limits of the sequences: 


] (~ he 


(a) 1, — 


Qn 


Be 
ee arene, 
Be Besse Beperss3 


(0) 
() V2» V2ve2 V2/aye,...: 


(2) 0.2, 0.28, 0.233, 0.2333, ... 


86. lim (Sp t+ ++... + na), 
87. lim =; (n +1) (w+ 2) (n+ 8). 


lim f 14+3+5+7+...+ (2n— 1) Qn+1 
fe a 
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89. lim 


R-> 


lim 


Noe 


90. 


é ] 1 1 1 
, 1 1 1 wm 1)*~? 
92. lim [1-7 bg — ap te + Ca | 
93. lim VETS beh 
N00 
5 ae lim 7 sin 1! 
94, om (Vn + boa Vn). 95. n>o 72 +- ] 
lim («+1) . 1000 a 
96. wage rs 97, pt or Sn | 
- e2—~5a+t ] F 22% —z2-+3 
98. see 32 +7 99. sus x8 — 8a + 5 
100. lim ei eee 101. lim Va —1 
oe Vealeals x-1 @—1 
3 
102. lim ieee 103. lim a : 
x64 Vz—4 x~-1 Va—-1 
3 3_ 
104, lim !2?—2¥e+1 105. lim pt Eee 
ais eae ee 5 x7 — 49 
106. lim = 107. lim “7 = Va —1 
Cee gas tae ea 
108, lim 3= 5+ 109. lim G+) —Va— =) 
poe b= j6=Se x0 % 
tea § a ee 
110. lim ele VW. lim Veth —Ve 
h-0 h—0 h 
12, lim (Va + a — Vz) 113, lim [Ye (@ + a) — a] 


114. lim 
x> a 
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—(=1)" ° 


gntt + git 


on gn 


[Ve —sepo—a] MS. lima [ye Pi—z] 
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3 . . 
116, lim [74 Ji-#] 117. (a) lim "= 5 (b) lim 2" 
xo x-+ 2 x>@ 
sin 3x . sin 6x 
ae: in z 119. lim sin 2a 
120, lim 222% 121. lim n sin —2- 
x1] Sinsas save n 
122, lim ~—S8# 193, i 2 
x0 o xa G— @ 
cos Z — cosa 1— sin # 
124, Jim “S26 e 125. 
xa e—@ % — & 
186: tin, ee 2, ton) ean te 
aes an x—> 
Ci I a * 2 x 
128. lim (1 se —) 129. lim (1 ae =| 
. cs \}* : Pa Te 
Sh eae) 131. lim (257) 
n 
132. lim (1 a =. 133. lim (1 + sin x) 
fi-> oo xo 


134. Show that the function y = 2? is continuous for any value of 
the argument <. 

135. Prove that the polynomial P(x) = ayz” + a,2"*+...+ a, is 
continuous for all values of zx. 

136. Prove that the rational function R(x) = (a,2" + a,2"7* + 
+t... tan)(bo a” +b, 2% 74+ ...+,) is continuous for all 
values of x except those for which the denominator vanishes. 

137. Prove that the function y = //x is continuous for x > 0. 

138. Prove that if the function f(x) is continuous and non-negative 
in the interval (a, 6) the function F(x) = f(x) is continuous 
in that interval. 

139. Prove that the function y = cos x& is continuous for all values 


of x. 

140. For what values of x are the functions (a) tan 2, (b) cot x con- 
tinuous? 

141. Prove that the function y = || is continuous for all x. Con- 


struct the graph of this function. 
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142. Prove that the absolute value of a continuous function is a 
continuous function. 
143. A function is given by the formula: 


(x? — 4)/(w— 2) if 142 
A if r=2 


How should we choose the value of A = f(2) in order that the 
function f(x) will be continuous at w= 2% Sketch the graph 
of the function y = f(z). 

144. The function f(x) is not defined for x = 0. Define f(0) in order 
that f(x) will be continuous at x = 0 if: 
(a) fle) = 2 [1 + 2)" — 1; @) fle) = (1 — cos a)/a*; 
(c) f(a) = Iflog (1 +x) —log (1—2)]; (@) f(a) = Ne — e); 
(e) f(x) = 2? sin (1/x); (f) f(x) = x cot x. 


(2) = 


CHAPTER II 


DIFFERENTIATION: THEORY AND APPLICATIONS 


§ 3. Derivatives and differentials 
of the first order 


45. The concept of derivative. We consider a point moving in a 
straight line. The path s traversed by the point, measured from some 
definite point of the line, is evidently a function of time f: 


8 = f(é). 
A corresponding value of s is defined for every definite value of t. 
If ¢ receives an increment 4t, the path s -+ ds will then correspond 
to the new instant ¢-+ At, where As is the path traversed in the 
interval At. In the case of uniform motion, the increment of path 
is proportional to the increment of time, and the ratio As/At repre- 
sents the constant velocity of the motion. This ratio is in general 
dependent both on the choice of the instant ¢ and on the increment 
At, and represents the average velocity of the motion during the 
interval from ¢ to t+ At. This average velocity is the velocity of 
an imaginary point which moves uniformly and traverses path As 
in time At. For example, we have in the case of uniformly accelerated 


motion: 


$= gl 4 gt 


and 
te ye GEE ADE + 04 (t+ At) — git — opt : 
ea ncaa = gt + + = gl. 


The smaller the interval of time t, the more we are justified in 
taking the motion of the point in question as uniform in this interval, 
and the limit of the ratio As/Mt, with At tending to zero, defines 
the velocity v at the given instant t: 


patie 
aso At 
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Thus, in the case of uniformly accelerated motion: 


p= lim 5, = lim (gt +» + 3-9 4] = gt + Up. 

The velocity v, like the path s, is a function of ¢; this function 
is called the derivative of function f(t) with respect to ¢; thus, the 
velocity is the derivative of the path with respect to time. 

Suppose that a substance takes part in a chemical reaction. The 
quantity x of this substance, taking part in the reaction at the 
instant ¢, is a function of t. There is a corresponding increment Az 
of magnitude x for an increment of time At, and the ratio Az/At 
gives the average speed of the reaction in the interval At, whilst the 
limit of this ratio as At tends to zero gives the speed of the chemical 
reaction at the given instant t. 

We considered above [32] the quantity of heat Q, absorbed by a 
body, as a function of its temperature 1°. Let dt° and AQ be the 
corresponding increments of temperature and quantity of heat. 
Accurate measurements indicate that 4Q is not proportional to A¢°, 
and the ratio AQ/At gives the so-called average specific heat of the 
body in the temperature interval from ¢° to t° + Aét°, whilst the 
limit of this ratio as At°® tends to zero gives the specific heat of 
the body at ¢°, this being the derivative of the quantity of heat 
with respect to temperature. 

The above examples lead us to the following concept of the derivative 
of a function: 

The derivative of a given function y = f(x) is defined as the limit 
of the ratio of the increment Ay of the function to the corresponding 
increment Ax of the independent variable, when the latter tends to zero. 

The symbols y’ or f’(x) are used to denote the derivative: 


> > ‘ Ay : f(a + Ax) — f(x) 
= f’(x) = lim—* = lim . 
” (a) Ax+0 AZ gy so Ax 
The operation of finding the derivative is called differentiation. 
It is possible for the above limit not to exist, in which case the 
derivative does not exist. Assuming that the derivative exists, we 
can write: 


Ax) — , ’ 
Hae ABET ON ay a: 


where a—> 0, as Aa-> 0 [27]. 
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We now have: 
f(x + Ax) — f(x) = [f'(x) + adc, 


whence it is immediately clear that [f(z + dz) —f(x)]0 if 
Ax—>0, ie. if the derivative exists for some value of x, the function 
as continuous for this value of x. The converse statement does not 
hold, ie. nothing can be said about the existence of a derivative 
from the continuity of a function. We note that in finding the derivative 
we take the fraction Ay/Ax, with the numerator and denominator 
both tending to zero; but we suppose 
that 4x never in fact becomes zero. 


46. Geometrical significance of the 
derivative. We turn to the graph of 
the function y = f(x) to see the 
geometrical meaning of the deriva- 
tive. We take a point M of the 
graph with coordinates (x,y), and 
an adjacent point N ofthe graph with Fic. 50 
coordinates (x + Aa2,y+ dy). We 
draw the ordinates M, M and N,N of these points, and take a 
line through M parallel to axis OX. We evidently have (Fig. 50): 


MP=M,N,=4Az, M;M=y, N,N=y+4y, PN=4y. (1) 


The ratio dAy/dx is clearly equal to the tangent of the angle a, 
that MN forms with the positive direction of OX. As Ax tends to 
zero, point N will tend to point M, whilst remaining on the curve; 
MN becomes, in the limiting position, the tangent MT to the curve 
at the point M; hence, the derivative f’(x) is equal to the tangent of 
the angle a formed by the tangent to the curve at the point M(x, y) with 
the positive direction of axis OX, ie. is equal to the slope of this 
tangent. 

Attention must be paid to the rule of signs when working out the 
segments in accordance with formula (1), remembering that incre- 
ments Ax and Ay can be either negative or positive. 

We see that the existence of a derivative f’(z) is bound up with 
the existence of a tangent to the curve corresponding to y = f(z). 
A continuous curve may have no tangent at all at certain points, 
or it may have a tangent parallel to axis OY, with infinitely large 
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slope (Fig. 51); the function f(x) then has no derivative for the cor- 
responding value of a. 

A curve can have any number of such singular points, and it is 
even possible to construct a continuous function, as may be shown, 
such that it has no derivative for any value of x. The curve correspond- 
ing to this function cannot be represented geometrically. 

Denoting for simplicity the increment 
of the independent variable by h, we 
have the ratio: 

If the number x is fixed in the interval 
in which f(x) is defined, the ratio (2) isa 
function of h, defined for all # sufficiently 
close to zero, except 4 = 0. The limit of 
this ratio as 4» 0 has to be determined 
in accordance with what was said in [82]. If the limit exists, it gives 
us the derivative f’(z). The existence of the limit is equivalent to the 
following [32]. For any given positive «there exists a positive 7 such that 


Fie. 51 


f(a) — Het aie) <e for |h|<y and h#0. 


It can happen that ratio (2) has a limit for h tending to zero on the 
side of positive values (on the right), and on the side of negative 
values (on the left). These limits are usually denoted by f’(« + 0) 
and f’(z— 0), being called respec- 
tively the derivative on the right and 
the derivative on the left. If these 
limits differ, they give the slopes 
of the tangents to the curve at its 
bend point (if the tangents exist). 
Figure 51 shows these tangents at 
the point ,. 

The existence of the derivative is 
equivalent to the existence of deriva- wae x 
tives f’(x +0) and f’(a — 0) and to 
the fact of these being equal, so that 
we have f’(z)=f’(x+ 0) = f’(x — 0). 
It is possible for a continuous function to have points for which 
there is neither derivative f’(x + 0) nor f’(z — 0). Such a curve is 
shown in Fig. 52. It has neither derivative for x = c. 


Fie. 52 
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If a continuous function is given solely in an interval (a, b), we can 
only form the derivative on the right, f’(a + 0), at « = a, and only 
the derivative on the left, f’(b — 0), at =. When f(x) is said 
to have a derivative f’(x) in the (closed) interval (a, b), this must be 
taken to mean the derivative in the ordinary sense for interior points 
of the interval, and in the special sense indicated at the ends of the 
interval. 

If f(x) is defined in the interval (A, B), wider than (a,b), ic. 
A <aand B > 6, and has the ordinary derivative f’(x) inside (A, B) 
it will certainly have a derivative in the sense indicated over (a, 6). 


47. Derivatives of some simple functions. It follows from the concept 
of derivative that, to find the derivative, the increment given to the 
function must be divided by the corresponding increment of the independent 
variable, the limit of their ratio then being found as the increment of the 
independent variable tends to zero. We use this rule for some elementary 
functions. 

I. y = 6 (constant) [12]. 


i.e. the derivative of a constant is zero. 
II. y = x" (n a positive integer). 
non 
y’ = lim aed ae ——— 
h—o0 


at 4 nha? 4. Men) peat ee eee 


= li = 
Har h 

= lim ng} + sent) ha??? +... fA" = na", 
h—-0 ° 


In particular, if y= 2, y’ = 1. We later generalize this rule for 
differentiation of a power function for any value of the exponent n. 
III. y = sin z. 


= lim ———__, —-_—-— = 


sin(z + h) — sinz 
h h-+>0 


y’ = lim 
h-+O 
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since 1 
since ——- > 1 for = h-0 [33]. 
—h 
2 
IV. y = cos &. 
é 1 ae | 
, - cos (x + hk) — cosx . 2sin(@ + a h sinh 
y = lin ——_, ——_ = ln — —-__,__—_ > 
h-0 h—>0 
l sin-5-h 
= —limsin(e+ +4 )—7— = — sine. 
—h 
2 
V. y = log a (x > 0). 
log(1 +=} 
ei h—0 
ie et 
hoo @ Ah ae ae 
x 


since for h-> 0, a=h/z also tends to 0, and log (1+ a)/a—>1 [38]. 
VI. y = cu(x), where c is a constant, and u(x) a function of x. 


y’ = lim cu(a + ” — cu(z) meee u(a + lee u(x) = cu’(2), 
h—+0 h-+0 

ie. the derivative of the product of a constant and a variable is equal 
to the product of the constant and the derivative of the variable, or, in 
other words, the constant can be taken outside the sign of the derivative. 

VII. y = logga. 

As we know, loggx = log xx 1 flog a [38]. Using Rule VI, we obtain: 

5 1 ] 
ee Tae loga * 

VIII. We consider the derivative of the sum of several variables; 

we confine ourselves to three terms for clarity: 


= u(x) + v(x) + w(e), 
[e(w +h) +0 (@ +h) + w(x + h)] — [u() + of) + wie) 


y’ = lim b 
h-0 
353 ule + h) — u (x) v{e + h) — (2) w(x + h) — wa) - 
er h oe h + h | 


= wu’ (x) + 0’ (x) + w’ (2), 
i.e. the derivative of the sum of any given number of functions is equal 
to the sum of the derivatives of these functions. 
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IX. We now consider the derivative of the product of two functions: 
y = u(x) x v(2), 
yf = lim HELM X00 +B) — Mle) x of) 
0 


Adding and subtracting u(x +h) x v(x) in the numerator, then 
re-arranging, we get: 


1240 
y’ = lim - 
h—0 


(x + h)xole + h) — ule + h)Xvlw) + ule + h)x ole) — u(x) xol(x) _ 
a = 


= lim u(x + h) Sepia a) + lim v(x) Hes tower = 
ho h-0 


= u(x) X v(x) + v(x) X u'(z), 


i.e. we have shown that for two factors, the derivative of the product 
is equal to the sum of the products of each factor with the derivative of 
the other. 

We prove the applicability of this rule to three factors by combining 
two factors in one group and using the rule for two: 

y = u(x) x v(x) x w(x), 

y’ = {[u(z) x v(a)] x wl)” = (ula) x v(@)] x w’(e) ++ 

+ w(x) x [ula) x oa) = 
= u(x) X v(x) X w’(x) + u(x) X v’(z) X w(x) + w(x) X U(x) X w(z). 

Using the well-known method of mathematical induction, the 
rule for two can easily be extended to the case of any finite number of 
factors. 

X. Now let y be a quotient: 


u(x +h) u(x) 
u (2x) 13 o(a-+h) v(x) 
v(x) ’ y= rae h ~ 


u(a + h) v(x) — o(2 + h) u(x) 
i : 


Y= 


a ne v(x) v(a: + h) : 


Adding and subtracting u(x)v(z) in the numerator of the second 
fraction, and taking the continuity of v(x) into account, we get: 


u(x+h) v(x) — u(x) v(x)+ u(x) v(x) — v(x+h) u(r) 
b = 


y’ = lim x 


po 0(@) (2 + h) 
u(z +h) — u(z) ~u(z) v(@ + Ta v(x) | = 


= lim h 


waaay | 
nao u(x) v(a@ + h) 


_w'(a) v(a) — v'(a) ula) 


[o(x)]? 


v(x) 
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ie. the derivative of a fraction (quotient) is equal to the denominator 

times the derivative of the numerator, minus the numerator times the 

derivative of the denominator, all divided by the square of the denominator. 
XI. y = tan x. 


; sin x y (sin )’ cosa — (cos@)’ sing __ 
Y oo) =~ cos? & oe 
_ costa-+sintx } 
~ cos? a ~~ costa * 
XI. y = cot a. 
1__ { cos@ ) __ (cos 2)’ sing — (sinx)’cos® 
¥=\ane} = sin? x 
_ —sinta—costa __ 1 
_ sin? x < sintg * 


In deducing Rules VI, VIII, IX and X, we assumed that the 
functions u(x), v(x), w(x) have derivatives, and proved the existence 
of a derivative of the function y. 


48. Derivatives of functions of a function, and of inverse functions. 
We recall the concept of function of a function [44]. Let y = f(z) 
be a function, continuous in some interval a < x < b, with its value 
lying in the interval ¢ < y < d. Further, let z = F(y) be a function 
continuous in the interval ¢ < y < d. Taking the above function 
of # as y, we obtain a function of a function (composite function) 
of x: 

z= Fly) = F(f(2)). 

This function is said to depend on x expressed by means of y. 
It is easily seen that the function is continuous in the interval 
a<u<b. In fact, given an infinitesimal increment of z, there 
is a corresponding infinitesimal increment of y, due to the con- 
tinuity of f(x), and given the infinitesimal increment of y, there 
is a corresponding infinitesimal increment of z, due to the con- 
tinuity of F(y). 

We make one remark, before deducing the rule for differentiation 
of a function of a function. If z == F(y) has a derivative for y = Yo, 
it follows from the above [45], that we can write: 


Az = F(yo + Ay) —~- F(Y>) = [F’(yo) + 4] Ay, (3) 


where ais a function of Ay, defined for all positive values of Ay approach- 
ing zero, and where a—> Oasdy->0 (dy#0).Equation (3) remains 
valid for dy=0 with any choice of a, since for Jy = 0, Az 
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also = 0. It is natural from the above to take a = 0 for dy = 0. 
Having agreed on this, we can take a—0 in formula (3) for 4dy—0 
in any manner, even whilst taking values equal to zero. We now 
formulate the theorem about the derivative of a function of a func- 
tion. 

THEOREM. If y = f(x) has a derivative f’(x,) at x = x, and z = Fy) 
has a derivative F’(y) at yo = f(a), the function of a function F(f(x)) 
has a derivative at x = x, equal to the product F’(y,)f’(x,). 

Let Ax be the increment (not zero) that we give to the value x, 
of the independent variable x, and Ay = f(x, + Ax) — f(x») be the 
corresponding increment of variable y (its value can be zero). Further, 
let Az = Fly, + Jy) — F(y,). The derivative of the function of a 
function z = F(f(x)) with respect to x, at x = po, is evidently equal 
to the limit of the ratio Az/dx as Ax-—>0, if this limit exists. 
We divide both sides of (3) by dz: 


| ; A 

je = LF’ (yo) +a). 
As Ar— 0, Ay also—> 0, due to the continuity of function y = f(x) 
at the point x= 2x,; and hence, as we have shown above, a—> 0. 


The ratio Ay/4xz now tends to the derivative f’(x,), and on passing 
to the limit in the equation above, we obtain: 


A , , 
Tim -Ze = F’ (yo) f (m0); 


which proves the theorem. We remark that the continuity of f(x) at 
x = 2, follows from the assumption of the existence of a derivative 
f(a») (45). 

This theorem can be put in the following form, as a rule for dif- 
ferentiation of functions of a function: the derivative of a function 
of a function is equal to the product of the derivative with respect to the 
intermediate variable and the derivative of the intermediate variable 
with respect to the independent variable : 


a = F’(y)f’(2). 


We pass to the rule for differentiation of inverse functions. If 
y = f(x) is continuous and increasing in the interval (a, b) (i.e. the 
greatest value of y corresponds to the greatest value of x), with 
A = f(a) and B = f(b), we know, [21] and [44], that a single-valued, 
continuous, and likewise increasing, inverse function x = g(y) exists 
in the interval (A, B). Since it is increasing, if dz = 0, dy = 0, 
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and conversely; and due to continuity, dz— 0 implies dy — 0, 
and conversely. (The case of a decreasing function is exactly similar.) 

THroreM. If f(x) has a non-zero derivative f’(x,) at the point 24, 
the inverse function p(y) has a derivative at the point y, = f(x): 


; 1 
YP (Yo) iat 1’ (x9) : (4) 
Denoting corresponding increments of x and y by Ax and Ay, ie. 


Ax = (yo + Ay) — PlYo); 
Ay = f(x, + Ax) — f(x) , 


and noting that both these differ from zero, we can write: 


Az 1 
Ay” Ay 
Az 


As we have seen above, 4x and dy tend simultaneously to zero, 
and the last equation leads to (4) in the limit. The present theorem 
can be put in the form of the following rule for differentiation of 
inverse functions: the derivative of an inverse 
function is equalto unity divided by the deriva- 
tive of the direct function at the corresponding 
point. 

The rule for differentiation of inverse func- 
tions has a simple geometrical interpretation 
[21]. The functions 7 = g(y) and y = f(z) 
have the same graph in the XOY plane, 
Fic. 53 the only difference being that the axis of 

the independent variable is OY, and not OX, 
for the function x = g(y). On drawing the 


tangent MT, and recalling the geometrical significance of the deri- 
vative, we get: 


f’(x) = tan (OX, MT) = tana, 
p(y) = tan (OY, MT) = tan 8, 


angle 6 as well as a being reckoned positive, as in Fig. 53. 


But evidently, 6 = +. a —a, and hence: 


1 


4 vs 1 
tan § = —_, le. GD 
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If x = p(y) is the inverse of y = f(x), the converse is evidently 
true, ie. y = f(x) can be considered the inverse of 2 = (y). 

We use the rule for differentiation of inverse functions for the 
exponential function. 

XIII. y = a* (a> 0). 

The inverse function in this case will be: 


x = p(y) = logay, 
and by VII: 


A ae 1 
Y A olarrae log a 


? 


whence by the rule for differentiation of inverse functions: 


, 


y= = yloga, or (a*)’ = a loga. 


1 
y (y) 
In the particular case of a = e, we have: 
(e*)’ = e*. 


The formula obtained, together with the rule for differentiation 
of a function of a function, enables us to calculate the derivative of 
a power function. 

XIV. y = x” (x > 0; n is any real number). 

This function is defined, and is positive, for all « > 0 [19]. 

Using the definition of logarithm, we can express our function as 
a function of a function: 

y=a'=e 

Using the rule for differentiation of a function of a function, 
we get: 


nlogx 


yf = eMlOBe, Tae gts a mgt 

This result can be easily generalized for the case of negative z, 
provided ,the function exists for such values, as for instance y = 
= ol == Var, 

We use the rule for differentiation of inverse functions for obtain- 
ing the derivatives of the inverse circular functions. 

XV. y = arc sin 2. 

We consider the principal value of this function [24], ie. the arc 
lying in the interval (— 2/2, -+ 2/2). We can consider this as the 
inverse of function x = sin y, and in accordance with the rule for 
differentiation of inverse functions, we have: 

1 1 1 1 


? = ee > = = = 
Ys ay cosy yl — sin? y yi— a2’ 
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where the plus sign must be taken with the radical, since cos y has a 
positive signin the interval (— 2/2,-+ 2/2). We can similarly obtain: 
7 1 

(arc cos 2)’ = — Tear 

the principal value of are cos x being taken, i.e. the arc contained 
in the interval (0, z). 
XVI. y = are tan x. 

The principal value of arc tan lies in the interval (x/2, 7/2), 

and we can consider this function as the inverse of x = tan y; hence: 


Bg SO a a rare aa bea iia wet ce deo 
Yx = wm IL y= l+tanty l+2 
cos* y 
We obtain similarly: 
1 
(arc cot z)’ = — pa: 


XVII. We also consider the differentiation of a function of the 
form: 
y a ur ; 


where wu and v are functions of x (exponential function). 


y ? 


and on using the rule for differentiation of a function of a function, 


we obtain: 
y’ = ?!084 (y log u)’. 


Using the rule for differentiation of a product, and differentiating 
log u as a function of a function of x, we finally have: 

y’ = er €4 (0! log w+ wv’) 
or 

y= (0 log w+ 2 wu’). 


49. Table of derivatives, and examples. A list follows of all the 
rules that we have deduced for differentiation. 
1. (c)’ = 0. 
2. (cw)’ = cw’. 


3. (ty + Uy +... + Un)’ = wf tug... fas. 
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4. (Uy Uy... Un)’ = UY Uy Ug... Un Uy UZ Ug Un tere t 
+ Uy Uy Ug... Un: 

=)--3"* 

9 ie ve 

.(a")’ = nw"-* and (a)’ = 1. 


- (on, 2y = 2 and (log 2)’ = 1/a. 


‘ log a 
(e*)’ =e” and (a*%)’ = a loga. 


OO Im a 


. (sin 2)’ = cos x. 


c—) 


10. (cos x)’ = —sin 2. 


‘i 1 
ll. (tan x) = one: 


1 
12. (cot xy = sink 


13. (are sin x)’ = ects, 


14, (arc cos x)’ = — ~=—-— 


Rota! 
15. (are tan x)’ = eerTE 
1 
1+ a2" 
17. (u°)’ = vu) wu’ + u? log uv’. 
18. y. = yn * uy (y depends on x through the medium of 4). 


19. a’, = aa 
x 


16. (are cota)’ = — 


We use the above rules to solve a few examples. 
l. y = 2 — 322 + Tx — 10. 
Using Rules 3, 6, and 2, we obtain y’ = 3a? — 6a” + 7. 


2. y —— e. = gg 28 | 
V2 
; is 5 2 sig 2 
Using Rule 6, we obtain: y’ = — ad = 5 
3a Vx 


3. y = sin? a. 
We put u = sin # and use Rules 18, 6, and 9: 


y’ = 2u-+u’ = 2s8in x cos x = sin 22. 


4. y = sin (2). 
We put u = x? and use the same rules: 


La 


y’ = cosu+ wu’ = 2x cos (x?). 
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5. y = log (« + V1 + 2), 
We first put u = +) 2 + 1, then v = gz? + 1, and use Rules 18 (twice), 
7, 3, and 6: 


, , = 
yan tet =_(1+griv)=—= bx 


u u“ 
Bh Ma a Gd dy cE 2 
wt faz+1 Va? +1 Jaz +1 
Xx n 
6 y=(s 4)". 
— z 5. 
We ee ras and use Rules 18, 6 and 5: 
_1 24-+1— 22 na} 
7 ma N—l aff — mati = 
aia oT ee 
Zy=2*, 


Using Rule 17, we obtain: 
yo = a1. 4+ o* loge = aX(1 + logaz). 


8. The function y is given as an implicit function of x by the equation: 


2 2 
S+3-1=0 (5) 


The problem is to find the derivative of y. 

If we solved the given equation for y, obtaining y = f(x), the left-hand 
side of the equation would evidently be identical with zero after substituting 
y = f(x). But the derivative of zero is the same as the derivative of a constant 
equal to zero, and hence we must obtain zero on differentiating the left- 
hand side of the given equation with respect to x, y being taken as the func- 
tion of x given by this equation: 
bea 
ag? 


2 2y, 
+ sty =0Q, whence y’ = — 


We see that in this case y’ is expressed in terms of y as well as 2; but we 
did not need to solve equation (5) for y, i.e. obtain an explicit expression for 
the function, in order to obtain the derivative. 

Equation (5) represents an ellipse, as is known from analytic geometry, 
and the expression obtained for y’ gives the slope of the tangent to the 
ellipse at the point with coordinates (a, y). 


50. The concept of differential. Let 4x be the arbitrary increment 
of the independent variable, which we still take as not depending 
on x. We call it the differential of the independent variable, and denote 
it by the symbol Az or dz. The latter symbol in no circumstances stands 
for the product of d and x, being used only as a symbol for denoting 
an arbitrary quantity, independent of x, which we take as the incre- 
ment of the independent variable. 
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The product of the derivative of a function and the differential of the 
independent variable is called the differential of the function. 
The differential of a function is denoted by the symbol dy or df(z): 


dy or df(x) = f’(x)da. (6) 


This formula gives us an expression for the derivative in the form 

of the quotient of the differentials: 
Oo era 

The differential of a function does not coincide with its increment. 
To explain the difference between these concepts, we turn to the 
graph of a function. We take a certain point M(x, y) on the graph, 
with a second point N. We draw the 
tangent MT, the ordinates corresponding 
to M and N, and the line MP parallel y 
to axis OX (Fig. 54). We have: 


MP = M,N, = Ax (or dz), 
PN = Ay (increment of y), 
tanZ PMQ = f’(x) , 


whence 
dy = f’'(a)da = MP tanZ PMQ = PQ. 


The differential of the function, consist- 
ing of PQ, does not coincide with PN, 
which gives the increment of the function. The segment PQ gives 
the increment that would be obtained if we replaced segment 
MN of the curve in the interval (x, «+ dx) by the segment MQ of 
the tangent, i.e.if we took the increment of the function as proportion- 
al to the increment of the independent variable in this interval, 
the coefficient of proportionality being taken as equal to the slope 
of the tangent M7, or, what amounts to the same thing, to the 
derivative f’(z). 

The segment NQ gives the difference between the differentialand the 
increment. We show that, if 42 tends to zero, this difference is an 
infinitesimal of higher order with respect to Aa [36]. 

The ratio Ay/Az gives the derivative in the limit, hence [27]: 


A 
Mt = (a) +6, 
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where ¢ is an infinitesimal along with Az. We get from this equation: 


Ay=f'(x)Axt eAx 
or 
Ay=dy+ «42, 
whence it is clear that the difference between dy and Ay is (—eAz). 
But the ratio of (—cedxz) to Az, equal to (—e), tends to zero along 
with Az, i.e. the difference between dy and Ay is an infinitesimal 
of higher order with respect to 4x. We note that this difference can 
take either sign. Both 4x and the difference take the positive sign 
in our figure. 
Formula (6) gives the rule for finding the differential of a function. 
We use it in some particular cases. 
I. If ¢ is a constant, 


de = (c)’'da = 0-dxr=0, 
ie. the differential of a constant is zero. 
II. d [cu(x)] = [eu(x)]’da = cu’(x)dx = cdu(z), 
i.e. a constant factor can be taken outside the differentiation sign. 
LIL. d [ule) + (a) + w(e)] = fala) + v(a) + w(2)"]dx = 
= [u’(x) + v(x) + w’(x) ]de = u’(a)dx + v’(x)dx + w’(z)dx = 
= du(z) + doz) + du(a), 


i.e. the differential of a sum is equal to the sum of the differentials of 
the terms. 


IV. d[u(x)v(x)w(x)] = [u(x)o(ax) w(x) da = 
= u(x)w(x)u’(x)dxz + u(x)w(x)v’(a)dx + u(x)v(x)w’(x)daz = 
= v(x)w(x)du(x) + u(a)w(x)do(x) + u(x)v(xz)dw(a), 


ie. the differential of a product is equal to the sum of the products of 
the differential of each with the remaining factors. 
We confine ourselves to the case of three factors. The same result 
is obtained for any finite number of factors. 
u (2) u(x) 7’ @ (x) u’ (x) da — u(x) v’ (x) dx 
vdeay=lealte =  eae 
v (x) du (x) — u (x) dv (x) 
[v(z)}? 
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ie. the differential of a quotient (fraction) is equal to the denominator 
tumes the differential of the numerator, minus the numerator times the 
differential of the denominator, all divided by the square of the deno- 
minator. 

VI. We consider a function of a function, y = f(u), where wu is a 
function of x. We find dy, assuming y dependent on 2: 


dy = yx da = f’(u) - ude = f’(ujdu , 


ie. the differential of a function of a function has the same form as 
would be obtained by treating the auxiliary function as independent 
variable. 

We consider a numerical example, so as to compare the mag- 
nitudes of the increment of a function and its differential. 
We take the function: 


y =f (x) = 2 + 2a? + 42+ 10 
and consider its increment: 
f (2.01) — f (2) = 2.013 + 2x 2.01? + 4x 2.01 +10 — 
— (28+ 2x2?+4+4x2-+ 10). 


On performing all the operations, we obtain the magnitude of the 


increment: 
Ay = f (2.01) — f (2) == 0-240801. 


Calculation of the differential is much easier. Here, 
da = 2.10 —2= 0.01, and the differential of the function is: 


dy = 3(a® + 4a + 4) da = (22% + 4.2 + 4)x0.01 = 0.24. 


On comparing Ay and dy, we see that they coincide to three 
decimal places. 


51. Some differential equations. We have shown that replacing the incre- 
ment of a function by its differential in the interval (x, x + dx) is equivalent 
to using the law of direct proportionality between the increment of the 
function and that of the independent variable, with the corresponding 
coefficient of proportionality. Furthermore, we know that this substitution 
involves an error that is an infinitesimal of higher order with respect to 
dz. This is the basis of an application of the analysis of infinitesimals to 
the study of natural phenomena. 

An effort may be made to split up a process into small elements when 
observing it, so that each element satisfies the law of direct proportionality 
on account of its smallness. An equation is obtained in the limit, represent- 
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ing the relationship between the independent variable, the function, and 
their differentials (or derivatives). This is called a differential equation, cor- 
responding to the observed process. The task of finding the function itself 
from the differential equation is the task of integrating the differential equation. 

When applying the analysis of infinitesimals to the study of some law 
of nature, a differential equation has to be derived for the law in question, 
then integrated. The latter task is usually far more difficult than the former, 
and more will be said about it later. We introduce the differential equations 
of a few very simple natural phenomena in the next sections. 

1. Barometric formula. The atmospheric pressure p per unit area is evi- 
dently a function of the height above the earth’s surface. We take a vertical 
cylindrical column of air of unit cross-sectional area. We consider two cross- 
sections, A and A,, at heights h and h -++ dh. On passing from A to A,, the 
pressure py decreases (if dk <0) by an amount equal to the weight of air 
contained between A and A, in the cylinder. If dh is small, we can take the 
density o of the air as approximately constant in this part of the cylinder. 
Since the base-area of the small cylinder AA, is unity, and its height dh, 
its volume is dh, and the required weight is oedk. Thus the decrease in p 
(for dh < 0) is equal to gdh: 


dp = —odh. 
By Boyle’s law, the density g is proportional to the pressure p: 


o = cp (c is a constant) , 


and we finally obtain the differential equation: 


dp==—epdh or SP op. 

2. Chemical reaction of the first order. Let a certain substance, of mass 
a, take part in a chemical reaction. We let x denote the part of this mass 
that has already taken part in the reaction at the instant t, measured from the 
start of the reaction. Evidently, x is a function of t. It can be taken approxi- 
mately, for certain reactions, that the amount of substance dw, taking part 
in the reaction in the interval of time from ¢t to ¢-+ dt, is proportional to 
dt for small dt, as also to the amount of substance that has still not taken 
part in the reaction at the instant ¢: 


da=c(a—ax)dt or Fo (a—2). 


We transform this differential equation, taking a new function y = a — x 
instead of x, where y denotes the mass that has still not taken part in the 
reaction by the instant ¢. Noting that @ is a constant, we have: 

i Ae 

dt“ = dt’ 
so that the differential equation of a chemical reaction of the first order 
can be rewritten in the form: 


dy 
a ee 
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3. Law of cooling. We suppose that a certain body, heated to high tem- 
perature, is placed ina medium witha constant temperature of 0°. The tempera- 
ture @ of the body on cooling will be a function of time ¢, which we measure 
from the instant of placing the body in the medium. The amount of heat 
dQ given up by the body in the interval dt can be taken as approximately 
proportional to the length dé of the interval and to the difference in tempera- 
ture of the body and the medium at the instant ¢ (Newton’s law of cooling). 
We can then write: 


dQ = c, @ dé (c, is a constant). 
Denoting the specific heat of the body by k, we have: 
dQ = —kde, 


where the minus sign is taken because d@ is negative in the present case (the 
temperature falls). On comparing these two expressions for dQ, we get 
Cy dé 


do =~ 06 dr (e= $1} or ap ee 


cis a constant, if we take the specific heat k as constant. All the differential 
equations that we have deduced above have the same form. They all express 
the proportionality of the derivative to the function itself, with a nega- 
tive coefficient (—c). 

We showed in [38] that continuous interest on a basic capital a over ¢ 
years yields an accumulated capital of ae“, where k is the percentage interest 
expressed as a fraction; we write: 


y = ae, (7) 
We obtain the derivative: 


y= akelt = ky , (8) 
i.e. we obtain here the same property of proportionality of the derivative 
to the function itself, which is why this property is referred to as the 
law of compound interest. We shall show later that function (7) gives all 
the solutions of differential equation (8) with any value of the constant 
a, in place of which we shall write C. 
Thus, the solutions of our equations can be set in the form (replacing 
k by —c): 


p(h) = Ce~, y(t) = Co, a(t) = Co~* (9) 


where C is a constant. We now indicate the physical significance of constant 
C in each of the above formulae. Putting h = 0 in the first formula, we get: 


C= p0)=p,, 


where p, is the atmospheric pressure at h = 0, i.e. at the earth’s surface. 
The second formula gives us at ¢ = 0: 


C= y(0), 
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i.e. C is the mass that has not taken part in the reaction at the initial instant, 
which was earlier denoted by a. Finally, putting ¢ = 0 in the third of the 
formulae (9), we see similarly that C is the initial temperature 6, of the body 
at the moment of placing it in the medium. We thus have these results: 


p(h) = pe", y(t) = ae, O(t) = 0,0. (10) 


52. Estimation of errors. When a magnitude x is found in practice or is 
roughly calculated, an error Az is obtained, called the absolute error of the 
observation or calculation. It does not characterize the accuracy of the 
observation. For instance, an error of about 1 cm in giving the length of 
a room would be permissible in practice, whereas the same error in determin- 
ing the distance between two nearby objects (say the source and screen of 
a photometer) would point to great inaccuracy in the measurement. Hence 
follows the further concept of relative error, this being equal to the absolute 
value of the ratio | As}x | of the absolute error to the measured magnitude. 

We now suppose that a certain magnitude y is defined by the equation 
y = f(z). An error Ax in defining x leads to a corresponding error Ay. For 
small values of dz, Ay can be approximately replaced by the differential 
dy, so that the relative error in defining magnitude y is given by 


| dy 
y 


Examples. 1. The current 7 is given with a tangent galvanometer by the 
well-known formula: 
a= ctan @. 


Let dy be the error in reading angle 9: 


c re di c 


di = —_—— 
' cos? p t cos? g-c tan y 


dg , 


a sin 2p 
whence it is clear that the relative error | di/i| in determining ¢ will be smal- 
ler, the nearer ¢ is to 45°. 
2. We take the product wv: 
d(u du dy 
( v) rom + 


d (uv) = vdu+udv, ie °F . 


> 


whence it follows: 
d (uv) 
uv 


< 


- 


dw 
w 


du 
-|+ 


i.e. the relative error of a product is not greater than the sum of the relative 
errors in the terms. 
The same rule is obtained for a quotient, since : 


u 
u vdu—udv Oo du dv 
a —_—-= 5 = 3 
v ur a u“ v 
v 
duv |_| du | , | do 
uv u o | 
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3. We consider the formula for the area of a circle: 


dQ 2zr dy dr 
Q = 772 da = 2? . oe 2 
ry Q == 2nr di ’ Q = er? = , 


i.e. the relative error in determining the area of a circle is by the above for- 
mula equal to twice the relative error in determining the radius. 

4. We suppose that angle g is defined by the logarithms of its sine and 
tangent. We have by the rules of differentiation: 


PES: Sena 
log 10 x tan y x cos? g 


cos y dp 
log 10Xsin 9 ’ 


d (log,, sin g) = d (log,, tan gy) = 


whence 


dps log 10X sin Pag 


wap (log,, sin gy), dg == log 10Xsin p cos g d (log,, tan gy). (11) 


We suppose that we make the same error in finding log,,singy and 
log,, tan y (this error depends on the number of decimal places in the loga- 
rithmic tables that we use). The first of formulae (11) gives a value of dp 
of greater absolute value than that obtained with the second of formulae 
(11), since the product log 10 x sin ¢ is divided in the first case, and multiplied 
in the second case, by cos y, and | cos y| < 1. It is thus better to calculate 
the angles using the table for log,, tan 9. 


§ 4. Derivatives and differentials 
of higher orders 


53. Derivatives of higher orders. The derivative f’(x) of the function 
y = f(z) is also a function of x, as we know. On differentiating it, 
we obtain a new function, called the second derivative or the derivative 
of the second order of the original function f(x), and denoted by: 


y” or f"(x). 
On differentiating the second derivative, we obtain the derivative 
of the third order, or simply, the third derivative: 
y’” or *”” (a) 4 
Using the operation of differentiation in this way, we obtain the 
derivative of any order n, y™ or f(z). 
We consider some examples. 
a. y= eo, y’ = ae™, y" = a om oh (n) n ax 
2.y = (ax + b)*, y’ = ak(ax + 6)", 
y” = a? k(k — 1) (aw + b)*-’,..., 
y = a" k(k — 1) (k — 2)... (k —n +1) (aw + BR”. 
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3. We know that: 
: : 1 : 1 
(sin x)’ == cos % = sin (2+ 5-2) , (cos 2)’ = — sin © = cos (e+52) : 


ic. differentiation of sin x and cos x amounts to increasing the 
argument by 2/2, and hence: 


(sin 2)” = [sin (e +52} |= sin (e+2-2) é (z+ 32) = 


= sin (« bE 2-52] : 
and in general: 


(sin z)(™ = sin (z+n-52] and (cos a)() = cos(e + n+). 
, 1 ” 1 
4. y= log (1+ 2),y = Type’ 4¥ =p 
tyr 1.2 
y= Uta: 


5. We consider the sum of functions: 
y=uUtv-+w. 


Using the rule for differentiation of a sum, and assuming that the 
corresponding derivatives of functions wu, v and w exist, we have: 


y’ me et y’ ae w’, y" ey” a y" a w", y a yO an oy ne w, 


i.e. the derivative of any order of a sum is equal to the sum of the deriva- 
tives of the same order. For example: 


Sly 
soy 9x (= yr BEDE 


y == 08 — 4a? 4. Tx + 10; y’ = 32 — 84 + 7; y” = bu — 8; y’” = 6; 


y™ — 0 and generally, y" = 0 for n > 3. 

It can be shown in the same way that, in general, the n-th deriva- 
tive of a polynomial of degree m is zero if n > m. 

We now consider the derivatives of the product of two functions 
u, Vv viz., y = uv. We use the rules for differentiation of a product 
and a sum: 


yY=wotiw,y=wotw’ +a’ + ww" = 
= uv + Quo’ + ww", y=" ota’ + Qu’ v’ 4+ Qu’ vo" + 
+ aw’ vy” - uy” ee u’”’ v + 3u” vy’ as Su’ y”" + uv’’”’. 


We note the following rule: in order to obtain the n-th derivative 
of the product uv, (u + v)” should be determined by Newton’s binomial 
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formula, and the exponents of powers of u and v in the result should be 
taken to indicate the orders of derivatives, the zero powers (u® = v° = 1) 
appearing in the extreme terms of the result being taken as the functions 
themselves. 

This rule is known as Leibniz’s theorem, and is written symbolically 
as: 


(ae (u ot v)™, 


We prove this theorem by induction. We suppose that the rule is 
true for the nth derivative, i.e: 


yO) = (ufo =u y 4 Byn-y yf 4 ROAD) 20 HD afr) y" 


4 nwa) sth ake, ur) of) taal), (1) 


To obtain ytd, we differentiate the above sum with respect to wz. 


The general term u"~” o of the sum gives, by the rule for differentia- 
tion of a product, the derivative u®™~*T) op + u@- y**), But this 
latter sum can be written symbolically as: 


u?—* oF (u + ov). 


In fact, we have regarded the orders of the derivatives as indices 
and we have factorized the expression 


UP-FAD 41 1. y(n) y+) 


Hence we see that y* must be obtained by multiplying each 


term of the sum (1), and hence all the sum, symbolically by 
(wu + v), so that: 


yr D = (u = v) >< (w st v) = (w ae gern, 


We have shown that if Leibniz’s theorem is true for any given n, 
it is true for (n + 1). But we have shown directly that it is true for 
n = 1, 2,3; and hence it is true for all n.. 

We take as an example: 

y = & (327 — 1) 
(100), 


and find y 
100, x\¢ , 
y6200) =. (e*)G00) (342 — 1) + Sa (e*)©) (3a? — 1)’ + 


de _ . (ex) 8) (3a = 1)” +, eet e* (3a pane 1) G0 
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All the derivatives of a polynomial of the second degree are zero 
as from the third order, and (e*)" = e*, whence: 


y$) — @* (3a? — 1) + 100 e*x 6x + 4950 6% x6 = 
= e* (32% + 600x + 29,699). 


54. Mechanical significance of the second derivative. We consider 
the motion of a point on a straight line: 


s = f(t) ? 


where, as usual, ¢ denotes time, and s is the path, measured from 
some fixed point of the line. We obtain the velocity of the motion by 
differentiating once with respect to t: 


v= f'@. 


We obtain the second derivative as the limit of the ratio 4 v/dt 
as At tends to zero. This ratio characterizes the rate of change of 
velocity in the interval 4t, and gives the average acceleration in 
this interval, whilst the limit of the ratio as At — 0 gives the accelera- 
tion w of the observed motion at time f: 


w= f(t). 
We take f(é) as a polynomial of the second degree: 
s=al+bt+c, v= 2at+b, w= 2a, 


i.e. the acceleration w is constant, and the coefficient a= w/2. etting 
t= 0, we get b = vp, ie. the coefficient 6 is equal to the initial velo- 
city, and ¢ = 8, ie. c is equal to the distance of the point at t = 0 
from the origin on the line. On putting these values for a, 6, and c in 
the expression for s, we get the formula for the path with uniformly 
accelerated (w > 0) or uniformly decelerated (w < 0) motion: 


= wl + vy + by. 


In general, on knowing the law for the change of path, we can 
find the acceleration w by differentiating twice with respect to t, 
and hence find the force f producing the motion, since, by Newton’s 
second law, f = mw, where m is the mass of the moving point. 

All the above applies only to linear motion. In the case of curvi- 
linear motion, as is shown in mechanics, f”(¢) gives only the projection 
of the acceleration vector on the tangent to the trajectory. 
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We take the example of a point IV oscillating harmonically on a 
line, so that its distance s from a fixed point O of the line is defined 
by the formula: 


s=asin(— t+ 0}, 


where the amplitude a, the period of oscillation t, and the phase w 
are constants. Differentiations give us the velocity v and the force f: 


2 
o= lai cos ( ca t+}, f=710 = 
T t 
472% m ‘ Qn 4x2 m 
he asin(2 t+ o) =— 8 


ie. the force is proportional in magnitude to the length of the interval 


OM and acts in the opposite direction. In other words, the force is 
always directed from the point M to the point O, being proportional 
to their distance apart. 


55. Differentials of higher orders. We now introduce the concept of 
higher order differentials of a function y = f(x). Its differential 


is clearly a function of z, though it must be remembered that the 
differential daz of the independent variable is reckoned as independent 
of x [50], so that it must be taken outside the differentiation sign 
as a constant factor on further differentiation. The differential of dy 
can be obtained by treating it as a function of x; this is called the second 
order differential of the original function f(x) and is denoted by 
d?y or d?f(x): 
dy = d(dy) == [f’(x)da)’ dx = f"(x)da?. 

On obtaining the differential of this further function of x, we arrive 

at the third order differential: 


d3 y = d(d? y) = [f"(a)da®) da = f’”"(w)da’ , 


and in general, we arrive by successive differentiation at the concep: 
of the nth order differential of function f(x), which is expressed ast 


d" fiz) or dy = fM(@e)dz". (2) 


This formula allows of the expression of the nth derivative as a 


fraction: 
d"’y 


fO (2) =-S 2. (3) 
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We now consider a function of a function, y = f(u), where w is a 
function of some independent variable. We know [50] that the first 
differential of this function has the same form as when w is the inde- 
pendent variable: 

dy = f’(u)du. 


Formula (2) is no longer valid for obtaining higher order differentials, 
since we are not justified in treating dw as a constant when wu is not 
the independent variable. For example, we obtain the second dif- 
ferential by using the rule for finding the differential of a product, 
with the result: 


Vy = d[f’(u)du] = du d[f’(u)] + f’(u) d(du) = f"(u)du? + f’(ujd?u, 


which has the extra term f’(u)d? u, compared with formula (2). 

If u is the independent variable, du must be treated as constant 
and d*? u = 0. We now take u as a linear function of the independent 
variable t, i.e., 

u=-a+tob. 


Now, du = a df, ie., duis again a constant, so that the higher order 
differentials of the function of a function are given by (2): 


a” flu) = © (u) dat, 


ic. formula (2) for the higher order differentials is valid when x is 
either the independent variable, or a linear function of the independent 
variable. 


56. Finite differences of functions, We denote the increment of the 
independent variable by h. The corresponding increment of y = f(z) 
will be: 

Ay = f(a + h) —~ f(z). (4) 


An alternative name is the first-order difference of function f(z). 
This difference is, for its part, also a function of x, and we can find 
its difference by substracting from its value at (x + h) its value at x. 
This new difference is called the second-order difference of the original 
function f(x) and is denoted by A*y. We can easily express A?y in 
terms of values of f(z): 


A’y = [f(z + 2h) — f(a + h)] — (fe + 4) —f(x)}= 
= f(a + 2h) — 2f(a@ +h) + fiz). (5) 
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This second order difference is also a function ofz, and the difference 
of this function can be defined, giving the third-order difference of 
the original function f(x), denoted by 4°y. Replacing x by (a + h) 
on the right of (5), and subtracting the right of (5) from the result, 
we obtain the expression for 4° y 


AP y = [fw + 3h) — 2fle + 2h) + fle + h)] — 
— [fle + 2h) — 2fle + h) + f(e)] = 
= fle + 3h) — 3fle + 2h) + 3fle + h) — f(z). 


We can thus go on to define the difference of any order, the nth 
order difference A” y being expressed as follows in terms of values 


of f(z): 
Avy = fla + nh) — f(a + a+ 1h) + 


4 Bea) fe +n— Oh) —... + (6) 


_1)é eS ie TG +n — kh) +... +(— 1)" f(a). 


We have seen above that this formula is true for n = 1, 2, and 3. 
A rigorous proof requires us to pass from 7 to (n + 1) in the usual 
way. We note that (m + 1) values of f(x), for the values of the argu- 
ment: 7,2 -+h,a-+ 2h,...,%-+ nh, are needed for calculating A” y. 
These values of the argument form an arithmetical progression with 
difference h, or as we say, represent equidistant values. 

For small h, Ay differs little from the differential dy. Similarly, 
higher-order differences give approximate values of the differentials 
of corresponding order, and conversely. Whilst we lack an analytic 
expression for a function, we may be given a table for it for equidistant 
values of the argument; we cannot then calculate the various deriva- 
tives of the function accurately, but we can obtain approximate values 
by calculating the ratio A"y/Az", instead of using the accurate formula 
(3). As an example, we give a table of differences and differentials of 
the function y = 2° in the interval (2, 3), taking: 

Az =h = 0.1. 


In setting up this table, the successive values of y = x° were 
calculated, then the values of Ay obtained from these, by subtraction 
in accordance with formula (4), then the values of A’y obtained from 
the values of Ay by further subtractions, and so on. This method of 
calculating the differences successively is naturally simpler than 
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using formula (6). The differentials were calculated in the ordinary 
way, the formulae being given at the top of the table, where we 
must take dz = h = 0.1. 

We compare the accurate and approximate values of the second 
derivative y” for «= 2. Here, y” = 6x and y” = 12 with xz = 2. 
The approximate value is given by the ratio J’y/h?, and we have 


for x = 2: 
0.126 


Ay dy=82%dx | d§y=G6adz* | d3y=6d2® | déy=0 


2 8.000] 1.261 }) 0.126 | 0.006 0 1.200 0.120 0.006 0 
2.1 9.261) 1.387 | 0.182 | 0.006 0 1.323 0.126 0.006 0 
2.2 | 10.648} 1.519 | 0.138 | 0.006 | 0 1.452 0.132 0.006 0 
2.3 | 12.167] 1.657 | 0.144 | 0.006 0 1.587 0.138 0.006 0 
2.4 | 13.824{ 1.801 | 0.150 | 0.006 0 1.728 0.144 0.006 0 
2.5 | 15.625} 1.951 | 0.156 | 0.006 0 1.875 0.150 0.006 0 

0 0 


2.6 | 17.576/ 2.107 | 0.162 | 0.006 2.028 | 0.156 0.006 


2.7 | 19.683/ 2.269 | 0.168 | 0.006 — 2.187 0.162 0.006 _ 
2.8 | 21.952) 2.437 | 0.174 — — 2.352 0.168 _ _ 
2.9 | 24.3889{ 2.611 — — —_ 2.523 _— — _ 
3 27.000 — — — _ = ses = a 


If f(x) is a polynomial of 2: 
y = f(x) = ay U4 a, a 1 4 age 4 4 On 1 2 + Ap, 


it is easily seen that, on calculating Ay by (4), we get a polynomial 
of degree (m — 1) for Ay, with highest term ma, hz™*. Thus, with 
y = x3, Ay is a polynomial of second degree in x, A’y is a polynomial 
of first degree, A°y is constant, and Ay is zero (see table). It is sug- 
gested as an exercise to the reader to show that the values of dy 
must be one step behind those of A’y in our example, as is obvious 
from the table. . 


§ 5. Application of derivatives 
to the study of functions. 


57. Tests for increasing and decreasing functions. Knowledge of the 
derivative enables us to study the various properties of a function. 
We begin with the simplest and most basic question, of whether a 
function is increasing or decreasing. 
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The function f(x) is said to be increasing in an interval if it increases 
correspondingly with the variable thraughout that interval, ie. if 


f(a+th)—f(x)>0 for h>o. 
On the other hand, if 
f(z +h) —f(xz) <0 for h>O, 


the function is said to be decreasing. 

Turning to the graph of the function, the interval in which the 
function is increasing corresponds to the section of the graph for 
which greater values of x imply greater values of y. If OX is directed 
to the right, and OY upwards, as in Fig. 55, the interval of increase 
of the function will correspond to the part of the graph where move- 
ment along it to the right in the direction of increasing abscissa 
implies movement upwards. An interval of decrease, on the other 
hand, corresponds to a part of the curve where we move downwards 
on moving along the curve to the right. In Fig. 55, the interval of 
increase corresponds to section AB of the graph, and the interval 
of decrease to BC. It is immediately clear from the figure that in the 
first section, the tangent 
forms with the direction of — + 
OX an angle a measured 
from OX to the tangent, 
the tangent of which is 
positive but the tangent of 
this angle is also the first 
derivative f(z). In section 
BC, on the contrary, the 
direction of the tangent 
forms with the direction of 
OX an angle a (in the 
fourth quadrant), the tan- 
gent of which is negative, 
ie. f’(x) is negative in this 
case. Putting these results together, we arrive at the following rule: 
a function is increasing in the intervals for which f’(x) is positive, 
and is decreasing in intervals where f’(x) < 0. 

We have arrived at this rule by using the figure. A rigorous analytic 
proof is given later. We now make use of the rule in some examples. 


Fira. 55 


130 DIFFERENTIATION: THEORY AND APPLICATIONS [57 


1. We prove the inequality: 


x 
sin x i aaa for 2 > 0. 


For this, we form the difference: 


j (x) = sina — (=- =): 
We find the derivative f’(z): 


f’ (@) = cose —1 4 SB (1 — cos a) = 


a : “ 1 2 oe (NL 2 
a 2" —.9]f_— = Sa : 
ag 2sin 5) 2|( 5} | (sin 5 x) | 


Since the absolute value of the arc is greater than its sine, we can say 
that f’(z) > 0 in the interval (0,00), i.e. f(x) is increasing in this interval; 
and f(0) = 0, so that: 

3 
fle) = sine — (7-3) S00 fora 0, 
i.e. 


wi 
sin © > % — —— for x > 0. 
2. It can be shown in exactly the same way that: 
zx > log (1+ a) for a> 0. 
We form the difference: 


f(x) = x — log (1 + 2), 
whence 


f (2) =1— 


1 
l+a* 

It is evident from this expression that f’(z) > 0 for x> 0, ie. f(x) is 
increasing in the interval (0, +- 0); but f(0) = 0, so that: 


f(z) = «a — log (1+ 2)>0 forxa>0, 
i.e. 
x > log (1+ 2) for «> 0. 


3. We take Kepler’s equation, discussed in [31]: 
we=qsinzta (0<q<1l). 

We can write this in the form: 
f(x)=2—qsnzx«—a=0. 


We get for the derivative: 
f'(v%) = 1—qeosza. 


We note that the absolute value of g cos x is less than unity, since gq lies 
between zero and unity by hypothesis; we can thus say that f(x) > 0 for 
any xz, so that f(x) is increasing in the interval (— oo, ++ oo) and can there- 


57] TESTS FOR INCREASING AND DEOREASING FUNCTIONS 131 


fore be zero only once, i.e. Kepler’s equation cannot have more than one 
real root. 

If the constant a is a multiple of z,i.c.@\= kx, where k is an integer, we 
obtain f(kz) = 0 on substituting 2 = ka directly, so that «= kx is the 
unique root of Kepler’s equation. If a is not a multiple of x, we can find 
an integer k such that 

kn<a<(k+ 1a. 


Substituting «= ka and (k+ 1) a, we get: 
f(kn) = kn -—a <0, 
f(R+1n)=(k+1)a2-—-a>0. 


But if f(ka) and f(k + 12) have different signs, f(x) must be zero in the 


interval (kx,k -+-1z) [35], ie. the single root of Kepler’s equation lies in 
this interval. 


4. We take the equation: 
f(x) = 8a8 — 25x23 + 602 + 15 = 0. 
We find the derivative f’(x) and set it equal to zero: 
S'(x) = ldat — Tbe? + 60 = 15(at — 5a? + 4) = 0. 
We solve this biquadratic equation and find that f’(a) is zero for 
= —2,—1,+1, and +2. 
We can now divide the total interval (— ©, -+ co) into five intervals: 
(— ec, —2), (—2, —1), (—1, 1), (1, 2), (2, +0), 


so that f’(z) has the same sign in each, f(x) being therefore monotonic, i.e. 
either increasing or decreasing, and hence having not more than one root in 
each interval. If f(x) has different signs at the ends of a given interval, 
f(x) = 0 has one root in the interval; whereas if it has the same sign, there 
is no root in the interval. Thus, by finding the signs of f(x) at the ends of the 
five intervals above, we can find the number of roots of the equation. 

To find the signs of f(x) at = +00, we write f(x) in the form: 

j 25 60 15 
f(x) = 2 (s-+q =). 

For «> — oo, 5+ —oo, and the expression in brackets tends to 3, so 
S(z) > — oo. Similarly it can be seen that f(x) —> -+ co for x -+-oo On 
substituting the values « = —2, —1,1, and 2, we get the following table: 


J +o 


1 | 3 


= 2 


-+ 


Hx) i 


SEE 


We see that f(x) has different signs only at the ends of the interval (—1, 1), 
so that the equation concerned has only onerealroot, which lies in this interval. 
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We defined above a function increasing or decreasing in an interval. 
A function is sometimes said to be increasing or decreasing at a point 
x = #»). The exact meaning is: f(x) is increasing at x = 2), if f(x) < 
<f(x,) for « <2 , and f(x) > f(a.) for « > x, x being taken suf- 
ficiently close to x). Similarly for a function decreasing at a point. 
The concept of derivative leads directly to a sufficient condition 
for a function to be increasing or decreasing at a point, viz., if f’(x9) > 0, 
f(x) is increasing at 2, and if f’(z,) < 0, f(x) is decreasing at 2). 
If, e.g., f’(z9) > 0, the ratio: 


f (® + A) — f(%o) 
h 


? 


with limit f’(z,), will also be positive for all 2 with sufficiently smal 
absolute values, i.e. numerator and denominator will have the same 
sign. In other words, we shall have f(x, + h) — f(x.) > 0 for h > 0, 
and f(a) + h) — f(z.) < 0 for h < 0, so that f(x) is increasing at x». 


58. Maxima and minima of functions. We again turn to the graph 
of some function f(x) (Fig. 56). We have a successive alternation of 
intervals of increase and decrease in this case. Segment AM, corres- 
ponds to an interval of increase, 
the next segment M1, M, to one of 
decrease, the next, M, M, again 
to one of increase, and so on. Peaks 
of the curve separate intervals of 
increase from those of decrease. 
Take the peak M,, for example; 
its ordinate is greater than all the 
ordinates of the curve that are 
sufficiently close to the peak, 
whether to the left or right. Such 
a peak is said to correspond to 
a maximum of f(z). 

This leads us to the following general analytic definition: the func- 
tion f(x) attains a maximum at the point x = x, if its value f(x,) at 
this point is greater than its values at all neighbouring points, ie. if 
the increment of the function 


f(t, + h) — fla) < 0 


for all positive or negative h, sufficiently small in absolute value. 
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We now consider the peak M,. The ordinate in this case is less than 
all neighbouring ordinates, whether on the left or right; the peak 
is said to correspond toa minimum of the function, which is defined 
analytically as follows: the function f(x) attains a minimum at the 
point x = x,, if we have 


f(x, + h) — f(a) > 0 


for all positive or negative h, sufficiently small in absolute value. 

We see from the figure that the tangents at peaks corresponding 
to either maxima or minima of the function f(x) lie parallel to the 
axis OX, ie. their slope f(x) is zero. The tangent to a curve 
can be parallel to OX, however, elsewhere than 
ata peak. In Fig. 57, for example, point M y 


4 
of the curve is not a peak, yet the tangent Pix)> i 
at M is parallel to OX. oes 
Suppose that f’(x) becomes zero for some P(x)>0 


value x =2,, Le. the tangent at the corres- 
ponding point of the graph is parallel to OX. 
We consider the sign of f’(x) for x near 2p. 

We take the following three cases: 

1. For x less than, and sufficiently near x), f’(x) is positive, whilst 
f'(x) is negative for x greater than, and sufficiently near 2p, i.e. in 
other words, as x passes through 2, f’(z) passes through zero from 
positive to negative values. 

In this case, we have an interval of increase to the left of x = xy, 
and an interval of decrease to the right, i.e. 2 = x, corresponds to 
a peak of the curve, where f(x) is a maximum (Fig. 56). 

II. f’(z) is negative for x less than xy, and positive for x greater 
than xo, i.e. f’(z) passes through zero from negative to positive values. 

In this case, we have an interval of decrease to the left of « = x5, 
and one of increase to the right, i.e. x = 2, corresponds to a peak 
of the curve that gives a minimum of the function (Fig. 56). 

III. f’(x) has the same sign for a either less than or greater than zy. 
Suppose, for instance, that the sign is (+). 

The corresponding point of the graph in this case lies in an interval 
of increase, and is clearly not a peak (Fig. 57). 

The above remarks lead us to the following rules for finding the 
values of x for which f(x) has a maximum or minimum: 


(1) find f’(x); 
(2) find the x for which f’(z) is zero, i.e. solve the equation f’(x) = 0; 


Fig. 57 
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(3) find how the sign of f’(x) varies on passing through these values, 
using the following arrangement: 


Zyth | f) 


z Zy—h Xo 
+ - maximum 
f(x) _ 0 + minimum 
+ + increasing 
25 ~ decreasing 


In the above table x, —A and 2, + h indicate that the sign of 
J’(x) is to be determined for z less than, and greater than, x,, and 
always sufficiently close to 2, so that h is taken as a sufficiently small 
positive number. 

It is assumed in this investigation that f’(x,) = 0, whilst f’(x) 
differs from zero for all x sufficiently near, but not coinciding with, x». 

We return to the fact that the tangent at M in Fig. 57 (with ab- 
scissa Z,) lies on different sides of the curve in the neighbourhood of 
M. Here, f’(x,) = 0 and f’(z) > 0 for all x near to, but not at, x, 
all sections of the curve with x, as an interior point giving intervals 
of increase, notwithstanding the fact that f’(x,) = 0. 

Sometimes a rather different definition from the above is given of 
amaximum, viz., the function f(x) has a maximum at x = 2, if f(z,) is 
not less than the values of f(x) at neighbouring points, i. if we 
have for the increment of the function, f(z, -+ A) — f(z,) < 0, for 
all & sufficiently small in absolute value, and either positive or negative. 
A minimum at the point x = x, can be similarly defined by the 
inequality f(x, + h) — f(x.) > 0. If the function in this definition 
has a derivative at its maximum or minimum, this derivative must 
be zero, as above. 


To take an example, let it be required to find the maxima and minima 
of the function 


S(x) = (@ — 1)? (w — 2)8. 
We obtain the first derivative: 


f'(@) = Ae — 1) (@ — 2)8 + 3(@ — 1)? (@ — 2k = 


= (@ — 1) (@ — 2)! (5x — 1) = Be — 1) (@ — 2)¢ (2 — J). 
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It is clear from the last expression that f’(x) is zero for the following values 
of the independent variable: x, = 1, x, = 7/5, x, = 2. 

We now investigate these. For x= 1, the factor (« — 2)? has a plus 
sign, and (« — 7/5) a minus sign. For all x sufficiently close to unity, and 
either greater than or less than unity, each of these factors keeps the same 
sign, so that their product is unconditionally minus for all x» sufficiently near 
unity. We finally consider the factor (2 — 1), which is in fact zero at « = 1. 
It is negative for x < 1, and positive for x > 1.Thus the complete derivative, 
i.e. f’(x), has a plus sign for2 < 1 anda minus sign for « > 1. Hence it follows 
that « = 1 represents a maximum of the function f(x). We set «= 1 in 
the expression for f(z) itself, thus obtaining the value of the maximum, 
i.e. the ordinate of the corresponding peak of the graph of f(z): 


fl) = 0% + (—1)3= 0. 


By using the same sort of argument for the other values 2, = 7/5 and 
x, = 2, we obtain the following table: 


7 7 7 
—h 1+h| —-—h = —=—th _ 

x 1 1 + 5 5 5 + 2—h 2 | 2-+4 
rey + | o[-| - | o + | +] o| + 

—108 
f(z) | iner 0 decr. 355 increases 

max. : 

min. 


The method we have outlined for studying the maxima and minima 
of a function may have the drawback, especially in more complicated 
examples, that it is not too easy to find the sign of f’(a) for x both 
greater than, and less than, the value in question. The trouble may 
be avoided in many cases by taking the second derivative f’(x) into 
account. Suppose we consider x = 2%, for which f’(x,) = 0. 
We shall assume that, on substituting 2 = x, in the expression for 
the second derivative, we obtain a positive value, i.e. f’(a,) > 0. 
If f’(x) is taken as the basic function, the fact that its derivative f’(z) 
is positive at # = x, means that the basic function itself, f’(x), is 
increasing at this point, ie. f’(x) passes from negative to positive 
values at its zero-point x . Thus, for f"(x,) > 0 at the point x = 2, 
f(a) will have a minimum. It can similarly be shown that, for f"(xo) < 0 
at x= 2%, f(x) has a maximum. Finally, if we get zero on substitut- 
ing x = x, in the expression for f"(x), ie. f’(zo) = 0, this prevents 
us from using the second derivative to investigate x =x , and we 
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must turn back to direct consideration of the sign of f’(x). The arrange- 
ment shown in the table is thus obtained: 


z 1’@) {"(2) 1@ 
Bo 0 _ maximum 
+ minimum 
0 doubtful case 


It follows directly from the above discussion that, given the existence 
of the second derivative, a necessary condition for a maximum is 
f’(z) <0, and a necessary condition for a minimum is f’(x) > 0. 
We can determine the maximum here by the condition f(x, + h) — 
— f(z,) < 0, and the minimum by f(x, + h) — f(a.) > 0, as described 
above. 


Example. It is required to find the maxima and minima of the function 


f(x) = sin x -++ cosa. 


This function has period 22, i.e. remains unchanged on substituting « + 22 
for x. 

It is sufficient to consider x varying in the interval (0,2z). 

We find the first and second derivatives: 


f'(x) = cos x — sina; f’(~) = —sin x — cos@. 
We put the first derivative equal to zero, obtaining the equation: 
cosa —sinvy=0 or tana=1. 


The roots of this equation in (0,27) are: 


1 52 
ar and ar 


We investigate these values by finding the sign of f”(z): - 


tt % ee eee ian oa Se. ee (> . tase nN i =, 
/ (-F- } == — sin 1 cos Z y2<0; maximum (4 } V2; 
o { O) | .. on : 5% ys : pe Ba) 7 
f ( 1 SS COs ee J2>0; minimum (=) eae. 


We note in conclusion a point that sometimes arises in finding maxima 
and minima. Points may occur on the graph of the function where there is 
either no tangent at all, or the tangent is parallel to OY (Fig. 58). The 
derivative f’(z) will not exist at points of the first kind, whilst it is 
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infinite at points of the second kind, since the slope of a line parallel to 
OY is infinity. As is evident at once from the figure, however, these 
points can represent maxima or minima of the function. The above rule 
for finding maxima and minima should thus be amplified as follows, 
strictly speaking: maxima and minima of a function f(x) can occur not only 
at points where f’(x) 13 zero, but also at points where f’(x) either does not exist 
or becomes infinite. Investigation of these latter points must be carried out 
by the first of the arrangements given above, i.e. by finding the sign of 
J’(x) for x less than, and greater than, the value in question. 
Example. It is required to find the maxima 
and minima of Y ! 


fiw) = (w — Iyla®. 


acta 
zx —1) 5 5 


| 
l 
We find the first derivative: I 
! 
| 
oA: 9 | 
f(a) =Vai + APH yx Ft x 


3 3 

3Va Va 

This is zero for x = 2/5 and infinity for x = 0. 
We consider the latter value: the numerator 
of the above fraction is minus for zero z, and also minus for all positive or 
negative x that are near zero. The denominator of the fraction is negative for 
x<0, and positive forz>0.The fraction as a whole is therefore positive for x 
less than, and near, zero, and negative for x > 0, i.e. wehave a maximum at 
x = 0, f(0) = 0. We have a minimum at x = 2/5: 


Fig. 58 


3 
2 3 1/ 4. 3 3__ 
(Z)--4)g--HI™- 


59. Curve tracing. Finding the maxima and minima of a function 
f(z) considerably simplifies the problem of tracing its curve. This 
is explained by means of a few examples. 


1. Let it be required to trace the graph of: 
y = (« — 1? (@ — 2)’, 


which we considered in a previous paragraph. We then obtained two peaks 
of the function: a maximum (1,0) and a minimum (7/5, —108/3125). We fill 
in these points in the figure. It is also useful to mark the intercepts of the 
curve on the axes. We have for « = 0, y = —8, i.e. the point on axis OY 
is y= —8. 

We put y equal to zero, i.e., 


(a — 1)? (2 — 2)3 = 0, 
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and obtain the points on axis OX. One of these, x =1, is a peak, as already 

explained, whilst the second, « = 2, is not a peak, as was also explained 

earlier, but corresponds to a point of the graph where the tangent is parallel 
to OX. The required curve is shown in Fig. 59. 


YS 2. We trace the curve: 


y = e7**, 


We find the first derivative: 


y’ = —2xe—**, 


Putting y’ = 0, we get the value z = 0, correspond- 
X ing to a peak (maximum) of the curve, as is easily 
o seen, with ordinate y = 1. This also gives us the 
point of the curve on OY. Putting y zero, we get 
the equation e—** = 0, which has no solution, i.e. 
the curve has no points on OX. But we note that 
as x tends to (-+ co) or (— co), the power in e—*? 
tends to —co and the expression as a whole tends 
to zero, i.e. on infinite displacement to left or 
right, the curve indefinitely approaches the axis OX. 
The curve is shown in Fig. 60, in accordance with 

the data obtained. 


Fie. 59 3. We draw the curve 
y=e-*gin bx (a> 0), 
representing a damped oscillation. The factor sin bz does not exceed unity in 
absolute value, and the graph as a whole is situated between the two curves: 


y=oe™ and y= —e™, 


As « tends to (4-00), factor e~%, and hence the product e—™ sin bz as a 
whole, tends to zero, i.e. the curve approaches OX asymptotically on infinite 
displacement to the right. The points of the curve on OX are given by the 
equation 

sin bz = 0, 
so that they are 


c= An (k is an integer). 


y 
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We find the first derivative: 
y’ = —ae™ sin ba + be—™ cos bz = oe “(6 cos ba — asin bz). 
The expression in brackets can be put in the well-known form: 


b cos ba — asin bx = K sin (ba + 9p), 


Fie. 61 


where K and @, are constants. On putting the first derivative equal to zero 
we get the equation: 

sin (bx + 9) = 0, 
which gives: 


ba + Py = kn, ie. o= Atm (& is an integer) (1) 


When x passes through these values, sin (bx + 9,) changes its sign each 
time. The same can evidently be said of the derivative y’, since, 


y’ = Ke~™ sin (bz + Go) » 
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and the sign of the factor e—®™ is constant. There are thus alternate maxima 
and minima corresponding to these roots. We should have a sine wave with- 
out the exponential factor: 


y = sin bz, 


and the abscissae of its peaks would be given by: 


cos bx = 0, 
i.e. 

= Blade (k an integer). (1,) 
We thus see that the exponential factor not only reduces the amplitude 
of the oscillation, but also displaces the abscissae of the peaks of the curve. 
Tt is evident, on comparing equations (1) and (1,), that this displacement is 
equal to the constant (— x/2b — ¢,/b). The graph of 
¥ the damped oscillation is shown in Fig. 61 for a= 1 
and b = 2x. The peaks of the curve do not lie on the 
dotted lines corresponding to y= +e—™, This is due to 

the above mentioned displacement of the peaks. 


4. We draw the curve: 


x3 — 3x 
Oo x Y= —e . 
We find the first and second derivatives: 
a? —1 
{= i Se 
Fic. 62 We put the first derivative equal to zero, and find 
the two values z,=1 and 2 = —1. Substituting 


these values in the second derivative, we see that 
the first value represents a minimum, and the second a maximum. 
We substitute these values in the expression for y, finding the corresponding 


peaks of the curve: 
1 1 
[pte eg): 


Putting « = 0, we get y = 0, i.e. the origin (0,0) lies on the curve. Finally, 
we get for zero y, apart from x = 0, two further points x = +73, so that 
the curve cuts the axes in three points, (0,0), (¥3,0) and (—/3,0). We note 
further that, on simultaneously replacing # and y by —2z and —y, both 
sides of the equation of the curve only change sign, i.e. the origin is a centre 
of symmetry of the curve (Fig. 62). 


60. The greatest and least values of a function. We assume that the 
values of the function f(z) are considered for values of the independent 
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variable x in the interval (a, 6); it is required to find the greatest 
and the least of these values. If f(x) is continuous, it will certainly 
attain a greatest and least value, as we saw in [35], so that the corres- 
ponding graph will have a greatest and a least ordinate in the interval 
in question. We can find all the maxima and minima of the function 
inside the interval (a, 6) in accordance with the rule given above. 
Tf the function g(x) has its a greatest ordinate inside this interval, this 
will evidently coincide with the greatest maximum of the function 
inside the interval. It can happen, however, that the greatest ordinate 
is not inside the interval, but at one of the ends x =a or x= 6b. 
Hence it is not sufficient, in finding say the greatest value of a 
function, to compare all its maxima 

inside the interval and take the Y/Y greatest value 
greatest, since its values at the ends 
of the interval must also be taken 
into account. Similarly, the least 
value of a function must be found 
by taking all its minima inside the 
interval, together with the boundary 
values of the function or xz =a 
and «= 6. We remark here that 
maxima and minima can be completely absent, yet a greatest and 
least value must exist for a continuous function in a bounded inter- 
val (a, b). 

We note some particular cases, when the greatest and least values 
can be found very simply. If, for example, f(x) is increasing in (a, 6), 
it will obviously take its least value at x = a, and its greatest value 
at 2 = b. The opposite will be the case for f(x) decreasing. 

If the function has a single maximum inside the interval, with 
no minima, this single maximum gives the greatest value of the func- 
tion (Fig. 63), so that it is quite unnecessary to find the values at the 
ends of the interval in order to find the greatest value of the function 
in this case. Similarly, if the function has a single minimum inside 
the interval, with no maxima, the minimum gives the least value 
of the function. The cases just mentioned are met with in the first 
of the four examples given below. 


1. It is required to cut a given line, of length 1, into two parts, such that the 
rectangle formed from these parts has a maximum area. 

Let xz be the length of one part of the line, so that the length of the other 
part is (1 — x). Since the area of a rectangle is the product of its neighbouring 
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sides, we see that the problem reduces to finding the value of x in the inter- 
val (0,12) for which the function: 


fla) = a(t — 2) 
attains its greatest value. 
We find the first and second derivatives: 


f(a) = (lL— 2) -—a#=1 — 2a; f'(x) = -2 <0. 


Equating the first derivative to zero, we get a single value x = 1/2, which 
corresponds to a maximum, since f”’(x) is a negative constant. The greatest 
area is thus obtained with a square of side 1/2. 

2. A sector is cut out from acircle of radius R, and the remainder ts glued 
together into a cone. It is required to find for what angle of the sector cut out the 
volume of the cone has its greatest value. 

Instead of taking the angle of the sector cut out as the independent variable, 
we take the difference between this angle and 27 as x, i.e. x is the angle of 
the remaining sector. For x near 0 or 22, the volume of the cone approaches 
zero, so that there is evidently a value of x in the interval (0, 22) for which 
the volume is greatest. 

The cone obtained by glueing together the remainder of the circle must 
have a generator of length R, a length of circular base Rx, a radius of base 
r= Ra/2x, and height: 

R? a? Rk ys 
h= |= Saar Os yarn yr 4" — 2. 


The volume of this cone will be: 


_ il R% g? Ee yg 
A dae we ae aa ey Van — U% = 


3 


R —— 
2, 2 __ w2, 
7% 4x x 


The constant factor R3/24n? can be neglected when finding the greatest 


value of this function. The remaining product x? \4n2 — x? is positive, and 
therefore attains its greatest value for the same « as that for which its square 
attains its greatest value. We can thus consider the function: 


(a) = 42? at — a6 
inside the interval (0,22). 
We find the first derivative: 
f(t) = 1622 23 — 625. 


It exists for all x. Equating it to zero, we obtain three values: 


4 9 aR ae 
v,=0, a= — 2n /z-. main. 


The first two values do not lie inside the interval (0,22). The single value 
a= 2n / 2/8 remains, inside the interval; and since we saw above that the 


x giving the greatest volume of cone must lie inside the interval, we can say 
without investigating x, that this is the required z. 
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3. A straight line L divides a plane into two parts (media) I and II, A point 
moves in medium I with speed v,, and in medium II with speed v,. In what 
path must a point move in order to pass as quickly as possible from point A 
in medium I to point B in medium II? 

Let AA, and BB, be the perpendiculars from A and B onto L. We introduce 
the following notation: 


AA,=a, BB,=6, A,B,=e, 


and the abscissae will be measured on LZ in the direction A,B, (Fig. 65). 
It is obvious that the point must have a straight-line path in both media, 
I and II, though generally speaking, line AB will not represent the ‘‘quickest 


path”. The ‘‘quickest path” will thus consist of two straight sections AM 


Fia. 64 


and MB, with point M lying on LL. We take the abscissa of M as independent 
variable x (# = A, M). We want the least value for time ¢, given by: 


AM NS 2 Ie Ve OSs 


Shs vy, Ve Vy Ug 


in the interval (— 0, -} oo). 
We find the first and second derivatives: 


PEGS ese eee 
%, ha? + 2 vq) 6? -E (c — x)? 
f’ (a) = ans a 


(a+ ase " w[b+ (e— x) PF 


Both derivatives exist for all x, and f’(z) is always positive. Hence, f’(a) 
is increasing in the interval (— co, -+ co), and cannot become zero more 
than once. But 


°(0) = — — 
f (0) a RES 
and 
if’ (¢:) = === > 0, 
v,Va? + c? 


and hence the equation 


f'(x) = 0 
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has a single root 2, between 0 and ¢, giving the single minimum of f(z), 
since f’(x) > 0. The abscissae 0 and c represent points A, and B,, so that 
the required point M will lie between A, and B,, as could also be shown 
by elementary geometry. 

We give the geometrical interpretation of the solution obtained. Let a 


and # denote the angles formed by segment AM and BM respectively with 
the perpendicular to L at M. The abscissa x of the required point 1M must 
make f’(x) zero, i.e. must satisfy the equation: 


x c—-2Zz 


v,Va? ++ a? ~ vb? + (e— a)? * 


which can be rewritten as: 


A,M MB, 


o,-AM ~ v,-BM 


or 
sin a sinf. sina vw, . 
: sinp uv,’ 


% ee 
“the quickest path” will be that for which the ratio of the sines of the 
angles aand £ is equal to the ratio of the speeds in media J and IJ. This result 
gives us the well-known law for the refraction of light, so that refraction 
takes place with the ray of light choosing the ‘‘quickest path” from a 
point in one medium to a point in another. 
4, We suppose that the experimental determination of a magnitude « 
involves making individual careful observations, giving ” values: 


G3, Ag; 220, On, 


which are not identical due to instrument inaccuracies. The value of « 
giving the least sum of squares of errors is taken as the ‘‘best’’ value. Find- 
ing this best value thus means finding the x giving the least value of the 
function 


f(x) = (@ — a4)? + (@ — ag)? +... + (ew — ay)? 
in the interval (— 0, ++ 9). 
We find the first and second derivatives: 
f'(a) = 2(@ — ay) + (@ — ag) +... + (a — ay), 
f’'(@) = 2424 ...4+2=—=2n> 0. 
Making the first derivative zero, we get a single value: 


a aes 
eo 4 
n 
which represents a minimum, since the second derivative is positive. Thus, 


the ‘‘best”? value of x is the arithmetic mean of the observational results. 
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5. To find the shortest distance from a point M to a circle. 

We take the centre of the circle as origin O, and the line OM as axis OX. 
Let OM = a, and let FR be the radius of the circle. The equation of the circle 
is: 

e+ y= RR, 
and the distance of M, with coordinates (a, 0), to any point of the circle will 
be: 

V@— a+ y*. 

We shall find the least value of the square of this distance. On substitut- 
ing for y* from the equation of the circle, we get the function : 


fle) = (« — a)? + (R? — x) = —2az + a? + RB, 


where the independent variable x lies in the interval (-R < a < R). 


Fria. 67 


Since the first derivative f’(x) = —2a is negative for all x, function f(x) 
is decreasing, and hence attains its least value for « = FR at the right-hand 
end of the interval. The shortest distance is thus given by PM (Fig. 66). 

6. Given a right circular cone, it is required to inscribe in it a cylinder with 
the greatest total surface area. 

Let the radius of base of the cone be # and its height H, and let the radius 
of base and height of the cylinder be r and h. The function whose greatest 


value is required is here: 
S = Qar? + 2arh. 


Variables r and h are connected, due to the fact of inscribing the cylinder 
in the given cone. We have from the similar triangles ABD and AMN 
(Fig. 67): 


MN _ BD 
“AN AD’ 
or 
h 0 
R—r Rk’ 
whence 
yaad ky | 
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We obtain on substituting for h in the expression for S: 


§=2n[t + rH(1--) ‘ 


Hence, S is a function of the single independent variable r, which must 
lie in the interval 0 <r <R. We find the first and second derivatives: 


ds 2r a2s H 
So ole a) Salis). 
. an (2r +H 7H) og 4n(1 7) 


We find a single value of r, on making dS/dr zero: 


pa HR 
= Sry 


For this value to lie inside (0, R), the inequalities must be satisfied: 


HR HR 
O< 2 (H — RB) and 9(H —R) <h. (3) 
The first inequality is equivalent to the condition that H > R. We multiply 
both sides of the second inequality by the positive term 2(H — R) and get: 


(2) 


J 
R< 7H. 


With fulfilment of this condition, d*S/dr? is negative; the value (2) gives 
the single maximum of function S, and the greatest surface-area of the cylin- 
der. The size of the latter can easily be found by substituting for r from (2) 
in the expression for S. 

We now take the case of value (2) not lying inside (0, 2) ic. one of the 
inequalities (3) is not satisfied. Two possibilities can now arise: either H < KR 
or H > R, but R> H/2. Both these can be characterized by the single 
inequality: 


H < 2R. (4) 
We rewrite dS/dr as: 
as 2r 22 
enon (2+ 4) =F @k~H)r+H(R-1)). 


It is clear from the new expression that dS/dr > 0 for O<r< fF on 
satisfying (4), i.e. S is increasing in (0, #), and thus attains its greatest value 
for r = R. Evidently, h = 0 with this value of r, and we can look on the 
result obtained as a flattened cylinder, the base of which coincides with the 
base of the cone, and the total surface-area of which gives 27R?. 


61. Fermat’s theorem. We have used elementary geometry above, 
to give methods for studying the increase and decrease of a function, 
as well as for finding its maxima and minima and its greatest and 
least values. We now turn to the rigorous analytic statement of 
some theorems and formulae, which give us an analytic proof of 
the rules found above, and also enable the study of functions 
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to be carried somewhat further. When stating the next theorems 
and formulae, we shall include a detailed and precise account of all 
the conditions for which they are valid. 

Frrmat’s THeorEM. If f(x) is continuous in (a, b), has a derivative 
at every interior point of the interval, and attains its greatest (or least) 
value at some interior point x = c¢, the first derivative must be zero at 
w=, Le. f’(c) = 0. . 

We suppose for clarity that f(c) is the greatest value of the function. 
The proof will be exactly similar, in the case of its being the least 
value. In accordance with the condition that x = c lies inside the 
interval, the difference f(c +- h) — f(c) will be negative, or at any 
rate not positive, for any positive or negative h: 


fle +h) —f(o) <0. 
i (e+ h) — f (ec) 
PII 


The numerator of this fraction is less than or equal to zero, as 
remarked, so that: 


LeP hat < 0 for h> 0, (5) 


We take the ratio: 


LETM—TO S 0 for h<0. 


Point x = c lies inside the interval, and a derivative exists at 
the point by hypothesis, i.e. the above fraction tends to a definite 
limit f’(c), when A tends to zero in any manner. We first suppose 
that h tends to zero through positive values. Passing to the limit 
in the first of inequalities (5), we get: 

fle) <9. 

Similarly, passing to the limit with h — 0 in the second inequality 

of (5) gives: 
fic) > 0. 

Taking these two inequalities together, we obtain the required 
result: 

f(c) = 0. 

62. Rolle’s theorem. If f(x) is continuous in (a, 6), has a derivative 
at every interior point of the interval, and has equal values at the ends 
of the interval, i.e. f(a) = f(b), then there exists at least one interior 
point, x =, such that the derivative is zero, i.e. f’(c) = 0. 
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A continuous function f(z) must havee a last value m and a greatest 
value M in the interval considered. If the least and greatest values 
happened to coincide, i.e. m = M, it would follow that the function 
kept a constant value m (or M) throughout the interval. We know 
that the derivative of a constant is 
zero, so that in this simple case, the 
derivative would be zero at every in- 
terior point of the interval. Turning to 
the general case, we can thus suppose 
that m < M. Since the function has 
the same value at the limits, i.e. f(a) 
= f(b), by hypothesis, at least one of 
the numbers m or M must differ from 
this common value. Suppose, for example, that it is M, ie. the 
greatest value of the function is reached inside, and not at the limits, 
of the interval. Let x = c be the point at which this value is reached. 
By Fermat’s theorem, we shall have f’(c) = 0 at this point, which 
proves Rolle’s theorem. 


Y 


-/ 0 / 
Fig. 69 Fic. 70 


In the particular case of f(a) = f(b) = 0, Rolle’s theorem can be 
briefly formulated as: the first derivative of f(x) will vanish at at 
least one point in (a, b). 

There is a simple geometrical interpretation of Rolle’s theorem. 
By hypothesis, f(a) = f(b), ie. the ordinates of the curve y = f(x) 
are equal at the ends of the interval, and a derivative exists inside 
the interval, ie. the curve has a definite tangent. Rolle’s theorem 
says that there exists at least one interior point in this case, where 
the derivative is zero, i.e. where the tangent is parallel to axis OX 
(Fig. 68). 

Remark. If the condition regarding the existence of the derivative 
f’(x) is not fulfilled for every interior point of the interval in Rolle’s 
theorem, the theorem can be proved false. 
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Take, for example, 
8 — 
f (x) = 1 — Ya? 


this is continuous in the interval (—1, 1), and f(—1) = f(1) = 0, 


but the derivative, 


f’ (2) = —— 


3 
3 Va 
does not vanish inside the interval. This follows from the fact that 
f(x) does not exist (tends to infinity) for « = 0 (Fig. 69) Another 
example is the curve shown in Fig. 70. Here we have the curve y = f(z), 
with f(a) = f(b) = 0. But it is evident from the figure that the tangent 
cannot be parallel to OX inside the interval (a, b), i.e. f’(x) does not 
vanish. This happens because the curve has two different tangents 
at «=a, to the left and right of this point, and hence a unique 
derivative does not exist at this point, so that the condition of Rolle’s 
theorem regarding the existence of the derivative at every interior 
point is not fulfilled. 


63. Lagrange’s formula. We assume that f(x) is continuous in (a, 5), 
and has a derivative inside this interval, but that the condition 
f(a) = f(b) of Rolle’s theorem cannot be satisfied. We form a new 
function: 


F(x) =f(xz) +12, 


where A is a constant, so defined that the new function satisfies the 
condition mentioned for Rolle’s theorem, i.e. we make: 


F(a) = F(b), 
so that 
f(a) +Aa=f(b) +46, 
whence 
(oe f(b) — f (a) 
7 b—a 


Applying Rolle’s theorem now to F(x), we can say that there will 
be a point x = ¢ between a and b, where 


Fc) =f'(c) +A4=0 (A<c<bd), 


whence, on substituting the above expression for A: 


f(c)=—A or ff (c) = LO—fo) | 
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The last equation can be written: 
f(b) — f(a) = (6 — a) f(e). 


This equation is called Lagrange’s formula. The value ¢ lies between 
a and 6, so that the ratio (e — a)/(b —a)= 9 lies between zero and 
unity, and we can write: 


c=a+6b—a) (0<6@<1), 
and Lagrange’s formula now takes the form: 
f(b) — f(a) = (b—a) f(a + 6 —a)) (0<6< 1). 
Putting b= a-+h, the formula becomes: 
f(a + h) — fla) = hf'(a + 6h). 


Lagrange’s formula gives an accurate expression for the increment 
f(6) — f(a) of the function f(z), so that it is also called the formula of 
finite increments. 

We know that the derivative of a constant is zero. Lagrange’s 
formula allows us to state the converse: if the derivative f’(x) is zero 
for every point of (a, b), f(x) is constant in the interval. 

In fact, taking an arbitrary x of (a,b), and applying Lagrange’s 
formula to the interval (a, x), we get: 


f@) —f@=@—af(s) @<F <2); 
but f’(é) = 0 by hypothesis, hence: 
f(z) —f@ =0, ie. f(z) =f(a) = constant. 


All we know as regards the magnitude c that appears in Lagrange’s 
formula is that it lies between a and b, so that the formula does not 
enable us accurately to calculate the increment of a function from 
its derivative; the formula can be used, however, to estimate the 
error involved in replacing the increment of a function by its dif- 
ferential. 


Example. Let 
S(x) = log, @. 
The derivative is 
1 


Pere, E a Se 
ie ae ici 43429...), 
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and Lagrange’s formula gives us: 


M 
HOG ig (Go) = Mogi Br a 6< 1) 


or 
logo (@ + hk) = logypa + h-———p- ae oe 


Replacing the increment by the differential gives us the approximate for- 
roula: 


M M 
logy, (a -+ h) — log,,a = i » 10g,9 (a+ R) = logy a + h— ‘ 


On comparing this approximate equation with the accurate one, obtained 
with Lagrange’s formula, we see that the error is: 


M M 6h? M 


or a+6h ~ a(a-+ Oh) * 


¥ 


Putting a = 100 and h = 1, we get the 
approximate equation: 


log,» 101 == log,, 100 ee aa 2.00434. . : 
with the error a 
axM Fia. 7 
100 (100 + 6) (Oe sad 


Replacing @ by unity in the numerator, and by zero in the denominator, 
of this fraction, we can say on evaluating the fraction that the error in cal- 
culating the value of log,, 101 is less than 


M 


oor = 0.00004. . 


We can rewrite Lagrange’s formula as: 


f (6) — f (a) == f’ (c) (a<c<b). 


b—a 


We see from the graph of y = f(x) (Fig. 71) that the ratio 


gives slope of the chord AB, while f’(c) gives the slope of the tangent 
at some point M of the segment AB of the curve. Lagrange’s 
formula thus amounts to the assertion: there is a point in a segment 
of a curve where the tangent is parallel to the chord. Rolle’s theorem 
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is a special case of this assertion, when the chord is parallel to OX, 
ie. f(a) = f(6). 

Remark. The tests for increase and decrease, which we established 
above from the graph, follow immediately from Lagrange’s formula. 
We suppose that the first derivative is positive inside a certain 
interval, and we let 2 and «+h be two points of this interval. 
Evidently, from Lagrange’s formula: 


fle +h) —f(x) =hf'(e«+0h) (0<6<1), 


the difference on the left will be positive for positive 4, since both 
factors of the product on the right are positive in this case. The 
assumption that the derivative is positive in some interval thus 
leads us to: 


f(z +h) —flx) > 0, 


i.e. the function is increasing in this interval. The test for a decreas- 
ing function similarly follows directly from the formula written above. 

We also note here that the argument used in proving Fermat’s 
theorem is fully applicable to the case when the function reaches 
a Maximum or minimum, and not necessarily its greatest or least 
value, at the point in question. This argument shows us that the 
first derivative must be zero at such points, if it exists. 


64. Cauchy’s formula. We take f(z) and g(x) continuous in (a, db), 
with derivatives at every interior point of the interval, and with 
y’(x) not zero at any interior point. We apply Lagrange’s formula 
to (x), giving 


(5) — p(a) = (b—a)p’(c,) (a<e, <9), 
with p(c,) 4 0 by hypothesis, whence 
(6) — 9(a) #0. 
We form the function: 
F(x) = fla) + dpe) 
where 4 is a constant, so defined that F(a) = F(b), ie. 
f(@) + Aga) = fb) + Ap), 


a — fh) ~ Ha) 
y(b) — pa) * 


whence 
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Rolle’s theorem is applicable to F(x) with this choice of A, giving 
us the existence of x = c such that 


FP) =f) + 4p) =0 = (a<e<d). 
This equation gives: 


f (¢) 
y’ (¢) 
whence, on substituting the value found for A, we get: 


f(b) —fla) _ f) 


=—A (9 (c) # 0), 


g@—9@ we  &<°<) 
or 
f(b) — fia) _ f’ [a +6(6 —a)] 
~(6)— 9a) [a+ 6(6 —a)) (0<6< 1), (6) 
or 


fKath)—fa) _ (a+ 6h) 
path)— 9a) gy’ (a+6h) © 
This is Cauchy’s formula. On putting y(v) = x in this formula, 
we have y’(z) = 1, and the formula becomes: 
f()-f(@) _ fl) 
1 


b—a 


or 
£6) —fa@) = 6 — af'e , 


ie. we get Lagrange’s formula as a special case of Cauchy’s formula. 


65. Evaluating indeterminate forms. If two functions g(x) and 
w(x) vanish at 7 = a, the fraction y(x)/p(z) is an indeterminate form 
of the type 0/0 at x = a. We indicate a method of evaluating such 
indeterminate forms. We suppose that y(x) and y(x) are continuous 
and have a first derivative near z = a, whilst p’(x) does not vanish 
for x near, but not equal to, a. 

We prove the following theorem: if, with the above assumptions, 
y’ (x) /p’(x) tends to a limit b as x tends to a, then y(x)/p(x) tends to the 
same limit. 

Noting that: 

y(@) = 7(a) = 0, 


and using Cauchy’s formula [64], we get: 


Pz) _ _9(%)— 9a) _ ¥() 
(2) v(x) — p(a) y’ (8) 


(€ between @ and x). (7) 
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We remark that we are justified in applying Cauchy’s formula, 
given the assumptions made regarding g(x) and (2). 

If a tends to a, &, lying between x and a, will tend to the same 
limit. The right-hand side of (7) now tends to 6, by hypothesis, and 
hence y(x)/y(z) on the left-hand side of (7) tends to the same limit. 

The theorem just proved gives us 
the following rule for evaluating an 
indeterminacy of the form 0/0: 

To find the limit of o(x)/p(x), in the 
case of an indeterminacy of the form 
0/0, the ratio of the functions can be 
replaced by the ratio of the derivatives, 
and the limit found of this new ratio. 

This rule was given by the French 
mathematician ]’Hépital, and is usu- 
ally named after him. 

If the ratio of the derivatives also leads to an indeterminacy of 
the form 0/0, the rule can be applied to this ratio, and so on. 


We give some examples of using the rule: 


n n—J 
i i Oe) ati 
x->0 x x—>0 1 
2, lim 2 = sinZ _ jim l—cosz _ lim 222 _ 
x0 x x+0 322 x0 6 6a 
—= lim £98 2_ & 
x0 6 6? 


i.e. the difference x — sin x is an infinitesimal of the third order with respect 


to x. 
1—cosz+asinz 


: ~x : 
3. lim 2? EOS Lose = lim —_— 
x00 xX — sing x0 1 — cosz 
- sing in & - : ‘ — @ Si 
iiten + sing + 2 cos a ae 2 cos % + cosx — x sina =3. 
x0 Sin x x70 COs & 


The result of this example leads to a practical method for rectifying the 
arc of a circle. 

We take a circle of radius unity. A diameter of the circle is taken as OX, 
and the tangent at one end of the diameter as OY. (See Fig. 72.) 

We take a certain arc OM, and let ON be an interval along OY equal to 
arc OM. We draw NM and let P be its point of intersection with OX. 

Let uw denote the length of arc OM (radius taken as unity). The equation 
of NM can be written in terms of its intersections with the axes: 


x 
OP 


eae 
+Henr 
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We find the length of OP by noting that M lies on NM and has the 
coordinates: 


z=0Q=1—cosu, y= QM =sinu, 
These coordinates must satisfy the following equation: 


bs cos u sin l 
OP “uo ° 


whence 
u— UCOSU 


OP = ; —. 
u—sinu 

The result of Example 3 shows that OP > 3 as u-— 0, i. P tends to 
D on OX, the distance of D from the origin being three times the radius. 
This gives a simple method of approximate rectification of the arc of a circle. 
To rectify arc OM, section OD must be taken from O, three times the radius 
of the circle, then the line DM must be drawn. The intercept of DM on OY, 
ON,, gives the approximate length of arc OM. This method gives a very satis- 
factory result, especially for small ares; even for an are of 2/2, the relative 
error is about 5%. 


66. Other indeterminate forms. The theorem of [65] can be justified 
for an indeterminacy of the form °°/oo. Let 


lim 9 (x) = lim y(z) = 0 (8) 
xa xa 
and 
2 (ae) 9 
ay Gy ”) 


We show that p(x)/p(x) tends to the same limit b, assuming that p’(z) 
does not vanish for x near a. 

We consider two values x and 2, of the independent variable, 
near a, and such that x lies between x, and a. We have by Cauchy’s 
formula: 


ae =e a a (€ between x and 2p), 
whilst, on the other hand, 
_ Y(p) 
P(t) — P(%o) ___Y(%)— p(x) 
v(@) — p(t) w(@) 1 Po)” 
y(x) 


We remark that it follows directly from (8) that g(x) and (x) differ 
from zero for x near a. 
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Comparison of these two equations gives us, after re-arrangement: 


iss p(o) 
gz) _ wf) (2) (10) 
viz) w (8) 1 P(%0)_” 
p(x) 


where € lies between x and 2), and hence between a and x). We take 
x, sufficiently near a, so that, by (9), the first factor on the right of 
(10) differs from 6 by an arbitrarily small amount, for any choice 
of x between x, and a. Having thus fixed x5, we let x approach a. 
The second factor on the right of (10) now tends to unity, by (8), 
and hence we can say that the left-hand side of (10) differs from 6 by an 
arbitrarily small amount for values of x near a, i.e. 


lim 22). — p 
xog ¥(®) , 


It follows from the theorem just proved that lHépital’s rule can 
be used for evaluating an indeterminacy of the form o°/oo. 

We note some further indeterminate forms. We take the product 
p(x) p(x), and let 


lim ¢(x) = 0 and lim y(%) = oo. 
xa xa 
This gives the indeterminate form 0.co.It is easily transformed 
to the form 0/0 or ©°/co: 


_. 9%) __ (x) 
P(x) p(x) = ay eae TR 


ye) pw) 


We consider finally the expression g(x)” and let 


lim p(x) = 1 and lim y(x) = oo. 
x-a x~a 


This gives the indeterminate form 1°. We take the logarithm of 
the above expression: 


log [p(x)"] = p(x) log (2) , 


giving the indeterminate form 0-_. By evaluating this indeterminacy, 
ice. finding the limit of the logarithm of the given expression, we 
can discover the limit of the expression itself. The indeterminate 
forms oo? and 0° are similarly evaluated. 
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We now take some examples: 


x x 
L lim © = lim Sia cea 
X+to @ X->+ 00 1 
x x x 
X—- +0 x X->-+-00 2a Xoo 2 


It can similarly be shown that e*/a" tends to infinity as x tends to +c, 
for any positive n, i.e. the exponential function e* increases more rapidly 
than any positive power of x, on indefinite increase of x. 


1 
2. tim 28? lim —% = lim eae S50) 
x~+00 af X>to NEMI x>fo non s 


i.e. log 2 increases more slowly than any positive power of x. 


1 
3. lim «loge = lim [082 — lim — 7 _ 
xX +0 x++0 1 x++0 — 7 
an gird 
nN 
=-— lim *_—09 (n > 0). 


x-+0 2 
4. We find the limit of a* for x + 0. The logarithm of the expression gives 
the indeterminate form 0 - co. This indeterminate form has limit 0, by Example 
3, and hence: 


lim 2* = 1, 
x>-+0 
5. We find the limit of the ratio: 
lim _” -+- sin x 
xX 0 x 7 


Numerator and denominator both tend to infinity. Using the rule for 
replacing the ratio of the functions by the ratio of their derivatives, we get: 


link 1+ cose 


X-> 00 1 


But 1+ cosa tends to no definite limit on indefinite increase of a, since 
cos x always oscillates between 1 and —1; yet it is easy to see that the given 
ratio itself tends to a limit: 


lim z+ sina eee (1+ me \=1 
x0 ze X~> 00 x . 


The indeterminate form has a limit here, yet the rule for finding it fails. 
This result does not contradict the theorem, since the theorem states only 
that, if the ratio of the derivatives tends to a limit, the ratio of the functions 
tends to the same limit: the theorem does not state the converse. 
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6. We also note the indeterminate form (co + oo). It usually leads to 
the form 0/0. For example: 


lim [ ] 1 ) =lim w+ 2% — sine 


x-o (sinzs 2+ 2? x0 (v2-+2%)sing * 


The last expression consists of the indeterminate form 0/0. We evaluate 
this by the method given above: 


F 1 1 
lim : ane ae) (pe (a 
Lim ( sin & zea) 


§ 6. Functions of two variables 


67. Basic concepts. We have so far considered functions of a single 
independent variable. We now consider a function of two independent 
variables 


u = f(x,y). 


Values must be attributed to the independent variables: x = xp, 
Y = Y,, in order to define particular values of this function. Every 
such pair of values of # and y defines a corresponding point MU, 
in the plane of coordinates, with coordinates (x), y,), and we can 
speak about the value of the function at the point M,(x,, yo) of the 
plane, instead of the value for x = 2, y = y,. The function can be 
defined over the whole plane or only in some part of it, in a certain 
domain. If f(z, y) is an integral polynomial in x, y, e.g., 


u=f(z,y)=eP+ay+y— w+ 3y+7, 


the function can be considered to be defined by its formula over 
the whole plane. The formula: 


u= I= @ TV 


defines the function inside the circle x? + y2?=1 with centre at 
the origin and radius unity, and also on the circle itself, where u = 0. 
A similar interval on the plane is given by the domain, defined by 
the inequalities a< 4 <b; ¢ <y <d. This is a rectangle with sides 
parallel to the axes, the boundaries of the rectangle being also included 
in the domain. The inequalities a<x<b, c<y<d define only 
interior points of the rectangle. If the boundaries of the domain are 
included in it, the domain is said to be closed. If the boundaries are 
not included in the domain, it is said to be open (cf. [4]). We shall 
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define the concept of limit for functions of two variables (cf. [32]). 
We suppose that the function is defined at the point M,(x), y,) and 
at all points M(x, y) sufficiently near M,. 

Derrinition. If a function f(x, y) has the same limit A, whatever the 
rule by which the point M(x, y) tends to M(x, yo), we write: 


lim f(x,y) = A 
X—>Xo 
y>Yo 

or 
lim f(x,y) = A. 
M>M, 


This definition is equivalent to the following: for any given positive 
é there exists a positive 4 such that: 


lf(z,y)-Al<e, if |w—a,|<y and |y—y,|< 7, 


the pair of values x = 2, and y = y, being excluded. The values 
L== Ly, YF Yo OF LF Ay, Y = Yy Temain possible. If MW, lies on the 
boundary of the domain in which f(x, y) is defined, M must tend 
to M, in such a way as to belong to this domain. 
The definition of continuity follows-naturally (cf. [32)). 
Dertinrrion. A function f(x, y) is said to be continuous at the point 


M (%o, Yo), of: 


lim f(a, y) =f(%p, Yo) or lim f(x, y) = f(%o, Yo): 
X>Xo M~M, 
y-Yo 


A function is said to be continuous in a certain domain if it is 
continuous at every point of this domain. 

The function w = 1 — a? — y?, for example, is continuous inside 
the circle in which it is defined. It can also be said of it, that it 
remains continuous if we associate the boundary with the circular 
domain, i.e. the circumference where w = 0. 

Function f(z, y), continuous in a certain domain, including its 
boundary, has the following two properties, analogous to those of 
a function of a single independent variable, continuous in a certain 
interval [35]: 

(1) there is at least one point in the domain or on the boundary 
where it takes its greatest (least) value, relative to its remaining 
values in the domain, including the boundary; 
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(2) itis uniformly continuous in the domain, including the boundary, 
ie. for any given positive e there exists one positive 7 for all the 
domain, such that 


lf, %) —fltpy)|<e if [a—2,| and |[y—y,| <7, 


where (x,,y,) and (x, ¥,) are points of the domain. 

We note a consequence of the definition of the continuity of a 
function. If f(z, y) is continuous at the point (a,b), and if we put 
y = b, the function f(x, 6) of a single independent variable x is con- 
tinuous at 2 = a. Similarly, f(a, y) is continuous for y = b. 


68. The partial derivatives and total differential of a function of two 
independent variables. We suppose that y is constant, and only x 
varies, in the function u = f(x, y); u becomes a function of the single 
variable « and its increment and derivative can be found. Let 4,u 
denote the increment of u, when y is constant, and x has the incre- 
ment Ax: 

A, u = fle + Ax, y) — fle, y). 
We get the derivative by finding the limit: 


Ayu _ 4. f(a+ Aa, y) — f(x,y) 
7 aaa vir a a 


This derivative, obtained with y constant, is called the partial 
derivative of wu with respect to x, and is denoted by: 


; Ou 
or f(z, y) or a 


8f(@, y) 
Ox 
We note that 6u/dxz is not to be taken as a fraction, being purely 
the symbol for the partial derivative. If f(x, y) has a partial derivative 
with respect to x, it is a continuous function of x with y fixed. 
The increment Ayu is defined in exactly the same way, as is the 
partial derivative of w with respect to y, found by assuming that x 
does not vary: 


Of (a, y) , Gu _ Ayu a 
ge Oe h(x, y) Ca pas Ago 
Ay—+0 y 


If, for example, 


Ou Ou 
= 7 2 —— = =<— = 
u=2?-+y?, then On 22, ; 2y. 
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We take Clapeyron’s equation: 
pv = RT. 


One of the magnitudes p, v and 7 can be defined with the aid of this 
equation in terms of the other two, these latter two being considered as 
independent variables. We get the table: 


Independent T,p Tv | p,v 
variables 
: RT R _ pe 
Function v= ye p= aa T = ae 
a _ R, ap _ are, 
Partial orp’ | or ob’ op «R”’ 
derivatives dv RT Op RT oT _ Pp 
Op tiéP: wet ap RR 


The following relationship is thus obtained: 


es 
or ° Op av 


| 


If we were to reduce the left-hand side of this equation as a fraction, we 
should get (+1) instead of (—1). But the partial derivatives in this equation 
are worked out on different assumptions: 0v/07’, on the assumption that p 
is constant; 07/0p, on the assumption that v is constant; and 0p/dév with 
T constant. The reduction mentioned is thus not permissible. 


We let Au denote the total increment of the function, obtained 
with simultaneous variation of x and y: 


Au = f(x + Ax, y + Ay) — fey). 
Adding and subtracting f(x, y + dy), we can write: 


Au = [fle + Ax, y + Ay) — f(x,y + 4y)] + 
+ [f(x,y + dy) — f(x, y)]. 


The first square bracket gives us the increment of « with variable 
y fixed at (y + Ay), whilst the second square bracket gives us the 
increment of the same function with x fixed. We now assume that 
f(x, y) has partial derivatives over a domain that includes (z, y) as 
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an interior point, and we apply Lagrange’s formula to each of these 
increments, as can be done, since only one independent variable 
changes in each case; we get: 


Au = fila + 04x, y + Ay)Ax + fila, y + 9, Ay)Ay , 


where @ and 6, lie between zero and unity. Assuming the continuity 
of the partial derivative 0u/dx and 0u/dy, we can say that the coefficient 
of Az tends to fx(x, y), and the coefficient of dy to fi(x, y), as Ax 
and Ay tend to zero; hence, 


Au = [fx(z, y) + ele + [fe(x, y) + e]4y 
or 
Au = fila, y) Aa + fix, y)dy + eda + e,Ay, (1) 


where « and «, are infinitesimals respectively with Az and Ay. 
This is analogous to the formula: 


Ay = y’Ax + eAz, 


that we obtained for a function of a single independent variable [50]. 
The products e4z and e,Ay are infinitesimals of higher order as 
regards Ax and Ay respectively. 

We recall that we based the above argument on the assumption 
not only of the existence, but also of the continuity, of the partial 
derivatives 0u/dx and du/dy over a certain domain, including (2, y) 
as an interior point. 

The sum of the first two terms appearing on the right of equation (1) 
is called the total differential du of function u. The arbitrary increments 
Mx and Ay of the independent variables coincide with their dif- 
ferentials dx and dy, as in the case of a single independent variable, 
so that 


or 


du = —— dw+ —— dy. (2) 


We can say, in view of the property mentioned above of the products 
eMx and e,Ay, that for small values of Ax and Ay the total differential 
du gives the approximate magnitude of the total increment of the function 
Au. Evidently, on the other hand, the products du/dx da and du/dy dy 
give the approximate magnitudes of the increments 4,u and Ayu, 
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and thus, for small increments of the independent variables, the total 
increment of the function is approximately equal to the sum of tts partial 
increments : 


Au ~ du ~ Au + Ay wu. 


Equation (2) expresses an extremely important property of functions 
of several independent variables, which may be called the “principle 
of combination of small operations’. Its essence lies in the fact: 
that the combined effect of several small operations, say Ax and Ay, 
can be replaced with sufficient accuracy by the sum of the effects 
of each separate small operation. 


69. Derivatives of functions of a function and of implicit functions. 
We now suppose that the function u = f(x, y) depends on a single 
independent variable ¢ through the medium of x and y, ie. we take 
x and y as functions of the independent variable ¢ instead of being 
themselves independent variables. We define the derivative du/dt 
of u with respect to ¢. 

If t receives the increment Af, the functions x and y receive the 
corresponding increments Ax and Ay, and wu receives the incre- 
ment Au: 


Au = f(x + Au, y + Ay) — f(x,y). 
We saw in [68] that the increment can be written in the form: 
Au = fla + 0A x,y + Ay)Ax + file, y + 9, Ay) Ay. 
We divide both sides of this equation by At: 


A , a , e 
i == fi. (x + Aa, y + Ay) 3 + fy (a, y+ 0, Ay) SE. 


We have assumed that x and y have derivatives with respect to 1, 
and thus are certainly continuous functions of #. Hence dz and Ay 
tend to zero as At tends to zero, and, assuming the continuity of 
du/dx and du/dy, the above equation gives us in the limit: 


SY fi (w, y) $2 +f, (ey) SH. (3) 


This equation gives the rule for differentiating a function of a function, 
in the case of a function of more than one variable. 
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We suppose that, in particular, x has the role of the independent 
variable t, i.e. that the function u = f(x, y) depends on the independent 
variable x both directly, and via the medium of y, a function of 2. 
Noting that dz/dz = 1, we get from the fundamental equation (3): 


SH = Key) +f, (ay) SL. (4) 


The derivative du/dz is called the total derivative of u with respect 
to x, as distinct from the partial derivative fy(z, y). 

The rule for differentiation just given can be used for finding the 
derivative of an implicit function. Let 


a (2, y) =0 (5) 
define y as an implicit function of x, having the derivative 
y’ = 9'(2). 


Substituting y == p(x) in (5) would necessarily give us the identity 
0 = 0, since y = 9(z) is a solution of (5). We thus see that the con- 
stant zero can be regarded as a function of a function of x, dependent 
on « both directly and through the medium of y = 9(z). 

The derivative with respect to x of this constant must be zero; 
applying rule (4), we get: 


F(x, y) + Fy (x, yy’ = 0 ’ 
whence 


Both x and y can enter into the expression thus obtained for y’, 
and if an expression has to be found for y’ only in terms of the inde- 
pendent variable x, it still comes to a question of solving (5) with 
respect to y. 


§ 7. Some geometrical applications 
of the differential calculus 


70. The differential of arc. It will be shown in the integral calculus 
how to find the length of an arc of a curve; the expression for the 
differential of the length of arc will then be investigated, and it will 
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be shown that the ratio of the length of the chord to the length of 
the are subtending it tends to unity, when the arc contracts indefinitely 
to a point. 

Let y = f(x) be a given curve, and let the length of are be 
measured on it from some fixed point A in a specified direction 
(Fig. 73). Let s be the length of arc from 
A to a variable point M. The magnitude 
8, like the ordinate y, will be a function of 
the abscissa « of M.If the direction of AM 
coincides with the specified direction of the 
curve, s > 0, whilst in the opposite case, 
s<0. Let M(x, y) and N(x + Ax, y + Ay) 
be two points of the curve, and A s the dif- 
ference of the lengths of are AN and AM, 
ie. the increment in length of are in 
passing from M to N. The absolute value of 4s is the length of 
arc MN taken with the plus sign. We have from the right-angled 
triangle: 


whence 


or 


MN )\?( 4s \? __ Ay \? 
( ds } (z) =1+(4¢) : 
Passing to the limit, and noting that (MN/As)? —>1 from what 
was remarked above, we get 


(iy =1 + (3) 


S=+)ity?. (1) 


or 


We must take the positive sign if s increases as x increases, and the 
negative sign if s decreases with increasing x. We suppose the former 
case for clarity (illustrated in Fig. 73). It follows from (1) that 


ds = 1+ y%dz 


ds = (dx)? +- (dy)?. (2) 


or 
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The length s of arc AM is a natural parameter for defining the 
position of a point M on a curve. We can take s as independent 
variable, the coordinates (x, y) of a point M then being functions 
of s: 

t= 9s); y= ys). 
A more detailed discussion of the “parameters of a curve’ is given 
in [74]. We now explain the geometrical meaning of the derivatives 
of x and y with respect to s. 

We take the point N so that the direction of are MN coincides 
with the specified direction of the curve, i. e. 4s > 0. The direction 
of the chord MN gives in the limit, as N tends to M, a specified 
direction of the tangent at WM. We take this as the positive direction 
of the tangent. It is associated with the direction specified for the 
curve itself. 

Let a, be the angle between the direction of MN and the positive 
direction of axis OX. The increment Az of the abscissa x is the 
projection of MN on OX, and hence: 


Ax = MN cos ay, 
(MN = | Aa? + Ay’), 


MN being reckoned positive in this equation. On dividing both 
sides of the equation by the length of arc MN, equal to 4s, we get: 


Ax V Ax? + Ay? 
Ags As 


COS a. 


By hypothesis, 4s >0, and hence the ratio /Aa? + Ay?/Ms tends 
to (+1) as N tends to M, whilst a, tends to a, the angle between 
the positive direction of the tangent MT and the positive direction 
of OX. The equation just given becomes in the limit: 


da 
cos tae (3) 


Similarly, by projecting IN on OY, we get: 


, dy 
=e 4 
sin a ie’ (4) 


71. Concavity, convexity and curvature. Curves, convex and concave 
towards positive ordinates, are shown in Figs. 74 and 75. 
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The same curve y = f(x) can, of course, have convex and concave 
portions (Fig. 76). Points separating convex from concave portions of 
a curve are called points of inflexion. 

If we move along the curve in the direction of increasing x, and 
observe the variation of a, the angle formed by the tangent with 


v i 


fo 


Fig. 74 Fie. 75 


the positive direction of OX, we see that (Fig. 76) a is decreasing 
in convex, and increasing in concave, portions. It follows that tan a, 
ie. the derivative f’(x), will undergo the same variation, since tan a 
increases (decreases) with increasing (decreasing) a. But the interval 
in which f’(z) is decreasing is the interval where its derivative is 
negative, ie. f"(x) <0; and similarly, the interval of increase of 
f(z) is that where f(z) > 0. We thus 

have the theorem: Y 


The portions of a curve are convex 
towards positive ordinates where f"(x) < 0, a ee 
being concave where f(x) > 0. Points of 


inflexion are the points where f"(x) 
changes sign. a 

By using arguments analogous to the 
earlier ones of [58], we obtain from this 
theorem a rule for finding the points of 
inflexion of a curve: to find the points of inflexion of a curve, the values 
of x must be found for which f’(x) vanishes or does not exist, and 
the variation in sign of f’(x) must be investigated on passage through 
these values, using the following table : 


wntlexton 
Fra. 76 


| Point of inflexion Not a point of inflex 


| 
f" (2) | as | —+ | —— as 


conc. Conv. conv. conc. 


convex : concave 


168 DIFFERENTIATION: THEORY AND APPLICATIONS [71 


The most natural way of representing the bending of a curve is 
by following the variation of a, the angle made by the tangent with 
OX, as we move along the curve. Given two arcs of the same length 
As, the more curved arc will be that for which the tangent moves 

through a greaterangle, i.e. for which the incre- 


Oo ment Aa is greater. This remark leads us to the 

WA N concepts of the mean curvature of 4s and of the 
M curvature at a given point: the mean curvature 
of an arc As is defined as the absolute value of the 

Fie. 7 ratio of Aa, the angle between the tangents at the 


ends of the arc, to the length of arc As. The limit 
of this ratio as As tends to zero is called the curvature of the curve 
at the given point (Fig. 77). 
We thus have for the curvature C: 


da 
ds 


C= 


But tan a is the first derivative y’, i. e. 
a= are tany’, 


whence, differentiating the function of a function arctan y’ with 
respect to 2: 


da = dz. 


= ae 
1+y’ 
As shown above, 


ds = + 1+ y?dz. 


Dividing da by ds, we get a final expression for the curvature: 


C= Rr 


The minus sign is taken in convex parts, and the plus sign in con- 
cave parts, so as to give C a positive value. 

No curvature exists at points of a curve where the derivatives y’ 
or y” do not exist. A curve resembles a straight line in the neigh- 
bourhood of points where y”, and hence the curvature, vanishes; 
this will happen, for instance, near points of inflexion. 

Suppose the coordinates z, y of a point of a curve are given in 
terms of the length of arc s. Here, as we have seen: 

dy 


cosa = a sina = 
™ ds ’ ~ ds ° 
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Angle a is also a function of s, and on differentiating the above 
equations with respect to 8, we get: 


ca gies da =s- da eaety da _- d?y 
ds ~— ds? ’ OS ois dat 


Squaring both sides of these equations and adding, we have: 
($5) = (SE + CSE oe = (+ (SH) 


whence: ; 
o= Var) + (Cary: 


Fria. 78 Fria. 79 


The reciprocal of the curvature, 1/C, is called the radius of curvature. 
By (5), we have the following expression for the radius of curvature R: 


de (L + y2)32 


or 
1 


iad d2z \2 dty 2? 
V (ae) + (38) 
taking the positive value of the square root. 
In the case of a straight line, y is a polynomial of the first degree 
in x, and hence y” is identically zero, i.e. the curvature is zero every- 


where on the line, the radius of curvature being infinity. 
We evidently have for a circle of radius r (Fig. 78): 


As=rAa and R=lim 4 =r, 
a 


i.e. the radius of curvature is constant for the entire circle. We shall 
see later that the circle alone has this property. 


We remark that the variation of the radius of curvature is by no means 
as easily seen as that of the tangent. We take the curve made up of an are BC 
of a circle and a section AB of the tangent to the circle at B (Fig. 79). The 
radius of curvature is infinity for the portion AB, whilst for the portion 
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BC it is equal to the radius of the circle r; it thus suffers a break in conti- 
nuity at B, whereas the direction of the tangent varies continuously here. 
This accounts for the jolting of railway carriages at bends. Assuming a car- 
riage travelling with fixed speed v, we know from mechanics that a force 
is exerted along the normal to the trajectory, equal to mv*/R, where m is 
the mass of the moving body, and # is the radius of curvature of the trajec- 
tory. Hence the force suffers a break in continuity at points where the radius 
of curvature suffers a break in continuity, which explains the jolts. 


72. Asymptotes. We now turn to considering curves with infinite 
branches, where one or both of the coordinates x and y increase 
indefinitely. The hyperbola and parabola are 

linf)=+00 limftx)=+ee examples of such curves. 

A straight line is referred to as an 
asymptote of a curve with an infinite branch 
when the distance of points of the curve from 
the line tends to zero on indefinite displace- 
ment along the infinite branch. 

We first show how to find the asymp- 
totes of a curve parallel to axis OY. The 
hinf(x)=-2' limftx)=-e2 equation of an asymptote of this sort 


is at MS es a must have the form: 
Fig. 80 


CS ty 


where c is a constant, and x must tend to c, whilst y tends to infinity, 
on moving along the corresponding infinite branch (Fig. 80). We thus 
get the following rule: 

All the asymptotes parallel to OY of the curve 


y = f(x) 


can be found by finding all the values x =, on approach to which f(x) 
tends to infinity. 
To find the position of the curve relative to the asymptote, the 
sign of f(z) must be determined as x tends to c on the left and right. 
We pass to finding the asymptotes, not parallel to OY. The equation 
of the asymptote must now have the form: 


y=ag+o, 


where &, 7 are the current coordinates of the asymptote, as distinct 
from x,y, the current coordinates of the curve. 
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Let w be the angle that the asymptote forms with the positive 
direction of OX, let MK be the distance of a point of the curve from 
the asymptote, and MK. 1 be the difference between the ordinates 
of the curve and asymptote for the same abscissa x (Fig. 81). We have 
from the right-angled triangle: 

MK, = ae ( wz > n| ; 


cos @ 


and hence we can replace the condition: 


lim MK =0 
x— co 


by the condition 
lim MK, =0. (7) 
Sie 
For an asymptote not parallel to OY, x tends to infinity on moving 
along the infinite branch. Recalling that MK, is the difference between 
the ordinates of the curve and asymptote for the same abscissa, 
we can rewrite condition (7) as: 


lim [f (xz) —az —b] =0, (8) 


where the values of a and 6 have to be 
found. 
We can rewrite (8) in the form: 


lim [42 —a—2]=0; 


X00 & 


Fie. 81 


the first factor x tends to infinity, so that the expression in square 
brackets must tend to zero: 


lim [2 —a—2] ei Th 0, 
x x eae. oe 
i.e. 
a= lim ie) . 
xo 
Having found a, we obtain 6 from the basic condition (8), which 


can be written as: 
b = lim [f (x) — az]. 
xX—> co 


Thus, a necessary and sufficient condition that the curve: 


y = f(z) 
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has an asymptote not parallel to OY is that, with x increasing indefinitely 
on movement along the infinite branch, the limits exist : 
a=lim 1), 4=lim[f(2) — az}, 


x0 x X-—> 0 


the equation of the asymptote then being : 
yn=aétbd. 


To find the position of the curve relative to its asymptote, the 
cases of x tending to (+°°) and to (—oco) have to be worked out 
separately, and the sign of the difference, 


f(x) 3 (ax + b) ’ 


determined in each case. If the sign is 
positive, the curve is situated above the 
asymptote, and if negative, below the 
asymptote. If the difference does not 
keep the same sign on indefinite increase 
pages of x, the curve will oscillate about the 
asymptote (Fig. 82). 
73. Curve-tracing. We now give a fuller indication than in [59] of 
the series of operations to be carried out in tracing the curve 


y = f(z). 


We must: 

(a) define the interval of variation of the independent variable x; 

(b) find the points of intersection of the curve with the coordinate 
axes; 

(c) find the peaks of the curve; 

(d) find the convexities, concavities, and points of inflexion of 
the curve; 

(e) find the asymptotes of the curve; 

(f) examine the symmetry of the curve relative to the coordinate 
axes, if such symmetry exists. 

The curve can be traced more accurately if an extra series of points 
on it are plotted. The coordinates of these points can be found from 
the equation of the curve. 


1. We trace the curve 


(a) z can vary in the interval (—oo, +00). 
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(b) Putting x = 0, we get y = — 9/4; putting y = 0, we get x = 3, ie. 
the curve intercepts the axes at the points (0, — 9/4) and (3,0). 
(c) We find the first and second derivatives: 


(e — 3) (« +1) 2 


f (@) = 4 (x — 1)? ’ P (2) = (a — 1)3° 


We apply the usual rule to find the peaks: (3,0) is a minimum, (—1, —2) 
is a maximum. 

(d) It is clear from the expression for the second derivative that it is 
positive for x > 1, and negative for x <1, ie. the curve is concave in the 
interval (1,00), and convex in (— oo, 1). There is no point of inflexion, since 
/’(z) changes sign only at 2 = 1, where the curve has an asymptote paral- 
lel to OY, as we shall see next. 

(e) y becomes infinite at 2 = 1, and the curve has an asymptote: 


a=, 


We now look for asymptotes, not parallel to OY: 


1 A 
a = lim sie ies = lim ea! =a) = 
xe 4(@— 1) 8 x eo a(i-=] 4° 


ios tn Ce iy See 


9 
sities ae Beet wo 
X00 a(1—=) 4 
x 
The asymptote is thus: 
Sugai 
aie acaaats 


We propose to the reader the investigation of the position of the curve 
relative to the asymptotes. 

(f) Symmetry does not exist. 

Transferring all the data obtained to the figure, we get the curve of 
Fig. 83. 

2. We investigate the curves: 


y = c(a®? — 2?) (5a* — x7) (¢ < 0) 
yy, = cla? — a), 


which give the shape of a heavy beam, bending under its own weight, the 
first curve referring to the case when the ends are freely supported, and 
the second to the case when the ends are constrained. The total length of the 
beam is 2a, the origin is at the centre of the beam, and axis OY is directed 
vertically upwards. 
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(a) The variation of x evidently only interests us in the interval (—a, +a) 

(b) Putting zw = 0, we get y = 5cat and y, = cat, ie. the bending at 
the centre of the beam is five times greater in the first case than in the second. 
For x= +a, y = y, = 0, corresponding to the ends of the beam. 

(c) We find the derivatives: 


y’ = —4ex(3a? — x7), y” = —12c(a? — x’), 


Yy = —4ex(a* — x), yy == ——4ce(a? — 327). 


There will be a minimum at 2 = 0 in the interval (—a, --a) in both cases, 
corresponding to the bending of the centre of the beam, mentioned above. 


Fig. 83 Fig. 84 


(d) In the first case, y” > 0 in the interval (—a, +a), ie. the entire 


beam is concave upwards. In the second case, y? vanishes at 2= —al)3; its 
sign changes here, and the corresponding points are points of inflexion of 
the beam. 

(e) There are no infinite branches. 

(f) Both equations remain unchanged on replacing x by (—z), io. both 
curves are symmetrical about OY. 

The two curves are shown in Fig. 84. We have taken the cases a = 1, 
¢ = —1, for simplicity; the length of the beam is considerably greater than 
its bending, in practice, i.e. a is considerably greater than c, so that the curve 
of bending looks rather different (how?). 

We suggest that the points of inflexion of the curve: 


ye 


might be found by the reader, and a comparison made with the graph of 
Fig. 60. 
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74, The parameters of a curve. Given the properties of a geometrical 
locus, it is not always convenient or possible to find its equation by 
expressing its properties directly in terms of an equation connecting 
the current coordinates x and y. It is useful in this case to introduce 
a third, auxiliary variable, in terms of which the abscissa 2 and 
ordinate y of any given point of the locus can be separately expressed. 

The combination of two equations obtained in this way: 


x= pt), y=yi(t) (9) 


can also be used for plotting and investigating a curve, since each 
value of t defines the position of a corresponding point of the curve. 

This method is referred to as parametric representation of a curve, 
the auxiliary variable ¢ being a parameter. To obtain the equation 
of the curve in the usual (explicit or implicit) form as a relationship 
between x and y, the parameter ¢ must be eliminated from equations 
(9), as might possibly be done by solving one of the equations with 
respect to f, and substituting the result in the other. 

Curves given by parameters are especially met with in mechanics, 
as when finding the trajectory of motion of a point, the position of 
which depends on time ¢, so that its coordinates are functions of ¢. 
The trajectory is given by a parameter, when these functions are 
known. 

For instance, the equation of a circle with centre at (x9, y9) and 
radius r is given in terms of a parameter as: 


= f+ reost; y= ¥+rsine. (10) 
We rewrite these equations as: 
L—Xy=reost; y—Yy =rsint. 


We eliminate the parameter ¢ by squaring both sides and adding, 
which gives the ordinary equation of a circle: 


(x — %)? + (y— yo)? = 7°. 
Similarly, it is immediately obvious that 
y=acost; y= bsint (1b 


are the parametric equations of the ellipse: 


x y? 
he 
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Let y be defined parametrically by formula (9) as a function of zx. 

An increment 4t of the parameter produces corresponding incre- 
ments Az and Ay, and by dividing numerator and denominator of 
Az by At, we find the following expression for the derivative of y 
with respect to x: 


Ay 
; . At y(t) 
= lim —* = li = 
Yx Axo 42 Ax»0 _42 y(t) 
At 
or 
dy s(t) 
dz ~ g(t) * (12) 


We find the second derivative of y with respect to a: 


a) 


7 
Y = —~aa 


Using the rule for finding the differential of a fraction, we get [50]: 


d?y-dx — d’x-dy 


But by (9): 
da = p’(t) dt, dx = p"(t) dé? 
dy = p’(t) dt, d?y = p"(t) dé. 


Substituting in (13) and cancelling dé°, we finally have: 


r_ YOY WM Y 
gin [y’ OF ae 


We remark that the expression (13) for y” differs from the expres- 
sion (3) of [55] for the same derivative (n = 2), 


o_o 
y= =F (15) 


this latter formula being obtained when x is the independent variable, 
whereas ¢ is the independent variable in the parametric form of (9). 
When x is the independent variable, dz is treated as constant [50], 
ie. independent of x, so that d’x = d(dz) = 0, being the differential 
of a constant. Formula (13) now reduces to (15). 
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Now that we can determine y’ and y”, we can supply information 
regarding the direction of the tangent to the curve and its convexity 
and concavity, etc. 


We take as an example the curve given by the equation: 
a? + y3 — 3axy = 0, (a > 0) (16) 


this being known as the ‘‘folium of Descartes”. 
We introduce a ‘variable parameter ¢, putting: 


y¥=tz, (17) 


and we consider the points of intersection of the curve with the straight 
line (17) that has variable slope t. Substituting 
for y from (17) in (16) and cancelling out 
a”, we get: 


whilst (17) now gives: 


_ 3a 
~ 148° 


These equations give the folium of Des- 
cartes in parametric form. We find the derivatives of x and y with respect to ?¢: 


] 
6a (= —#) 
3) 2s 
ze 3q +) 312 t 2 


isa ~ a+ (18) 
, 9 201+68)— 82-2 8at(2 — 8) 
i= 36a ee 


We investigate the variation of x and y by dividing the total interval 
(— co, + co) of variation of ¢ into separate parts, within which 2; and y; 
preserve invariable sign and do not tend to infinity. We thus note the values 


1 a 
t=—1, 0, = and ¥2, 


y2 


for which these derivatives vanish or become infinite. The signs of ; and y; 
within these intervals are found easily from (18); on calculating x and y 
at the ends of these intervals, we get the table below. 

The curve corresponding to the table is shown in Fig. 86. 
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Interval of ¢ | zh ut x y 

(—co, —1) +;)— increases from 0 to co decr. from 0 to —oo 
(—1, 0) +]- incr. from —co to 0 decr. from -+co to 0 
3 oa 3 
(0,1/72) -- | + iner. from 0 to 4a incr. from 0 to V2a 
3 3 3 = a 3. a 
(1/v3, ¥2) | — | +1] deer. from 4a to ¥2a incr. from ¥2a to V4a 

3 = 3 3 
(V2, -boo) —|— decr. from /2q to 0 decr. from ¥4q to 0 


The slope of the tangent is given by the formula: 


t(2 — #3) 


1 


geet oem (X—9) : (19) 


We notice that x and y are zero for ¢ = 0 and t =o, and the curve cuts 
itself at the origin, as is clear from the figure. 
Formula (19) gives us: 


aS lin 
too tro 
(z-*] 2 (gr - 3) 


i.e. of the two branches of the curve, that intercept each other at the origin, 
one touches OX, and the other OY. 


As ¢ tends t),io (— and y tend to infinity, so that the curve has infinite 
branches. We find the asymptote: 


slope of asymptote == lim sae 
X—po 

3a? (1+) 

foe—t Sat(l+8) 


3at? + 3at ae a 6at+ 3a 


b= lim 2) = lim “OT ee ee 
to—1 (y +2) t-»—1 I+68 t»—1 3t? cas 


i.e. the equation of the asymptote is: 


= 1; 


yumnm—e-—-a or «+yta=. 
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75. Van der Waal’s equation. A gas that accurately satisfies Boyle’s 
law and the Gay—Lussac law is known to satisfy the relation: 


pu KT, 


where 7 is absolute temperature, and # is a constant that is the same for all 
gases, provided one “‘gram-molecule”’ is taken, i.e. the number of grams 
of gas is equal to its molecular weight. 
Gases do not strictly obey the above 95 yh? 

relationship in practice, and van der 
Waals gave a second expression that 
is a good deal more accurate. This 
formula reads: 


ao 


70 


a 
(p+) @—o) = Rr, i. 
where a and 8 are positive constants 
that differ for different gases. oO ‘i. NS 2* 


Solving the equation for p gives: 


pa (20) 


We consider p as a function of v, with 
T constant, i.e. we take an isothermal 20 
change of state. We find the first deriv- 


ative of p with respect to v: 10 
ap RY to 
io webs ee / shisere rrp PH 567890 
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1 2a(v — 6)? 
cep ee 
We shall only take v > b. The reader is referred to a textbook of physics 
for the physical significance of this condition, as also of the curves that we 
shall obtain. 
Equating the derivative to zero, we get: 


2a (v — b)? 
ys 


RT = 0. (22) 


We investigate the variation of the left-hand side of this equation as v 
varies from 6 to (-+oo); thus we find its derivative with respect to v, recal- 
ling that RT is constant by hypothesis: 


ef 


| 2a (vw — b)® [=2 2(v — b) v3 — 3v? (v — 6)? bares 2a(v — b) (vw — 3b) 
v3 v8 a 
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whence it is clear that the derivative is positive for b < v < 3b, and negative 
for v > 3b, i.e. the left of (22) increases in the interval (6, 3b), and decreases 
on further increase of v, whilst it reaches a maximum at v = 3b, equal to 
8a 
Dib — RT. 

It is easily seen by direct substitution that the left of (22) gives (—RT) 
for v = b and v = +00, and hence is negative. If the maximum obtained is 
also negative, i.e. if 

8a 


RV > se 


the left of (22) is always negative, and clearly, from (21), the derivative 
dp/dv will also always be negative, i.e. p decreases with increasing v. 
On the other hand, if 
8a 


RT < say > 


the left of (22) has a positive maximum for v = 3b, and (22) has one root 
v, in the interval (6, 36) and another root v, in (3b, +00). The left of (22), 
and hence dp/dv, changes sign from minus to plus as v passes through 2, 
i.e. @ minimum p corresponds to this value of v. Similarly, v = v, gives a 
maximum p. 
If, finally, 
8a 


RD = 375° 


(23) 
the maximum of the left of (22) is zero, and v,, v, merge into the single value 
v == 3b; the left of (22), and dp/dv, preserve the minus sign on passage through 
this value, i.e. p is constantly decreasing with increasing v, so that v = 36 
gives the point of inflexion K of the curve. The values v = v,, p = py, cor- 
responding to the point of inflexion, along with 7 = 7, as defined by (23), 
are called the critical volume, critical pressure, and critical temperature of 
the gas. The forms of the curve, corresponding to the three cases considered, 
are shown in Fig. 86. 


76. Singular points of curves. We take the equation of a curve in implicit 
form: 


F(a, y) = 0. (24) 
The slope of the tangent to the curve is given by [69]: 


Px (2%, y) 
Y= Fey)’ os 
where 2, y are the coordinates of the point of contact. 

We take the particular case of F(x, y) being an integral polynomial in x 
and y. The curve (24) is called algebraic in this case. The partial derivatives 
Fy(x, y) and Py (a, y) have fully determined values if the coordinates of a 
point M of curve (24) are substituted for a and y, and (25) defines the slope 
of the tangent in every case except those where the coordinates 2, y, of the 
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point cause F(x, y) and F(x, y) to vanish. Any such point M is called a 
singular point of the curve (24). 

A singular point of an algebraic curve (24) is a point, the coordinates of which 
satisfy (24) and also the equations: 


Pie, y)=0, Fylx,y) = 0. (26) 
In the case of the ellipse 
a2 y? 
oot oe 


condition (26) gives us x = y = 0; but (0,0) does not lie on the ellipse, which 
thus has no singular points. The same can be said of the hyperbola and 
parabola. 

For the folium of Descartes: 


az -L y3 — 3ary = 0, 
condition (26) takes the form: 
3a? — 38ay=0 and 3y? — 8ax=—0, 


and it is immediately evident that the origin (0,0) is a singular point of the 
curve. We showed that the folium of Descartes cuts itself at the origin, the 
two intercepting branches of the curve having different tangents at this 
point: OX is the tangent to one branch, and OY the tangent to the other. 

A singular point, where different branches of a curve intercept, each branch 
having its own particular tangent, ts called a node. 

For instance, the origin is a node of the folium of Descartes. 

We give some further examples to show the various types of singular point 
of algebraic curves. 

1. We take the curve: 


yy —axri=0 (a> 0), 


known as a semicubical parabola. It can easily be seen that the left-hand side 
of this equation, together with its partial derivatives with respect to x and 
y, vanishes at (0,0), so that the origin is a singular point of the curve. We 
draw the curve, so as to study it near this singular point. The explicit form 
of the equation is: 

y= + Vax. 

It is sufficient to draw the section of the curve corresponding to the plus 
sign, since the section with the minus sign is symmetrical as regards the first 
section about OX. It is clear from the equation that x cannot be less than zero, 
and that y increases from 0 to (-+ co) as x increases from 0 to (+o). 

We find the first and second derivatives: 

Pe , 3va 
y= Vea, y= re 


We have y’=0 for «= 0, and on noting that 2 can only tend to zero 
through positive values, we can say that OX is a tangent to the curve on 
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the right at the origin. It is also evident that y” remains positive for the sec- 
tion of the curve in question in the interval (0, + c9), ie. this section is con- 
cave on the side of positive ordinates. 

Figure 87 shows the curve concerned, for a = 1. Zwo branches of the curve 
approach the origin without going past it, the branches being on different sides 
of the same tangent at this singular point (and always on different sides in the 
present case). Such a singular point is called a cusp of the first kind. 

2. We take the curve: 


(y —~ xv)? —~ 2 = 0. 


6 


Fic. 87 Fria. 88 


lt can easily be seen that the origin is a singular point. The explicit form 
of the equation is: 
y= ae? ya2e : 


It is clear from this equation that x can vary from 0 to (-+ o). We find 
the first and second derivatives: 


5 oot 5 ten 
y’ = Qe ta, ya2ep x 


and investigate separately the two branches of the curve corresponding to 
the (-+-) and (—) signs. 

We first of all remark that y’ = 0 for « = 0 in both cases, so that, as in 
the previous example, OX is a tangent on the right for both branches. 

We get the following results on investigating in the usual manner: y increases 
from 0 to (+ co) as x increases from 0 to (-+ o0) along the first branch, and 
the curve is concave; there is a peak (maximum) in the second branch at 
« == 16/25, a point of inflexion at x = 64/225, and a point of intersection 
with axis OX at «= 1. 

All these data result in the curve shown in Fig. 88. 
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Two branches of the curve meet at the origin without going past it, have the 
same tangent at the origin, and are located on the same side of the tangent in 
the neighbourhood of this singular point. Such a singular point is called a 
cusp of the second kind. 

3. We consider the curve: 


yg a4, 
The origin is a singular point. The equation gives explicitly: 


y=tatyl—a. 

The implicit equation contains only even powers of w and y, so that the 
coordinate axes are axes of symmetry of the curve, and it is sufficient to 
take only the section of the curve corresponding to positive values ofa and 
y. It is evident from the explicit equa- 
tion that x can vary from (—1) tol. y?-x4¢x6eg Y 

We find the first derivative: OS } 

,__ &{2 — 32?) 


yi — r2 


We have y= y’=0 for «= 0, 
ic. the tangent at the origin 
coincides with OX; whilst for 

= 1, y=0 and y’ = ©, ie. the 


tangent at (0,1) is parallel to OY. Fig. 89 
We find by the usual rule that the 
curve has a peak at #2 = /2/3. 


The above data, including the symmetry, give us the curve of Fig. 89. 
Two branches of the curve, corresponding to the plus and minus signs before 
the square root, touch each other at the origin. A singular point of this sort is 
called a point of osculation. 

4. We consider the curve: 


yx — w(x —1)= 0. 
The origin is a singular point. The explicit form of the curve is: 


y= Var (w—)]). 


Since the expression under the square root must not be negative, we can 
say that either «= 0 or 2 >1. 

Wo have y = 0 for z = 0. We now consider the branch corresponding to 
the plus sign. As x increases from 1 to (+ 0), y increases from 0 to (+ 9). 

It is evident from the expression for the first derivative: 


3a — 2 

2¥x—1” 
that y’ becomes infinite for x = 1, ie. the tangent at (1,0) is parallel to 
OY. The second branch of the curve, corresponding to the minus sign, is 


y= 


184 DIFFERENTIATION: THEORY AND APPLICATIONS (77 


symmetrical with the first branch about OX. These data give us the curve 
shown in Fig. 90. In this case, whilst the coordinates of point O (0,0) satisfy 
the equation of the curve, there are no other points of the curve im its vicinity. 
This type of singular point ts called an isolated point. 

The above-mentioned types of singular point exhaust the possibilities as 
regards algebraic curves, though the coincidence of singular points of the 
same or different types is possible at certain points of algebraic curves. 

Non-algebraic curves are referred to as transcendental. 


Fie. 90 Fida. 91 


We suggest that the reader might show that the curve of 
= g logs 


is as shown in Fig. 91. The origin is a stop point of the curve. 


77. Elements of a curve. We give basic formulae connected with 
the concepts of tangent and curvature of a curve, and introduce some 
new concepts associated with the concept of tangent. 

If the equation of the curve has the form: 


y = f(z) ? (27) 


the derivative f’(x) of y with respect to x is the slope of the tan- 
gent, the equation of which can be written in the form: 


Y—y=y(X — 2); (y =f'(x)), (28) 


where (x, y) are the coordinates of the point of contact, and (X, Y) 
are the current coordinates of the tangent. The normal to a curve at 
any point of it (x, y) is the perpendicular drawn through the point to the 
tangent at the point. We know from analytic geometry that the per- 
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pendicular to a line has a slope equal to the reciprocal with changed 
sign, ie., the slope of the normal is (—1/y’), and the equation of the 
normal can be written as: 


or 
(X—2)+y'(¥—y)=0. (29) 

Let M be any point of the curve, and let T and N be the points of 
intersection of the tangent and normal to the curve at M with axis 
OX; also, let Q be the base of the per- 
pendicular dropped from M to OX y 
(Fig. 92). The segments QT and QN on 
OX are called respectively the subtangent 
and subnormal of the curve at M ; there 
are definite numbers corresponding to 
these segments, positive or negative, 
depending on their direction along OX. 
The lengths of segments MT and MN 
are referred to respectively as the lengths 
of the tangent and normal to the curve 
at M, these lengths always being reckoned positive. The abscissa 
of Q on OX is evidently equal to the abscissa x of M. Since 7’ and N 
are the points of intersection of the tangent and normal with OX, 
their abscissae must be found by setting Y = 0 in the equations of the 
tangent and normal, then solving the equations obtained with respect 
to X. We thus get (x—y/y’) for the abscissa of 7’, and (x + yy’) for 
the abscissa of N. The magnitudes of the subtangent and subnormal 
are now easily found: 


Fig. 92 


OT = Of —0Q=2—-4%-2=-4, 
¥ y (30) 
QN = ON —O0Q=2+ yy —2=yy’. 
The lengths of the tangent and normal can now be found from the 
right-angled triangles MQT and MQN: 


Mr| = VQ + Or? yy Bate Vity, ey 


[AN | = | MQ? + ON y? Fy? = + y VI +9", 
where the sign (-+) must be chosen so that the expression on the right- 
hand side is positive. 


186 DIFFERENTIATION: THEORY AND APPLICATIONS {77 


We recall the formula for the radius of curvature of a curve [71]: 
(Eek gree 

= + 5. 32 

payOt9 (32) 


Denoting the length of the normal by n, we get from the second 
of formulae (31): 


Vi-y?=+—_. 


and, on substituting this expression for 1 + y’ in (32), we get the 
following further expression for the radius of curvature: 


ns 
R= yy: (32;) 


If the curve is given parametrically: 


«= o(t), y= v(f), 


the first and second derivatives of y with respect to x are given 
by [74]: 


,_ dy _ y(t) 
Y= ae el’ 


no  _Gydx—dady sp” (t) y(t) — 9” (t) y(t) 
y — dy? erat [y’ (ay ¢ (33) 


In particular, substituting this expression in (32), we get the follow- 
ing expression for the radius of curvature in this case: 


a (da? + dy?)2 
ae dydx—dxdy 


’ 2 , 213 /2 
{[y’ (t)]? + [y’ ()]*} i 


vr Ovt—-royo 


where a is the angle formed by the tangent with OX. 
If the curve is given implicitly as 


, (34) 


ds 
da 


F(x, y) = 0, 
we obtain the equation of the tangent from (25) as: 
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78. The catenary. The curve whose equation is, with suitable choice of 
coordinates: 


y= (0%) (a > 0) 


is called the catenary. It gives the shape of a uniformly heavy string, hanging 
from its two ends. It is easily drawn by the rules of [73], and its form is 
shown in Fig. 93. 

We find the first and second deriva- 
tives of y: 


eae 1 xla —xla 
a ees ae 
ae xfa —xlay_ Y 
¥ Ee 2G (e + iS) ) a 
whence 
(ex/a a en ays 
72 ene 
L+ y= 1+ i 
4b ela ees ela 
= 4 Ss 
_ fo! ys 
4 a? 


Substituting this expression for (1 + y”) in the second of formulae (31), 
we get for the length of the normal to the curve: 


2 
ppb 


a 


> 


and substituting for n and y” in (32,), we get: 


8 y2 2 
aya es SUS Negi 


ae yy a 


ie. the radius of curvature of the catenary is equal to the length of the normal 
MN. The ordinate has its least value y = a at x = 0, and the corresponding 
point A of the curve is called its vertex. 

Some further auxiliary lines are shown in the figure, which are needed 
by us later. The equation of the catenary is unchanged on substituting (—2) 
for x, i.e. OY is an axis of symmetry of the curve. 


79. The cycloid. We imagine a circle of radius a, rolling without slipping 
along a stationary straight line. The locus traced out by any point M of 
the circumference of the moving circle is called a cycloid. 

We take the line on which the circle rolls as axis OX; we take as origin 
the initial position of the point J¢ when this is the point of contact of the 
circle with OX, and we denote the angle of rotation of the circle by ¢. Further, 
we call the centre of the circle C, its point of contact with OX at a given 
position N; the base of the perpendicular dropped from M on to OX is called 
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Q, and the base of the perpendicular dropped from M on to the diameter 
NN, of the circle is called R (Fig. 94). 
Noting that, with no slipping: 


ON = arc NM = at, 


we can write the coordinates of M, describing the cycloid, in terms of para- 
meter ¢ = angle NCM: 


a2 = 0Q = ON — QN = at — asint = a(t — sin?) , 
y = QM = NC — RC = a — acost = a(l — cos 2). 
This gives the cycloid in parametric form. 


We remark first of all that it is sufficient to consider ¢ varying in the 
interval (0,22), which corresponds to a full turn of the circle. After this 
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full turn, M again coincides with the point of contact O’ of the circle with 


OX, having simply shifted along OO’ = 22a. The section of the curve obtained 
with a further revolution will be exactly like are OO’, being obtained by 
moving this are along by an amount 2za to the right, and so on. We now 
find the first and second derivatives of x and y with respect to ¢: 


ce y’ (t) =a(1 — cos?), ay =’ (t) =asint, 

. a (36 
ea . a2 y ) 
“dz = gy” (t) =asint, at yp” (t) =acost. 


By the first of formulae (33), the slope of the tangent is: 


2 si ny ro) fy 
asint ay nes ] 


y’ = OT SS 
a(l — cos ft) Qsint +t 2 
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This formula leads to a simple method of constructing the tangent to 
a cycloid. We associate the point N, with point M of the circle. Angle MN,N 
is the angle subtended at the circumference by are NM = ¢, and is therefore 
equal to t/2. We have from the right-angled triangle RMN, (Fig. 94): 


1 1] 
£ RMN, = %—-—> hs tan £ RMN, =cot—+-t. 


On comparing this with the expression for y’, we see that MN, is a tangent 
to the cycloid, i.e.: 

In order to construct the tangent at any point M of a cycloid, it is sufficient 
to join thie point to the end N, of the diameter whose other end is the point of 
contact of the rolling circle with the axts OX. 

The line MN, joining M to the other end of this diameter of the circle, 
is perpendicular to MN,, since angle N,MN is subtended by a diameter; 
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hence MN is the normal to the cycloid. The length of the normal, n = MN, 
is found directly from the right-angled triangle N,MN: 


re | 
m= 2a sin —>-t. 


We obtain the radius of curvature of the cycloid from (34) and (36): 


___{a* (1 — cos t)? + a? sin? ¢]8/? _ 
acost X a(1 —cost)—asintXasint — 


Ps] 
I 
He 


a(2 — 2 cos 1)8/ 
cosi—1]1 


= 


== 23/2 x a(1 — cos til = 4a sin = t. 


We leave only the plus sign standing in the last expression, since ¢ lies 
in (0,22) for the first branch of the cycloid, and sin ¢/2 cannot be negative. 

Comparing this expression with that for the length of the normal n, we 
have R = 2n,i.e. the radius of curvature of a cycloid is equal to twice the length 
of the normal (MC, in Fig. 94). 

If the point M that described the cycloid were to lie inside, or outside, 
instead of on, the circle, the corresponding curve obtained when the circle 
rolled would be a curtate or prolate cycloid (both curves are sometimes called 
trochoids). 
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Let h denote the distance of M from the centre C of the rolling circle. 
The rest of the notation is the same. We first take h <a, i.e. the case of 
M lying inside the circle (Fig. 95). We have directly from the figure: 


z= 0Q=0ON —QN =at—h sin t; y= QM = NCO —RO =a—h cos t. 


The equations are the same for h <a, but the curve has the form shown 
in Fig. 96. 
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80. Epicycloid and hypocycloid. If the circle carrying the point M rolls 
without slipping on another circle, instead of on a straight line, two general 
classes of curves are obtained: epicycloids, when the rolling circle is outside, 
and hypocycloids, when it is inside, the fixed circle. 

We find the equation of the epicycloid. We take the centre of the fixed 
circle as origin; axis OX is taken along the line joining this centre O to K, 
the initial position of point M, where the two circles originally touch each 
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other. Let @ be the radius of the rolling circle, and 6 the radius of the fixed 
circle; let parameter t be the angle between OX and radius ON of the fixed 
circle, where N is the point of contact of the rolling circle after it has turned 
through an angle p= ZNCM (Fig. 97). 
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Since the circle rolls without slipping, we can write: 


arc KN = arc NM , 


bi=ap, gat 


We find directly from the figure: 
2 = 0Q =0L + LQ =O0C cos Z KOC —OM cos Z SMC = 


= (a+b) cos t—a cos (t+ y) = (a+ b) cos t—a cos as 
y= UM =LO — RO = 0C sind KOO —OM sin£ SMC = (37) 
=(a+ 6) sin t—a sin (+ 9)=(a+ 56) sin t—a sin O25, 


a 


The curve consists of a series of identical arcs, each corresponding to a 
complete revolution of the moving circle, i.e. to an increase of g by 22, and 
of t by 2az/b 

The ends of the arcs thus correspond to: 


hee epee 
a a kn ee 
A necessary and sufficient condition that we should eventually arrive 
at the initial point K of the curve is that one of these ends should coincide 
with K, i.e. that there should exist 
integers p and q satisfying Ys 


2PAare 


; =2qn, 


since a certain number of complete 


turns about O corresponds to K. 
The above condition can be written: 


pacer 
bb” op’ 


Such numbers p and g exist if, Fra. 98 
and only if, a and 6 are commensu- 
rable with each other; otherwise, 
a/b is irrational and cannot be equal to the ratio of two integers. 
It thus follows that the epicycloid represents a closed curve if, and only 
if, the radius of the moving circle is commensurable with that of the fixed 
circle; otherwise, the curve is not closed, and it is impossible ever to return 
to the starting-point K. 
This remark also applies to the hypocycloid (Fig. 98), the equation of which 
can be obtained by simply replacing a by (—a) in the equation of the epicycloid: 


x = (b — a) cost + acos oe t, 


(38) 


y =(b—a)sint — asin 
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We note some particular cases. Let b = a@ in the case of the epicycloid, 
i.e. the radii of the fixed and moving circles are equal. We get a curve con- 
sisting of a single branch in this case (Fig. 99), its equation being, by substitu- 
tion of 6 = a in (37): 


xz = 2a cost — acos 2, 
y = 2a sin ¢ — a sin 2¢. 


This curve is called a cardioid. 
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We find the distance r of point M(z, y) of this curve from the point K, with 
coordinates (a, 0); for this purpose, we write expressions for (2 — a) and 
y in @ more convenient form: 


a — @ = 2a cost — a(cos? ¢ — sin? t) ~ a = 2a cost — 2a cos?t = 
== 2a cos t(1 — cos?#), 
y = 2asint — 2asint cost = 2a sin t(1 — cos#), 
whence 


r=-|Klf|=Ve=aF ty = 


=: /4a? cos? t(1 — cos t)? + 4a? sin? ¢(1 — cos t)? == 2a(1 — cos £). 


Clearly, (« — a) and y are the projections of KM on the x and y axes, 
whilst they are also equal, as is seen from the expressions above, to the length 


KM multiplied by cos¢ and sin ¢ respectively, and hence it follows that KM 
forms an angle ¢ with the positive direction of OX, i.e. is parallel to the 
radius ON. This result becomes important later, when giving a rule for con- 
structing the tangent to a cardioid. 
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We introduce angle § = nx — t, formed by KM with the negative direc- 
tion of OX. We now have for r: 


r = 2a(1 -+ cos @). 


This is the polar equation of the cardioid; the curve will be considered 
in more detail when polar coordinates are discussed. 
We now note some particular cases of hypocycloids. Setting 6 =2a 
in (38), we get: 
x= 2acost=bcost, y=0, 


Fia. 100 Fie. 101 


i.e. if the radius of the fixed circle is twice the radius of the rolling circle, 
the point M moves along a diameter of the fixed circle. 

We now take 6 = 4a. The hypocycloid in this case consists of four branches 
(Fig. 100), being called an aséroid in this particular case. With b = da, 
(38) now gives: 


x = 3a cost + acos 3t = 3acost +a(4 cos?t — 3 cost) = 
= 4a cos? t = 0 cos?t, 

y = 3asint — asin 3t = 3asint — a(3 sint — 4 sin3t) = 
= da sin} ¢ = b sin? t. 


We can eliminate the parameter ¢ by taking the 2/3 power of each side of 
the above equations, then adding the equations term by term; this gives us 
the implicit equation of the astroid: 


als + yrla = b7/s, 


81. Involute of a circle. This is the name of the curve described by the 
end M of a flexible string, gradually unwound from a fixed circle of radius 
a, so that it remains tangential to the circle at the point K where it leaves 
the circle (Fig. 101). 
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Taking as the parameter ¢ the angle between the positive direction of OX 


and the radius drawn to the point K, and noting that KM = arc AK = at, 
we obtain the equation of the involute of a circle in parametric form: 


x = projox OM = Projox OK + projox KM =acost + at sint, 


Y = projoy OM = Projoy OK + Projoy KM = asint — at cost. 


We use the first of formulae (33) to find the slope of the tangent: 


. 


a cos #—a cos ¢-+ at sin t 


== tan ¢t. 


~ —asint+asint-+ atcost 


The slope of the normal to the involute of a circle is thus: 


—cot = tan (:- 57] ; 


2 


whence it is clear that MK is the normal to the involute. This property holds 
good, as we Shall see later, for the involute of any curve. 


82. Curves in polar coordinates. The position of a point MZ on the 
plane (Fig. 102) is defined in polar coordinates: (1) by its distance r 


4 
ft 
0 8 it } 
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from a given point O (the pole), and 
(2) by the angle @ between the direc- 
tion of OM and some given direction 
ZL (the polar axis). It is usual to refer 
to r as the radius vector and to 6 as 
the polar angle. If the polar axis is 
taken as axis OX, and the pole O as 
origin, we obviously have (Fig. 103): 


“z=rcos0, y=rsin 6. (39) 


Toa given position of the point M there 
corresponds a single determinate posi- 
tive value of 7, but an infinite number 
of values of @, differing by multiples of 


2x. If M coincides with O, r = 0, and 9 is completely indeterminate. 

Any functional relationship of the form r = f(#) (explicit) or 
F(r, 6) = 0 (implicit) has a corresponding graph in the polar system 
of coordinates. The explicit form is more commonly encountered: 


r= f(6). (40) 
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We shall later consider negative, as well as positive, values of r, 
it being agreed to take r in the opposite direction to that correspond- 
ing to 0, in the case when the value of r corresponding to 0 is negative. 

Assuming that r is a function of 6 for a given curve, equations (39) 
are seen to represent the parametric equations of this curve, where z and 
y depend on the parameter 6 both di- 
rectly and through the medium of Y 7 
r. We can thus apply formulae (33) 
and (34) [77] in this case. On letting 
a denote the angle formed by the 
tangent with axis OX, we have by 
using the first of formulae (33): 


r’ sin 6+ r cos 6 
r’ cos 8—?r sin 0’ 


tana=y = 


Fig. 104 


where r’ denotes the derivative of r 
with respect to 0. 

We now further introduce yu, the angle between the positive direc- 
tion of the radius vector and the tangent to the curve (Fig. 104). 
We have: 

pra, 
and hence: 
cos w = cosacos@-+ sinasin@, 


sin “ = sin a cos 0 — cosasin@. 


Differentiating equations (39) with respect to s, and noting that 
dz/ds and dy/ds are respectively equal to cosa and sina, we get: 


dr : dé : ; dr dé 
cosa = cos 8 —- —rsind—, sin a = sin @ +— + rcos 6 aa 


Substituting these expressions for cosa and sina in the above 
expressions for cos u and sin uw, we have: 


d. i dé 
cos p= 5-, sin w= 7 (41) 
and hence: 
r dag r r 


tan pb = 
It follows from (39): 

dz = cos @ dr — rsin @ dé, 

dy = sin @ dr + rcos 6 dé, 


dy drag * (43) 
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and thus: 
ds = (dx)? + (dy)? = (dr)? + r? (d@)? ; (42) 


using a = uw + 0, then dividing numerator and denominator by dé, 
we also have: 


Fa ee CS a 
i ct se oe 
dé 
We get by using (41,): 

a ae ol An A 

b= Fag. r \2 a Pe 
1+ (4) 
rT 


where r’ and r” are the first and second derivatives of r with respect 
to 0. Substituting this expression for dyu/d@ in the above expression 
for R, we have: 

(r2 + 2) 312 (43) 


ptt 2p’ — rr” * 


kR=+ 


83. Spirals. We can distinguish three types of spiral: 


the spiral of Archimedes: r = a), 
the hyperbolic spiral: r? =a, (a> 0;6> 0), 
the logarithmic spiral: r = be”, 


The spiral of Archimedes has the form indicated in Fig. 105, with the 
dotted curve corresponding to @ < 0. Negative values of r correspond to 
negative values of 6, i.e. a negative r must be taken in the opposite direction 
to that defined by the @ in question. 

Every radius vector cuts the curve an 
infinite number of times, the distance bet- 
ween any two successive points of intersec- 
tion being constant and equal to 2ax. This 
is evident from the fact that the direction 
of the radius vector corresponding to a 
given value of @ does not change if 6 is 

Fia. 105 increased by 22, 42, ...; whilst the length 
of r, given by r=aé, receives increments 
of 2an, 4an,... 

The hyperbolic spiral is shown in Fig. 106. We assume @ > 0, and consider 
what happens to the curve as @ tends to 0. It is clear from the equation 


ra 
~ @ 


that r now tends to infinity. We take some point M of the curve with suffi- 
ciently small 0, and let MQ be the perpendicular from M to the polar axis. 
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We get from the right-angled triangle MOQ (Fig. 106): 


a sin 6 
6 , 


QM =rsin§= 
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and as 6 tends to zero: 


sin 6 


=a. 


lim QM = lim a 
630 6-0 


The distance between the point M of the curve and the polar axis thus tends 
to a as @ tends to zero, so that the curve has an asymptote LK, parallel to 
the polar axis and at a distance a from it. 

We see further that r does not vanish for any finite 6, but only tends to 
zero as 6 tends to infinity. The curve thus indefinitely approaches the pole O 
whilst spiralling round it, and unlike the spiral 
of Archimedes, never actually reaches O. Such 
a@ point is in general referred to as an 
asymptotic point of a curve. 

The logarithmic spiral is shown in Fig. 107. 

We have r = b for § = 0, whilst r tends to 
(+cc) for 6— (-+co); further, r tends to zero 
without vanishing as @-— (—co). We have 
in this case: 

1 


r 
r’=abet@ = andtan uw=—=-, 
r’ a 


i.e. the angle uw between the tangent and radius 
vector ts constant at any point of the logarith- Fig. 107 
mic spiral. 


84. The limagon and cardioid. We draw a circle of diameter OA = 2a (Fig. 
108); we draw a radius vector through vector point O of the circumference to cut 
the circle in a point D, and produce it further to M, such that the distance 


DM =h is constant. The locus of M is in general called a limacon. 
Noting that: 
OD=2a cos § and OM=r, 
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the equation of the limagon will be: 
r= 2acos 6 +h. 


If h > 2a, this cquation gives only positive values of r, and the curve 
is as shown in Fig. 109. If h < 2a, r also takes negative values, and the curve 
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has the form shown in Fig. 110. The curve cuts itself at the point O. Finally, 
for h = 2a, the equation of the limacon becomes: 


r = 2a(1 + cos 6), 


i.e. the limagon now becomes a cardioid [80], differing from that of [80] 
merely in its disposition (Fig. 111). We have r = 0 for 0 = z, i.e. the curve 
passes through 0. 
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We find the first and second derivatives of r with respect to 6. 


r’ = —2asmo0, r” = —2acos 0. 


We calculate tan wu: 


_ 7 _ 2a(l+cos =) __ Lae. 1 1 
aS rv —2asno — cot 2 Cree (p+59). 
1.0. 
1 1 


As was shown previously [80], the cardioid can be obtained as the curve 
described by a point of a circle, rolling on the circle mentioned above of 
diameter OA = 2a, the diameter of the rolling circle being equal to that 
of the fixed circle. Let C be the centre of the fixed circle, M be any point 
of the cardioid, N be the point of contact of the rolling circle at the position 
corresponding to M, and NN, be the diameter of the moving circle (Fig. 
111). We saw above [80] that the lines OM and CN, are parallelf i.e. angle 
ACN = 0, and hence: 


arc NM = arcON = a — @. 


Angle MN,N subtended at the circumference by arc NM is equal to 
n/2 — 6/2, and finally the angle between the directions OM and N,M is 
equal to: 


n (5 5 O\=satyoan, 
whence it is clear that N,M is the tangent to the cardioid at JAZ. We thus 
get the following rule: 

To draw the tangent to a cardioid at any point M of tt, it is sufficient to 
join this point to the end N, of the diameter of the rolling circle, the other end 
of which is the point of contact of the rolling with the fixed circle ; the normal 
as then along the line MN. 

The rule given above for constructing the tangent to a cardioid is obtained 
very simply from kinematic considerations. It is known that, in general, 
the motion of a constrained system in a plane occurs at any given moment 
by rotation about a fixed point (the instantaneous centre), the position of 
this point in general changing with the course of time. In the case of the 
rolling shown in Fig. 111, the instantaneous centre is the point of osculation 
N of the rolling with the fixed circle, so that the velocity of the point 
M, in the direction of the tangent to the cardioid, must be perpendicular 
to NM, i.e. NM must be normal to the cardioid, whilst the perpendicular 
to it, N,M, must be tangential to the cardioid. It follows from these remarks 
that the rule given for constructing the tangent must be generally applicable 
to the curves described by any given point of a circle which rolls without 
slipping on a fixed circle. 


+ These two lines were KM and ON, in |80] (Fig. 99). 
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85. Cassini’s ovals and the lemniscate. An oval of Cassini is the locus 
traced out by a point M, moving so that the product of its distances from two 
given points #, and F, is constant: 


FM FM = 8. 


Let the length of FF, be 2a, let F,F, be directed along the polar axis, 


and let the pole O be at the mid-point of F,F;. 
We find from triangles OMF, and OMF, (Fig. 112): 


FM? = r? + a? + 2ar cos 6, 


FM? = r* + a* — 2ar cos 6. 
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Substituting these expressions in the equation for an oval, then squaring 
both sides, we get after simple re-arrangement: 


rt — 2a 7? cos 26 + at — D4 = 0, 
whence 


r? = a? cos 26 + Ya‘ cos? 29 — (a4 — bt). 


The cases corresponding to a? < 6? and a? > 6b? are shown in Fig. 112, 
the second case giving the curve consisting of two separate closed loops. 
We give a detailed discussion only of the important case when a? = b?. The 
corresponding curve is called « ! .mniscate, its equation being: 


7? = 2a? cos 26. 


This equation only gives real values of r when cos 2@ > 0, i.e. when 6 
lies in one of the intervals: 


n 8a Ox In 
(0.4). (2-4). G 2x), 


whilst r vanishes for 


The curve is easily constructed on the basis of these data (Fig. 113). 
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The curve cuts itself at O, and the dotted lines show the tangents to the 
two branches of the curve intercepting at O. We get by differentiating both 
sides of the equation of the lemniscate with respect to 0: 


Pee 
2rr’ = — 4a? sin 26 or va — 2 Sin 2 
whence 
r 2a? cos 26 I 
tan Woe — a op Bat sin 29 aa (== +20) 
To pass from polar to rectangular coordinates, we have from (39): 


2 a2 1 2 go. gee Aas Lf. 
ri == go +. y?, cos 0 7? sin 8 og 


On writing the equation of the lemniscate in the form: 
r? = 2a7(cos? § — sin? @) 


and substituting the above expressions, we obtain the equation of the 
lemniscate in eee piglets 


at y® = 2a? — 


cepts OF + yt = Bat Gat — yt), 
whence it is clear that the lemniscate is a fourth order algebraic curve. 


EXERCISES ON CHAPTER II 


1. Find the increment in the function y = 2? corresponding to the 
following changes in the argument: (a) from z= 1 to a4, = 2; 
(b) from « = 1 to x, = 1.1; (c) fromx=ltor=1-+h. 


2. Find Ay for the function y = /z if (a2) x=0, Av = 0.001; 
(6) « = 8, Av = —9; (ec) e =a, dv = fh. 

3. Why is it that for the function y = 2% + 3 we can find Ay 
corresponding to an increment Az = 5 in x, but we cannot find 
Ay for the function y = x? 

4. Find the increment Ay and the ratio Ay/Ax for the functions: 
(a) y = (a — 2)" at a = 1 with 42 = 0.4; (b|) y= a atx = 0 
with Az = —0.0001; (c) y = log,,% at x = 100,000 with Ax = 
== —90,000. 

5. Find dy and Ay/Ax corresponding to a change in the argument 
from a to «+ Ax: (a) y= ax-+5b; (6) y=2'; (ec) y= a; 
(d) y = Ya; (e) y = 2 (f) y = loge. 

6. Find the slope of the chord of the parabola y = 2x — x, the 
abscissae of the end-points of which are (a) 7, = 1, x, = 2; (8) 
x, == 1,x, = 0.9; (c) 4, = 1, x = 1+ h. To what limit does the 
slope of the chord tend in the last case as h—> 0. 


202 DIFFERENTATION: THEORY AND APPLICATIONS 


7. The motion of a point is governed by the law s = 2é? + 3¢ + 5, 
where the distance s is measured in centimetres and the time ¢ 
in seconds. What is the value of the average speed of the point 
in the time interval from t = 1 tot = 5? 

8. Find the average rise in the curve y= 2* in the interval 
l<a< 5. 

9. Find the average rise in the curve y = f(x) in the interval 
(x, 2% + Az). 

10. What is understood by the statement that the slope of the curve 
y = f(x) is given at the point x? 

ll. Give a definition of (a) average angular velocity, (b) instantaneous 
angular velocity. 

12. In a heated body whose temperature is changing with time how 
should we define (a) average rate of change of temperature (0) 
instantaneous rate of change of temperature ? 

13. What should we understand by rate of change of reacting matter 
in a chemical reaction ? 

14. Let m = f(x) be the non-homogeneous distribution of mass in a 
bar occupying the interval (0, x). What should be understood 
by (a) the mean linear density of matter in the interval 
(x, «+ Ax); (6) the linear density of matter at the point x. 

15. Find the ratio Ay/Az for the function y == 1/z atthe point x = 2 
if (a) Av = 1; (6) Je = 0.1; (c) Av = 0.01. What is the value 
of the derivative y’(2) ? 

16, Find the derivative of y = tan x. 

17. Find the derivatives of the functions (a) y = 2°; (6) y = 1/2; 
(c)y = Yau, (d) y = cot x. 

3 


18. Calculate /’(8) if f(z) = Vz. 

19. Find f’(0), f’(1), f/(2) if f(z) = x2(2 — 1)? (2 — 2)8. 

20. The motion of a point is governed by s = 5t? where s is given in 
metres and ¢ in seconds. Find the velocity of the point when t = 3. 

21. What are the values of the slopes of the curves y= 1/2 and y= x? 
at the point at which they intersect? Find the angle between 
the tangents to the curves at the point of intersection. 

22. State which of the following functions do not possess finite deri- 


vatives at the points stated: (a)y— Ve at z=0, (b)y= 
3 

=-\Vxrx—l atv=1; (c) y=| cos a | at the points w = (& + 3) x, 

k= 0, rane +2,... ; 
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Find the derivatives of the following functions (23 to 160): 
23, 25 — da? + Qa — 3. 24.3 —F a+ a%— iat, 


25. ax? + ba + ¢. 26. —Sa%/a. 27. at™ + bi™*". 
28. ax® 4- b. 29. a/x 4+- log 2. 30. Bu7!® — ag Fl® 1 8, 
3 3 a5 
31. 22/2? 32. a/Vx? — bjaV a. 
33. (a + bx)/(c + da). 34. (2a + 3)/(a? — 5x + 5). 35. 2/(24 — 1)—1/z. 
36. (1 ++ Ya[(1 — J). 
37. 5sin x + 3 cos 2. 38. tan x — cot x. 
39. (sin x + cos x)/(sin x — cos x). 40. 2¢ sin ¢ — (# — 2) cos é. 
Al, arc tan x + are cot x. 42. x cot x. 43. x are sin x. 
44.3 (1 + 2%) are tana — Sa 45. «7%. 
46, (x — 1) e*. 47. 2 °e™*. 48. 25e~*, 49. &* cos =. 
50. (a? — 2a + 2) e*. 51. e* are sin x. 


52. 2 /log x. 53. a log a — 5 v3. 54. = + 2 log # — (log x)/a. 


55. (=+*). 56. (2a + Bby)?. 


57. (3 is 2a?)4. 58.3 (22 — 1)? — 2 (2a —1) °— 3, (Qa— 19% 
59. [Ta . 60. fa bat 

61. (223 — x2l9)32_ 62. tan a — i tana + itan® 2. 

63. cot x — Veota 64. 22 + 5 cos? x. 

65. cosec® t + sec? t. 66. — +(1 — 3 cos a)”. 
67. 3 cos” * x — cos*2. 68. (2 sin 2 — 2 cos x 
69. y = sin?® x + cos? x. 70. /1 + arc sin 


71. are tan x — (are sin 2). 


ei 


agile gi 3 ee 
72. Lfarctan x. 73. \z eX + y. 74. //2e%— 2* + 1 + log’ x. 
75. sin 5@ cos® 3a. 


76. — 2 (w@ — 2)7? — 4(a— 1977. 
77. — 8 (@ — 8)-4# — ® (a — 3)? — 3 (@ — 8)”. 
78. } 28(1—22)~*, 79. 7} Oa2 — Qe + 1. 


80. Z 81. a 
a? Va? + a? 3/0 + 22)8 


3 2/3 18 ,,7/8 9 5/3 6 13/6 
82.207 4. 78a" 4 8 a 1 Bo 


1 8/3 5/3 4 (x—1)3/4, 
83.2 (14+ 29)/> 2 (1 4 98/9, 84. 5 ( } 


w+ 2 
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85. x*(a — 223)?. 
6. ( 22%)" 


87.2 (@ + 2)-*§ — 3 @+ 2)-* + 2 (e+ 2)? — Pw ay. 
88. (a + 2) Va — «. 
89. Vie + a) (x + b) (x + ¢). 


90. |/y + Vy 91. (2¢ + 1) (3¢ + 2) (3¢ + 2)**. 92, (2ay — y2)-1”. 
93. log[/1 + e* — 1] —log [V1 + e* + 1]. 


94, ‘ cos? % (3 cos? a — 5). 
(tan? x — 1) (tanta + 10 tan? z +1) 
OG, ee ee 
3 tan? x 

96. tan® 5x. 97. + sin (2?) 

98. sin?(f?). 99. 3 sin x cos? x + sin? x. 
100. } tan?z —tanz+1 101, — an so + § cota. 
102. Va sin? x + 6 cos? x. 103. arc sin (x7) + arc cos (2°). 
104. (arc sin x)? are cosx. 105. arc sin [(z? — 1)/z?]. 


106. arc sin [x/V1 + 27]. 107. (arc cos a) {V1 — x 

108. = arc sin [x )-2] 109, Va? — a? + aare sin (a/a). 

110. x/a? — 2? + a arcsin (x/a). 111. aresin (1 — x) + V2a — a2. 
112. (a — 3) arcsin Vz + 3/2 — 22. 

113. log (are sin 5x). 114. arc sin (log 2). 

115. arc tan [x sin a/(1 — x cos a)]. 

116. 5 are tan (5 tan > + :} . 

117. 3b? arc tan |/a/(6 — x) — (8b + 22) Vba — 2. 

118. — y2 arc tan (tan 2///2) — w. 119, Ve. 120. aie 

121. (2ma™ +. b)?. 122. e™ cos ft. 


123. a e%*, 124, 5 e—* (3 sin 32 — cos 32). 


125. a"a~*™", 126. Yeosa al *, 127, gta 

128. log (az + bx + ¢). 129. log [a + Ya? + z?]. 
130. « — 2I/z + 2log (1 + Y2). 

131. log [a + a + |x? + 2az]. 132. 1/log? x. 


xz—1 (% —- 2) 
; 134. log E55. 


135. log Sa?) 136. — cosec? «+ log tan a. 


133. log cos 
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137.5 x |x? — a? — 3a? log [x + x? — a?| 
138. log log (3 — 2x3). 139. 5 log’ (ax + 5b). 
140. log PEE He | 

Va? 4 t+at—a 
141. 5m log (x?— a?) + oe log = 


—a 
x :fa ae 
142, x sin (logz—; iz). 143, . s log tan > cosxz/(2sin?z). 
144. x? 4+ 1 —log[1 + Va? + 1] + log a. 


1 i —2e+41 resin 3. 
145, 5 log ee 146, 297°5"~* + (1 — arc cos 3z)?. 


147, gsinaxioosox 1 2 gin’ az/cos® ba. 


l tang 2+2—Y3 


148. = 
¥3 °8 tan $a+2+ y3 


149, arc tan log x. 150. log arc sin x + $ log? + arc sin log z. 


151, arc tan log — 152. 2 are tan == +- log? = ; : 
153: log EP 
1—Ysinaz 
154. slo 0g = = —_ +3 j log <—- + arctan 2. 
. ri =y 2 
155. 5 aa ee a meee 1) + vq are tan =~ 


156. (w arc sin)//1 — 2? + log V1 — 2?. 

157. |a|. 158. 2 |a |. 159. log | x | (a 4 0). 

160. f(z) =1—zwifa <0, f(z) =e *,x>0. 

161. If f(z) = e* find f(0) + 2f’(0). 

162. If f(z) = 1 + & find f(3) + (# — 3) f’(3). 

163. If f(z) = tan x, D(x) = log (1 — 2), find f’(0)/®’(0). — 

164. If f(z) = 1— 2, Oz) = 1—sin (j xx), find ®’(1)/f/(1) 

165. Prove that the derivative of an even function is an odd function, 
but that the derivative of an odd function is an even function. 

166. Prove that the derivative of a periodic function is a periodic 


function. 

167. Prove that the function y = ze™~ satisfies the equation zy’ = 
= (1— 2x) y. : 

168. Prove that the function y=ze~*? satisfies the equation xy’ = 
= (1— 2) y. 


169. Prove that the function y = (1 + x + log x)" satisfies the equa- 
tion xy’ = y(y log x — 1). 
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By taking logarithmic derivatives find y’ when y is given by (170--178): 
170. (x +- 1) (2e +- 1) (8a + 1). UTM. (a -+ 2)? (@ + 1)-3 (@ + 8)~4. 
172. Vela — 1)/(@ — 2). 178. w[a2/(a? + 1)]'”. 


174, Vz. 175. al®. 176. 2. 177. 2, 

178. (cos x)""*. 179. (1 + a7 )*. 

Find the derivative y’ = dy/dx when y is defined as a function of x 
by the parametric equations 180—192: 

180. 2 == 2¢—1, y= #8. 18. ew = (+ 14, y= PEF I 

182.2 = 2at/(1 4+ #). y= atl —P)/(1 + FP). 

183. 2 = 3at/(1 4+ 8), y = 38a?/(1 + #8). 184.2 = 8?, y= OR, 

185.4 = JI+e2, y= (t— D1 +e. 

186. « = a(cost + tsint), y = a(siné — t cost). 

187. x = acos* it, y = bsin® t. 188. x = a cost, y = b sin? t. 

189. a == cos* t(cos 2¢)1/, y = sin t(cos 2t)~1/. 

190. « = arcecos (# 4+ 1)72?, y = are sin (+ 171”, 

191.2 =e", y= e™. 192. x = a(logtan $t-+ cost —siné), y = 
= a(sin § + cos 2). 

193. Find dy/dx at ¢ = lifa=tlogt, y= t"!logt. 

194, Find dy/dx at t= 27/4 if w= e'cost, y=e'sint. 

195. Prove that the function y(x) defined by the parametric equations 
w= 2t-+ 3?,y = + 2 satisfies the equation y = (y’)? + 2(y’)*. 

196. At the point x==2 we have the relation 2? = 2x”. Does (x)’==(2z2)’ 
at x = 2? 

197. Let y = Va? — x?. Is it possible to differentiate the equation 
x -+- y? = a? term by term? 

In 198—215 find the derivative y’ = dy/dx for the implicit func- 
tion y: 

198. 24 — 5y + 10 = 0.199. x7/a? + y?/b? = 1. 200. 2? + ¥° = a’. 

201. 13 + ay + y? = 0. 202. Vx + Vy = Va. 203. 228 4 ¥?9 = at®, 

204. (x + y) y= a — y. 205. y — 0.3 sin y = x. 

206. a cos? (x + y) = b. 207. tan y = xy. 

208. xy = arc tan(a/y). 209. arc tan(z + y) = ax. 

210. ce” = a2 + y. 211. log x + e7”* = ¢. 212. logy + a/y =. 

213. arc tan (y/x) = + log (a? +- y?). 

214, x? + y? == care tan (y/x). 215, 2” = y*. 

216. Find the angles at which the curves y = sina and y = sin 2x 
cut the z-axis. 


217. Find the angle at which the curve y = tana cuts the «x-axis. 
218. Find the angle at which the curve y = e°** cuts the line x = 2. 
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219. Find the points at which the tangent to the curve y = 324 +- 
+ 443 — 12a? + 20 is parallel to the x-axis. 

220. Find the equation of the parabola y = x? + bx + ¢ which touches 
the line y = x at the point (1, 1). 

221. Determine the slope of the tangent to the curve x3 + y3 — ay — 
— 7 = 0 at the point (1, 2). 

222. At what point does the curve y? = 2x3 have its tangent perpcn- 
dicular to the straight line 4¢ — 3y + 2= 0? 

223. Find the equations of the tangent and normal to the parabola 
y = Vx at the points with abscissa 4. 

224. Write down the equations of the tangent and normal to the curve 
y = x + 2a? — 4a — 3 at the point (—2, 5). 

225. Write down the equations of the tangent and normal to the curve 
y = (x — 1)"* at the point (1, 0). 

226. Write down the equation of the tangent and normal at the point 
(2, 2) to the curve x = (1 + 2)/é3, y = 3477/2 4477/2. 

227. Write down the equations of the tangents to the curve x = 
=tcost, y=tsint at the points ¢=0 and t= 2/4. 

228. Write down the equations of the tangent and normal to the curve 
x+y? + 24 — 6 = 0 at the point with ordinate y = 3. 

229. Write down the equation of the tangent to the curve 2° + y® = 
== 2ry at the point (1, 1). 

230. Write down the equations of the tangents and normals at the 
points where the curve y = (x — 1) (x — 2) (x — 3) cuts the 
X-axis. 

231. Write down the equations of the tangent and normal to the curve 
y* = 4x4 + 6xy at the point (1, 2). 

232. Prove that the segment cut off by the coordinate axes of a 
tangent to the hyperbola zy = a? is bisected by the point of 
contact. 

233. Prove that the segment cut off on the coordinate axes by a 
tangento tthe astroid 2?°+ 47? = a?® has constant magni- 
tude a. 

234. Prove that the normals to the evolute of the curve x = a(cos ¢ + 
+isint), y=a(sint —tcosf) are tangents to the circle 
+ y= a’. 

235. Find the angle at which the parabolas y = (x — 2)?, y= —4+ 
--+ 62 — 2x? intersect. 

236. Find the angle of intersection of the parabolas y = a” and the 
curve y = 2°. 
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237. Prove that the hyperbolas ay = a’, 2° — y? = 6? intersect at 
right angles. 

238. For the parabola y? = 4a, calculate the lengths of the subtangent, 
the subnormal, the tangent and the normal at the point (1, 2). 

239. Find the length of the subtangent at an arbitrary point on the 
curve y = 2". 

240. Prove that the length of the normal at an arbitrary point on the 
rectangular hyperbola x? — y? = a” is equal to the length of the 
radius vector of that point. 

241. Prove that the length of the subnormal at an arbitrary point on 
the hyperbola 2? — y”? = a? is equal to the abscissa of that point. 

242. The motion of a point along the line OX is described by the equa- 
tion « = 3t — #5, x being measured in cm and ¢ in sec. Find the 
velocity of the point at the times ¢ = 0, 1, 2 sec. 

243. The motion of two points along the x-axis is described by the 
equations x = 100 + 5t, and x = #7/2 foré > 0. Find their relative 
velocity when one passes the other. 

244, A rod AB of length 5 cm rests so that A is on the x-axis and B 
is on the y-axis and OA = 3 em. If A begins to move along OX 
with velocity 2 cm/sec. find the initial velocity of B. 

245. At time ¢ a projectile fired with velocity v, in a direction making 
an angle a with the horizontal x-direction, is at (x, y) where 
= v,t cos a, y= vot sin a — gt?/2. Find (a) the constraint 
equation of the path of the projectile; (6) the range of the 
projectile; (c) the magnitude and direction of the velocity at 
time t. 

246. A point moves along the hyperbola y = 10/x in such a way that 
its abscissa changes at a constant rate of 1 unit per second. 
At what rate is its ordinate changing at the point (5, 2)? 

247. At what point on the parabola y? = 18 2 is the ordinate changing 
twice as fast as the abscissa ? 

248. One side of a rectangle has fixed length a = 10 em, while the 
other one 6 increases at the rate 4 cm/sec. At what rate is (a) the 
diagonal, (b) the area, of the rectangle increasing at the moment 
when b = 30 cm? 

249. A point moves on the spiral r = a6 (a = 10 cm) in such a way 
that the angle 6 changes at the rate of 6° per second. Find the 
rate at which r changes when it has the value 25 cm. 

Find the second derivatives of the following functions 250—256: 

250. 28 + 7a® — 5a + 4. 251. e*. 252. sin? x. 253. log (1 + 2?)*'*. 
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254. log « + Ya? + 22. 255. (1 + 2”) arctan x. 256. (arcsin z)*. 

257. Show that the function y = > x?-+ 2+ 1 satisfies the differential 
equation 2yy” = 1+ y”. 

258. Show that the function y =} 2%e* satisfies the differential 
equation y” ~ 2y’ +y =e". 

259. Show that for any values of the constants c, and ¢,, the function 
y =c,e * + ¢,e~™ satisfies the equation y” + 3y’ + 2y = 0. 
260.Show that the function y =e sin 5x satisfies the equation 

y” — 4y’ + 29y = 0. 

261. 1f y = 2° — 5a? + Tx — 2, find y’”’. 

262. If f(x) = (2a — 3)5, find f”’(3). 

263. Find y™ for the function y = log(1 + 2). 

264. Find y” for the function y = sin 2z. 

265. Show that the function y = e-*cos2 satisfies the differential 
equation y® + 4y = 0. 

266. If f(z) = e* sin x, find f(0), f’(0), f’(0) and f’’’(0). 

267. If the motion of a point along the z-axis is governed by the 
equation x = 100 + 5¢ — 0.001#3, find the velocity and acceler- 
ation of the point at the instants t= 0, = 1, ¢ = 10. 

268. Find the nth derivative of (ax +b)", n being a positive 
integer. 

269. Find the nth derivative of the functions (a) (1 — 2)~}, 
(b) x2, 

270. Find the nth derivative of the functions: (a) sin x; (b) cos 2x; 
(c) e~**; (2) log(1 + 2); (e) (1+.2)~4; (f) (1 + 2)/(1 — 2); (g) sin? a; 
(h) log(ax + b). 

271. Using Leibniz’s formula find the nth derivative of the functions: 
(a) we*; (b) 2 e~**; (c) (1—a*) cos x; (d) y = (1 + 2)/Vax; (e) x log a. 

272. If f (x) = log [1/(1 — x)], find #™ (0). 

In Exercises 273—276 find d*y/dz?: 

273. (a) « = logt, y = #8; (b) « = arctant, y = log(l1+#); () x= 
= arcsint, y= /1 —?. 

274. (a) x = acost, y= asint; (b) x = a(é — siné), y = a(1 — cost); 
(c) x=acos*t?, y=asin't; (d) x= a(sint—teost); y= 
= a(cost¢ + #sin 2). 

275. (a) x = cos 2t, y = sin?t; (b) x =e %, y = e”, 

276. x = are tant, y = 2/2; (6) x=logi, y= (1 — #)71. 

277. Find d?z/dy? if 2 = e' cost, y = e! sint. 

278. Find d?y/dz? for t = 0 if « = log(l1 +), y= #. 
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279. Show that if y is defined as a function of x through the parametric 
equations x = sint, y = acl + be Vt where @ and 6 are con- 
stants, it satisfies the differential equation (1 — a) y” — wy’ = 2y. 

280. Find the increment Ay and the differential dy for the function 
y == 5a +- a? if w= 2 and Ax = 0.001. 

281. Without calculating the derivative find d(1 — 2) if x = 1 and 
Az = — 1/8. 

282. The area S of a square with side of length x is given by the for- 
mula S = x. Find the increment and differential in S when x 
takes an increment Az and give a geometrical interpretation of 
the results. 

283. Give a geometrical interpretation of the increment and differen- 
tial for the following functions: (a) area of a circle S = xa’; 
(6) volume of a cube v = 2’. 

284. Prove that as Az-—>0 the increment in the function y = 2* 
corresponding to an increment of amount Az in x is equal to 
(2° log 2) Az. 

285. For what value of x is the differential of the function y = 2? 
not equivalent to the increment of the function as Ax —> 0? 

286. Has the function y = | x | a differential at « = 0% 

287. Making use of the derivative, find the differential of the function 
y == cos @ for z= 2/6 and Ax = 7/36. 

289. Replacing the increment by the differential of the function, 
calculate approximately :(a) cos 61°; (b) tan 44°; (c) e°'*; (d) log 0.9; 
(e) are tan 1.05. 

290. Find the approximate value of the increase in the volume of a 
sphere of radius 15 cm when its radius is increased by 2 mm. 

291. Prove that, approximately, 


Yep de =Yr+—, 
2 la 
and use this result to find approximate values of Y5, 17, 70, 
640. 
292. Prove that, approximately, 
y ; Az 
Ya+ Az = Ya-+ ——; 
3 Va? 


3 3 3 
and find approximately the values of /10, 70, 200. 
293. Find approximate values of the functions: (a) #3 — 4a? + 5a + 3 
when x = 1.03; (6) V1 +a when x = 0.2; (c) /(1—-2)/(1 + 2) 


when x = 0.1; (d) e*~** when aw = 1.05. 
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294. Find an approximation to the value of tan 45°3’20’. 

295.Show that on the intervals —1<2<0 and 0<2< 1, the 
function f(z) = x — x satisfies Rolle’s theorem. Find the corres- 
ponding value of the mean value & in Rolle’s formula. 


3 
296. The function f(x) = /z—2? assumes the equal values f(0) = 


= f(4) = \4 at the end-points of the interval [0, 4]. Does this 
function satisfy the conditions of Rolle’s theorem in [0, 4]? 

297. Does the function f(x) = tan x satisfy the conditions of Rolle’s 
theorem in [0, 2]? 

298. If f(x) = x(a + I)(a + 2)(27-+ 3), show that the equation 
f’(z) = 0 has three real roots. 

299. The equation e* = 1+ 2% obviously has the root 2 = 0; show 
that it has no other real root. 

Evaluate the limits 300—311: 


a P l1—@2Z 
300. lim =“°5 = 5 =. 301. lim ——__—_—. 
sat = x1 (1—sin5 22) 
. — Si 2 = 
$03 fin. 2 303. lim sec? a — 2tan « 
x9 «FSI L l+cos 4% 
eae 
4 


304. lim (1 — x) tan (7 2). 305. lim cot xX are sin x. 
x>1 x0 


306. lim xre-*, (n> 0). 307. hm, x" sin (a/z), n > 0. 


1 


308. lim log x xlog (w — 1) 309. lim = 7 y sate: 
x1 ee 
310 Tim ( Bass eoecs) 311. (a) lim (2? +- y?) sin (1/zy) ; 
ae x--3 w—e—B a a y (1/xy) ; 
yO 
(b) lim-==¥_, Gy ime 
X—> oo x? + y? ‘ x—>0 os : 
you y—>2 
: “28 ye : eg -. et — y? 
(2) lim (1+2)’; () lim (f) lim ai 
yok yo y—>0 


312. Investigate the continuity of the function 
Ji—#@—y ife+Y<l 
| 0 ife+y>l 


313. Find the points of discontinuity of the following functions: 
(a) log Vx? + y?; (b) (@ — y)~*; (ce) (1 — 2 — y*)~3; (d) cos(1/ay). 
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Find the first derivatives 02/dx and d2z/dy of the functions 314—324: 

314.2 = 2 + y° — 3azy. 315. 2 = (x — y)/(u + y). 

316. z = y/x. 317. z = Ya? — 9. 

318. z = 2/Vx? + 2. 319. z= log [x + Va? + y?]. 320. z= are tan(y/x) 

321.2 = x. 322. z = exp(sin y/z). 

328. z = arcsin \/ (x? — y®)/(a? + y?). 324. 2 = logsin[(x + a) y~1/"]. 

325. If u = x”, find the derivatives u,, wy. 

326. If u = log(1 + ay) find u,, u,. 

327. Find offax, offey at (2, 1) if f(x, y) = Vay + aly. 

328. Find of/ox, af/oy, at the point (1, 2) for the function f(z, y) = 
= log(ay). 

329. For the function f(x, y) = xy find the total increment 4f and 
the total differential df at the point (1, 2). Calculate Af — df 
if (a) Av = 1, Ay = 2; (b) dx = 0.1, Ay = 0.2. 

330. For any pair of functions u, v, show that (a) d(u + v) = du + dv; 
(6) d(uv) = udv + vdu; (c)d (u/v) = (vdu — udv)/v*. 

Find the total differential of the following functions: 

331.2 = 23+ y° — 3ay. 332. 2 = wy? 333, 2 = (2? — y?)/(x? + y?). 

334. z = sin? a + cos? y. 335. z = yx”. 336. z = log(z? + y?). 

337. f = log(1 + 2/y). 

338. One side of a rectangle is a == 10 cm, the other is b = 24 cm. Find 
the approximate change in the length of the diagonal J (by cal- 
culating dl) when a is increased by 4 mm and 0 is decreased by 
1 mm. Calculate the exact value Zl. 

339. Calculate approximately: (a) (1.02)>x (0.97)*; 

(b) (4.05)? + (2.93); (c) sin 32° x cos 59°. 

340.The period of a simple pendulum is given by the formula 
T = 2x Vig. Find the change in 7' if there are changes a and £ 
in J and g respectively. 

341, Find dz/dé if z = x/y where x = e', y = log t. 

342 Find du/dt if w = log sin(wy~') where a = 3¢, y = 1+ #. 

343. Find du/dt if u = xyz where x = 1 + #, y = logt,z = tant. 

344, Find du/dt if u = (2? + y*)~" z, where x = Roost, y =F sin t, 
ge A, 

345. Find dz/dx if z = wu’, where u = sin 2, v = cos 2. 


CHAPTER III 


INTEGRATION: THEORY AND APPLICATIONS 


§ 8. Basic problems of the integral calculus. 
The indefinite integral 


86. The concept of an indefinite integral. One of the basic tasks of 
the differential calculus is to find the derivative or differential of a 
given function. 

The primary task of the integral calculus consists in the converse — 
finding the function, given its derivative or differential. 

Let the derivative 


y’ = f(a) 


dy = f(x) dx 
be given of the unknown function y. 
A function F(x), possessing a given function f(x) as its derivative, or 
f(x)dx as its differential, is called a primitive of the given function f(z). 
If, for example, 


or differential 


f(2) =o, 
a primitive of the function will be F(x) = + x3; we have, in fact, 
1 3 . pau 1 2 p2 


Suppose that a primitive F(x) of the given function f(x) has been 

found, so that we have the relationship 
F’(x) = f(z). 

Since the derivative of an arbitrary constant C is equal to zero, 

we also have: 
[F(x) + C]’ = F(x) = fz) , 

ie. the function F(x) + C is also a primitive of f(z). 

Hence it follows that, if the problem of finding a primitive has 
one solution, it will have an infinity of further solutions, differing 
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from the first by an arbitrary constant. On the other hand, it can 
be shown that there are no other solutions apart from these, Le. 
If F(a) is any one primitive of a given function f(x), any other primi- 
tive has the form : 
F(x) + C, 
where C is an arbitrary constant. 
Let F(x) be any function, whose derivative is f(a) . We have: 


Fi(2) = fe). 
On the other hand, F(x) possesses the derivative f(x), ie. 
F’(x) = f(z). 
Subtracting this equation from the previous one, we get: 
Fi (x) — F’(x) = [Fy(x) — F(z) = 0, 
whence, by the theorem proved in [63]: 
Pia) — F@) =C, 


where C is a constant: which it was required to prove. 

The result we have obtained can also be formulated as: If the deriva- 
tives (or differentials) of two functions are identically equal, the functions 
themselves differ only by a constant. 

The most general expression for a primitive is also referred to as the 
indefinite integral of the given function f(x), or of the given differential 
f(x)dx, and is denoted by the symbol 


Sfla)da , 


f(x) being referred to as the integrand, and f(x)dx as the integrand 
expression. 

Having found one primitive F(x), we can write, by what was 
shown above: 

Sf (a)da = F(x) +C, 

where C is an arbitrary constant. 

Mechanical and geometrical interpretations can be given of the 
indefinite integral. Suppose we have a law giving an analytic relation- 
ship between velocity and time: 


v=fi), 
and we want to express the path s in terms of time. Since the velocity 
of a point in a given trajectory is the derivative ds/dt of the path 
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with respect to time, the problem reduces to finding a primitive of 
the function f(t), i.e. 


s = (f(t) dé. 


We get an infinite number of solutions, differing by a constant 
term. This lack of precision in the answer results from us not fixing 
the point from which the traversed path s 
is measured. If, for instance, v = gt + v, 
(uniformly accelerated motion), we obtain 
the expression for s: 


$= Gg? + Ht +O, (1) 


because, as is easily shown, the deriva- 
tive of (1) with respect to ¢ coincides 
with the given expression v = gt -}+ U9. 
If we agree to measure s from the point 
corresponding to ¢ = 0, i.e. if we agree 
to take s= 0 at t= 0, we have to put the constant C = 0 in (1). 
Of course it is of no significance that we have denoted the inde- 
pendent variable by ¢ in the above discussion, and not by x. 

We now pass to the geometrical interpretation of the problem of 
finding a primitive. The relationship y’ = f(x) shows that the graph 
of any required primitive, or, as we usually say, of any integral 
curve: 


Fre. 114 


y = F(z), 
is such that the tangent to the curve for any given x has the direc- 
tion determined by the slope 


y’ = f(z). (2) 


In other words, the direction of the tangent to the curve is given 
by (2) for any given value of the independent variable x; the problem 
is to find this curve. Having constructed one such integral curve, all 
the curves obtained by moving this by any amount in a direction parallel 
to the axis OY will have parallel tangents with the same slope 
y’ = f(z) as in the case of the initial curve, given the same value 
of x (Fig. 114). The parallel shift referred to is equivalent to adding 
a constant C to the ordinate of the curve; and the general equation 
of the curves, giving solutions of the problem, will be: 


y = F(z) +C. (3) 
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In order to define fully the position of a curve, i.e. to fully define 
the expression for the primitive, a point must be assigned through 
which the integral curve must pass. The point assigned may be the 
point of intersection of the curve with a line 


t= 2, 


parallel to the axis O Y. Thisis equivalent to assigning the initial value y, 
that the required function y = F(x) takes for the given value z = 2). 
We substitute this initial value in equation (3), and obtain an equa- 
tion defining the arbitrary constant C: 


Yo = F(x.) +C, 


so that finally, the primitive satisfying our initial condition will 
have the form: 


y = F(x) + [yo — F(x)]. 


Before examining the properties of the indefinite integral, and 
methods for finding the primitive, we note a second basic problem 
of the integral calculus, and examine it from the point of view of 
the problem already stated — namely, that of finding the primitive. 
A new concept is essential for what follows, this being the concept 
of a definite integral. We choose a natural approach here by starting 
from the intuitive idea of area, which also enables us to examine the 
connection between the concepts of definite integral and primitive. 
The discussion of the next two articles, based as it is on the intuitive 
idea of area, cannot be considered as a rigorous proof of new facts. 
A logically rigorous approach to the fundamentals of the integral 
calculus is indicated at the end of [88], whilst a full discussion is 
given at the end of the present chapter. 


87. The definite integral as the limit of a sum. We take the graph 
of the function f(z) in the plane XOY, and assume that it consists 
of a continuous curve, lying wholly above OX, i.e. all ordinates of 
the graph are assumed positive. We consider the area S,, bounded 
by OX, the curve, and the two ordinates x= a and x=b (Fig. 115), 
and we try to find the magnitude of this area. We start by dividing 
the interval (a, 6) into » parts by means of the points: 


@ = Ly <i Uy <<. yy Oy =O. 
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The area S,, is now divided into n vertical strips, the length of 
base of the kth strip being (7, — x,_,). Let m, and M, respectively 
denote the least and greatest values of function f(x) in the interval 
(%_1, 2%), ie. the least and greatest ordinates of our graph in this 
interval. The area of the strip lies between the areas of the two rectang- 
les of heights m, and M, and having the common base (x, — ax_ ) 
(Fig. 116). These rectangles are the ‘interior’ and ‘‘exterior” rectang- 


Y 
¥ x 
x IS 
x 
0 Xx-1 Xk 


Fie. 115 Fie. 116 


Xn-1 Xn2b 


A* Xo9X,X2 


XK-1 XK 


les for the kth strip. The magnitude of the area of the kth strip is 
thus comprised between the areas of the rectangles in question, i.e. 
between the two numbers: 


My, (Ly — Lyz-1) and M, (2%, — 2-4), 


and hence the total area S,, will lie between the sums of the areas of 
these interior and exterior rectangles, i.e. Sg, lies between the sums: 


Sq = M, (Ly — Lo) 4+ Mg (Xo — Xy) +... + mM, (Uy, — My) +. + 
sb My —1 (Zp—1 — Lp—2) + My (Xp — Ly—1)s (4) 
S,, = M, (x, — ty) + My (x, — @,) +... + My, (e, — Uy4) +... + 
tt My —y (@p—-1 — Pn—2) + My (pq — Tp-1)- 
We thus have the inequality: 
Bn < Sap < Sp. (5) 


We now draw a mean rectangle in place of the interior and exterior 
rectangles for each strip, taking base (x, — 1) a8 usual but with 
the height taken as the ordinate f(é,) of our curve at any given point 


218 INTEGRATION: THEORY AND APPLICATIONS [87 


&, of the interval (2,_1, a) (Fig. 117). We consider the sum of the 
areas of these mean rectangles: 
Sn = F(Ex) (% — Xp) + f(E2) (e — 21) 4+. + IER) (Be — Let) + 
P sae + fE,-4) (Tha = In—2) + (En) (Z,, “= eB 


This, like the area Sy, will lie between the sums of the areas of 
the interior and exterior rectangles, i.e. we have 


(6) 


8, <8, <Sp. (7) 


We now indefinitely increase the number 
n of divisions of the interval (a, b), and 
so also make the greatest of the diffe- 
rences (x, — 2,1) tend to zero. Since 
f(z) is continuous by hypothesis, the 
difference (M;, — m,) between its greatest 
and least values in the interval (a,_4, 
2) will tend to zero with indefinite de- 
crease of the length of this interval, irre- 
spective of its positionin the fundamental interval (a, 6) (see the 
property of a continuous function in [85]). We thus have «, tend- 
ing to zero on passing to the above-mentioned limit, where ¢, 
is the greatest of the differences: 


(M,--m,), (Ml, — m,),.. (My, —m),.-.; 
(Mp1 = Mn—1)s (M,, - Mn). 


We now state the difference between the sums of the areas of the 
interior and exterior rectangles: 


S,-- 8, = (M, — My) (@ —— Xp) + (My — mg) (%2 — 2) +... + 
t+ (Mi, — 14) (Gp — Lys) Fe. + (My — Mp) (Bn — Lp—1); 


on replacing all the (MM, — m,) by the greatest difference ¢, and 
recalling that all the (%, — x,_,) are positive, we have: 


Sn — Bn < En (% — Lp) + En (Tq 2)+. ee 
Fen (U, — Ty) +... 4+ €) (t, — #24) 


Fie. 117 


i.e. 
Sy — 8, < &_(€&_ — To) = &, (b— @). 
We can thus write: 


0<8,— 5s, <&,(b —a), 
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le. 
lim (S,,—s8,) = 0. (8) 


N->0 


On the other hand, we had for any n: 
Sn < Sap < S,, (9) 


the magnitude of the area Sg, being a definite number. It follows 
directly from (8) and (9) that the magnitude of area S,, is the common 
limit of s,, and S,, i.e. of the areas of the interior and exterior rect- 
angles: 

lim 82 = lim Sr = Bad: 


But the sum S}, of the mean rectangles lies between s, and S,, as 
we have seen, so that this must also tend to the area Sqp, i.e. 


lim S, = Sop- 


The sum S;, is more general than s, or S,, inasmuch as we can 
arbitrarily choose the &, in the interval (%,_,, x,), and in particular, 
we can take f(é,) as equal to the least ordinate m, or the greatest 
ordinate M,. 

With these choices, the sum S/, transforms to s, or Sp. 

The above discussion leads us to the following: 

Suppose the function f(x) is continuous in an interval (a, b) ; suppose 
that, having divided the interval into n parts by the points 


OC By Ry Se Wye ee pe ek 


we find the corresponding value of the function f(é,) for any x = &, in 
the interval (x,_1, %,), and that we now form the sum : 


WA 


£(Ex) (%p_e — Vy—1)s (10)t 


1 


k 


then this sum tends to a definite limit on indefinite increase of the number 
n of divisions of the interval and on indefinite decrease of the greatest of 
the differences (x, — X,—3). This limit is equal to the area bounded by 
the axis OX, the graph of function f(x), and the two ordinates x = a 
and x = b. 


>) (&,) (t_ — &_,) is an abbreviated notation for the sum (6). 
k=l 
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The limit in question is referred to as the definite integral of the 
function f(z) with respect to the variable x between the lower limit 
x =a and the upper limit x = 6; it is denoted by: 


j f(x) da. 


We note that the existence of a limit J of the sum (10) in the case 
of indefinite decrease of the greatest of (7, — 2,.,) amounts to the 
following assertion: for any given 
positive « there exists a positive 
6 such that 


"1 


[— > f(Ex) (2_ — Lp1)| < = 


k=1 


Fre. 118 


for any chosen point &, in the 
interval (2,1, 2%), provided only 
that all the (positive) differences 2, — 2,_, < 6. This limit J is the 
definite integral. 

We have assumed above that the graph of f(x) is wholly located 
above axis OX, ie. that all the ordinates of the graph are positive. 
We now take the general case, where part of the graph is above OX, 
and part below (Fig. 118). 

If we form the sum (6) in this case, the terms f(&) (%, — %x-1) 
corresponding to parts of the graph below OX will be negative, since 
the difference (x, — 2,_1) is positive and the ordinate f(&,) is negative. 

The definite integral obtained on passing to the limit will reckon 
areas above OX with the (+) sign and areas below with the (—) sign, 
i.e. in the general case, the definite integral 


free) ae 


will give the algebraic sum of the areas included between OX, the graph 
of f(x), and the ordinates x = a and x = b. Areas above OX are here 
given the positive sign, and areas below, the negative sign. 

As will be seen later, finding the limit of a sum of the form (6) is 
not only involved in calculating areas, but is encountered in a wide 
variety of scientific problems. We take just one example. Let a certain 
point M be moving along axis OX from «=a to x = b. Letit be acted 
on by a certain force 7’, also directed along OX. If the force T is 
constant, the work done in moving the point from the position z = a 
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to « = b is given by the product R = T (6 — a), ie. the product of 
the magnitude of the force and the path traversed by the point. If the 
force T is variable, the above formula is no longer valid. Suppose that 
the magnitude of the force depends on the position of the point on OX, 
ie. we have 7' = f(z). 

To find the work done in this case, we subdivide the total path 
traversed by means of the points 


== iy <M << yy Oy Oy <=, 


and we take one of the intervals (7,_1, 7). We can take the force 
acting on the point as it moves from 2,_, to x, as constant, with an 
error that is smaller, the shorter the length (x, — x,_,), and we 
can set its value as f(é,) for some point &, of the interval (a,_1, x). 
Hence we obtain an approximate expression for the work done in 
the interval (2,1, 2x): 

Ry ~ f(Ex) (@_ — T-1): 


The total work done will be given approximately by: 


n 
k~> IE) (@_ — Ter): 
k=l 
On indefinite increase in the number 7 of subdivisions and on inde- 
finite decrease of the greatest of the differences (x, — x,%_1), we get 
in the limit a definite integral, accurately expressing the work done: 


R= §f(a)ae. 


Disregarding any possible geometrical or mechanical interpretations, 
we can now fix the concept of the definite integral of a function f(z) 
over the interval a < x < 6 as the limit of a sum of the form (6). The 
second basic task of the integral calculus is to study the properties 
of the definite integral and, above all, to evaluate it. If f(x) is a given 
function, and z = a and x = bare given numbers, the definite integral 


6 
§ f(x) de. 


is a determinate number. The { sign is a stylized letter S, recalling 
the summation that gives, in the limit, the magnitude of the definite 
integral. The expression under the integral, f(x) dz, recalls the form 
of the term in the summation, viz., f(&) (% ~.— %—1). The letter 2, 
standing under the sign of the definite integral, is usually referred to 
as the variable of integration. We note an important detail as regards 
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this letter. The magnitude of the integral is a determinate number, 
as already mentioned, and is of course not dependent on the notation x 
for the variable of integration; any letter can be used to denote the 
variable of integration in a definite integral. The choice has evidently 
no influence at all on the magnitude of the integral, which depends 
only on the ordinates of the graph of f(x) and on the limits of integration 
a and b. Since the notation for the independent variable plays no part, 
we have for instance: 


} feyar =F roar 


The second task of the integral calculus — that of evaluating the 
definite integral — consists in forming a sum of the form (6) and 
passing to the limit: This would seem a fairly complicated problem 
at first sight. We note that the number of terms in this sum increases 
indefinitely on passing to the limit, whilst each term tends to zero. 
Apart from this, the second task of the integral calculus would appear 
to have no connection with the first task, that of finding the primitive 
of a given function f(x). 

We show in the following article that both tasks are intimately 


6. 
related, and that evaluation of the definite integral { f(x) da is 
accomplished very simply, if the primitive of f(x) is known. 
88. The relation between the definite and indefinite integrals. We 


again consider the area S,, bounded by the axis OX, the graph of 
function f(x), and ordinates x = a and x = b, 


Fie. 119 


In addition to this area, we also consider a part of it, bounded by the 
left-hand ordinate x == a and by a movable ordinate, corresponding 
to a variable value of x (Fig. 119). The magnitude S,, of this latter 
area will evidently depend on where we locate the right-hand ordinate, 
ic. it is a function of x, represented by the definite integral of f(x), 
taken from the lower limit a to the upper limit x. Since the letter x is 
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used to denote the upper limit, we shall avoid confusion by denot- 
ing the variable of integration by a second letter, say ¢. We can 
thus write: 


Sox = { f(t) dt. (11) 


We have here a definite integral with a variable upper limit z, 
and its magnitude is clearly a function of this limit. We show that 
this function is one of the primitives of f(z). We find the derivative 
of the function by considering its increment AS,, for the increment 
Az of the independent vari- 
able z. We obviously have 
(Fig. 120): 


AS x, = area M,MNN,. 


We denote the least and 
greatest ordinates of the 
graph of f(z) in the interval 
(x, x + Ax) by m and M res- 
pectively. The curvilinear fig- 
ure M,MNN,, drawn on a 
larger scale in Fig. 120, will lie wholly inside the rectangle of height 
M and base Ax, and will contain the rectangle of height m and the 
same base; hence 


Fig. 120 


mAz < AS < MAz, 


or, dividing by Az: 


A 
m < Be <M. 


By the continuity of f(x), both m and M tend to the common limit 


M,M = f(x), the ordinate of the curve at the point 2, as Ax tends 


to zero; hence: 


_ ASax 
lim = = {(2). 


which is what we wanted to prove. We can formulate the result ob- 
tained as follows: a definite integral with a variable upper limit 


J “H(0) dt 


is a function of this upper limit, the derivative of which is equal to the 
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integrand f(x) at the upper limit. In other words, the definite integral 
with variable upper limit is a primitive of the integrand. 

Having established the connection between the concepts of definite 
and indefinite integral, we now show how the definite integral 


b 
3 f(x) dx 


can be evaluated, if the primitive F(x) of f(x) is known. The definite 
integral with variable upper limit is in fact a primitive of f(x), as we 
have shown, and we can write, by [86]: 


[Odi = F(a) +0, (12) 


a 
where C is a constant. We determine this constant by noting that 
the area S,, evidently vanishes if its right-hand ordinate coincides 
with the left-hand, i.e. if x =a; so that the left-hand side of (12) 
vanishes for x = a. Putting x = a in (12) thus gives us: 


0 = F(a) + C, ie. C = —F(a). 
Substituting for C in (12), we get: 
5 f(t) dt = F(x) — F(a). 


Finally, putting x = 6 here, we find: 


$10) dit = F(b)— F(a) or f f(@) dx = F(b)— F(a). (13) 


We thus arrive at the following fundamental rule, giving the magni- 
tude of a definite integral in terms of values of a primitive: the magni- 
tude of a definite integral is equal to the difference between the values of 
the primitive of the integrand at the upper and lower limits of inte- 
gration. 

The rule stated shows that finding a primitive, i.e. solving the 
first problem of the integral calculus, also solves the second problem, 
that of evaluating the definite integral; so that we do not need to 
carry out the complicated operations of forming the sum (6) and 
passing to the limit, in order to evaluate a definiteintegral. 


We take as an example the definite integral 
1 
{ a? da. 
a 


A primitive of the function 2? is 23/3 [86]. 
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We have by the rule we deduced:t 
1 
J 2da 1 3 ‘ 
x eS 2 = 
@ 


1 1 l 
— , Loe reeminn 3 _. , 
grea ge arg 


If we were to calculate this definite integral directly from its definition 
as the limit of a sum, without using the primitive, we should find ourselves 
with a much more complicated calculation, which is briefly reproduced. 
We divide the interval (0,1) into » equal parts with the points: 


1 2 n— 


1 
Oe oe an > <1. 


We now have the following n intervals: 


1 1 2 2 3 n—I 
Cn ge cers ae ery a ee 
n n n n n ” 
the length of each being equal to 1/n. We form the sum (6) with é, taken 
as the left-hand end of the interval, i.e. 
1 2 


§=0, =~ i= ere 


We have x, — x,_, = I/n for all the differences, and we note that the 
integrand f(z) = 2? has the values at the left-hand ends of the intervals: 


1 92 ye 
KE) =0, Hadas MA) =p es Ke) =. 
So we can write: 
1 
Beek ge (n— 1 
fot tim [Ox tee tae Me tet wx 
(14) 


x 


ae 124 22...4 (nm — 1)? 


n N->eO ni 
We find the sum in the numerator by noting the series of obvious equal- 
ities: 
(Q+1)3=143xl+3xPr4+hR 
(i + 2)8 = 1+ 3x24 3x2? + 23 
(1 + 3)? = 1+ 3x3 + 3x3? + 33 


[1 + (n P= 14 3(n 2 ) + 3(n = 1! al eee 9 
Adding term by term, we get: 
8134... tne (n—1I +31 t2+...4m@—)]+ 
be BU ES oe Ay ee eae es nee 1 


Neen anna b 
+ The symbol g(x)| denotes the difference [g(b) — ¢(a)]. 
a 
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Cancelling, and using the formula for the sum of an arithmetic progression, 
we can write: 


n= (n— 1) + 3M) spe orp gett mI} FIG, 
whence 
VW424+3%4...4(n—1P%?= sae _ nn =) SS 


Substituting the expression obtained in (14), we have: 
1 
_  n(a—1j(Qn—1) _ 
| x? dz = lim ni = 


0 Tt co 


l |: 1 1 2 1 
— — lim 1-—)(2~--)=4= 3. 
6 Jim ( nr 2 n 6 3 


We have now explained the basic problems of the integral calculus 
and their inter-relationship. We devote the next paragraph, to further 
consideration of the first problem, that of finding and investigating 
the properties of the indefinite integral. 

Our above discussion of the definite integral has been based on purely 
geometrical concepts, viz., on consideration of the areas Sg, and S,x. 
In particular, the proof of the basic fact that the sum (6) has a limit 
started from the assumption that there exists a definite area S,, for 
every continuous curve. This assumption has no sound basis for all 
its apparent obviousness and the only mathematically rigorous course 
would be in the opposite direction: to prove the existence of a limit S 
of the sum . 


n 
= P(E) (®_ — ®y-1) 
by direct analytic means, without regard to geometrical interpreta- 
tion, then use the limit for defining the area S,,. We give this proof 
at the end of the present chapter, and at the same time we make more 
general assumptions regarding f(z) than those of continuity. 

We also remark that a geometrical interpretation played an essen- 
tial part in proving the basic proposition that, given continuity of the 
integrand, the derivative of the definite integral with respect to 
its upper limit is equal to the value of the integrand at the upper 
limit. A rigorous analytic proof of this proposition is given in the 
next section. Combining this proof with the proof of the existence of 
a definite integral of a continuous function, we are able to assert that 
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& primitive exists for every continuous function, i. an indefinite 
integral exists. We describe the basic properties of the indefinite 
integral later, on the assumption that we are only concerned with 
continuous functions. 

We give a rigorous proof of the basic formula (13) when we come 
to describe the properties of definite integrals. Thus, the only un- 
proved fact that remains is the existence of a limit of the sum (10) 
for a continuous function f(x). This is proved at the end of the 
chapter, as already mentioned. 


89. Properties of indefinite integrals. We saw in [86] that any two 
primitives of a given function can only differ by a constant term. 
This leads us to the first property of indefinite integrals: 

I. Lf two functions or two differentials are identical, their indefinite 
integrals can only differ by a constant term. 

Conversely, to show that two functions differ by a constant term, 
it is sufficient to show that their derivatives (or differentials) are iden- 
tical. 

The next properties, II and III, follow immediately from the concept 
of indefinite integral as a primitive, ie. from the fact that the inde- 
finite integral 


f f(a) dx 


is a function such that its derivative with respect to x is equal to the 
integrand f(x), or that its differential is equal to the integrand expression 


f(x) da. 
II. The derivative of an indefinite integral is equal to the integrand, 
whilst its differential.is equal to the integrand expression : 


({ f(x) dix), = f(x); d f(x) da = f(x) de. (15) 
III. We have, along with (15): 
{F’(x) da = F(x) +C, 
and this can be rewritten [50] as: 
fdF(x) = F(z) +C, (16) 


which, combined with property II, gives: the signs d and 5 eliminate 
each other when juxtaposed in any order, provided we agree to neglect 
the arbitrary constant in the equation for an indefinite integral. 
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IV. A constant factor can be taken outside the integration sign : 
SAf(x) da = AS f(x) da +C.t (17) 


V. The integral of an algebraic sum is equal to the algebraic sum of 
the integrals of each term : 


c 


futo—w+...)da = fude + fede — fwde +...+0C. (18) 


Formulae (17) and (18) are easily seen to be correct by differen- 
tiating both sides and observing the identity of the derivatives ob- 
tained. For (17), for instance: 


(SAf@) da)’ = Afta); 
(AS f(a) dx + OY = A({f(2) de)’ = Af(a). 


90. Table of elementary integrals. This table is obtained by simply 
reading through the items of the table of elementary derivatives [49] 
in reverse order, when we get: 


fde=a+C. 
m gf tt : 
fe dz = el +C, if m¢—1. 
[ZB H=loge te. 
& 
farde=52-4+0. fe dr=e™+ 0. 
f sin cdz=—cos +0. J cos adx=sin x+C. 
d d 
sp = tan rt+C. = — ot e+. 
da dz ‘ 
ize = are tan + C. | yea = re sin e+. 


To check this table, it is sufficient to establish that the derivative 
of the right-hand side of each equation is identical with the 
integrand on the left. In general, knowledge of the function, of 
which a given function f(x) is the derivative, gives at once the indefi- 


¢ The arbitrary constant is sometimes not written down after an indefinite 
integral, it being assumed that the indefinite integral already contains such 
a term. Equation (17) then runs: 


 Afla)dx = A { fla)de. 
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nite integral of the latter. Usually, however, even in the simplest 
examples, the given functions are not to be found in the table of 
derivatives, which makes problems of the integral calculus a good 
deal more difficult to work out than those of the differential calculus. 
It is always a case of transforming the given integral to one contained 
in the table of elementary integrals. 

These transformations need experience and practice; they are facili- 
tated by use of the basic rules of the integral calculus to be found below. 


91. Integration by parts. If u, v are any two functions of x with 
continuous derivatives, we know that [50]: 


d(uv) = udv + vdu, or udv = d(uv) — vdu. 
This gives us, using properties I, V and III: 
Jude = {[d(uv) — vdu] + C = (d(wo) — fodu + C = 
= uv — fodu+C, 
leading to the formula for integration by parts : 
Judy = uw — fodu+C. (19) 


We use this to pass from evaluating (udv to evaluating {vdw, the 
latter being possibly simpler. 


Examplea. 1. i) log « da. 
Here we put 
u=logx, dx=dv, 
giving to start with: 


da 
du = ——, v=@2, 
ve 


whence by (19): 
| togede =a log « — [240-2 log e—2x+C. 


There is no need to write down the transformations separately in practiee; 
as much as possible of the working should be done mentally. 


2. fot atdx = (at et dx = (at de® = ate® — | eX de? = 
= atet — 2 [et ade, 


f et adz = { rde* = vo™ — { o% da = 0% x — e*, 
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which finally gives 
{ eo xt da = o%(a? — 2a + 2) 40. 


3. {sin x ‘x8 de = {a+ sine de = | 23 d(—cos a) = 


I 


—23 cos « — s (—cos x) dz? = —x3 cos # + 3 {2x cos # de = 


—z? cos a + 3 [atdsing = —x* cos x + 3a*sina — 3 { sina da? = 


I 


—2z? cos « + 32? sin z — 6 (aesine dz = 


—xz? cosa + 327 sina — 6 ‘ ad(—cos 2) = 


I 


—aicosa + 327% sing + 6x cos z — 6 | cosa dx = 


= —z% cosa + 32? sina + 6ecosz — 6sinz+C. 


The method indicated by these examples is used generally for 
evaluating integrals of the type: 
§ log x-a™dz, fe*x™da, { sin br-a™dx, | cos br-a™de, 


where m is any positive integer; care is. only needed to see that the 
power of x decreases with each successive transformation, until it 
reaches zero. 


92. Rule for change of variables, Examples. An integral Sf(x)da can 
often be simplified by introducing a new variable ¢ in place of 2, 
putting 

= gih). (20) 

An indefinite integral can be transformed simply by substituting the 

new variable in the integrand expression : 


Siw) dx = {f[p(t)] o’() dt + C. (21) 


This is proved from property I of [89] by showing the identity 
of the differentials of the left and right-hand sides of (21). We have 
on differentiating: 

d( (f(x) dx) = f(a) dx = fip(t)] p’(t) de, 
A(Sfle(t)] p’(é) dé) = fl] p’( dt. 
The inverse is often used instead of substitution (20): 


t = p(x) and yp’(x) dx = dé. 


EHzamoles. 


1. { (aw + b)™ dx (with m # —1). 
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The integral is simplified by substituting: 


ax-+b=t, adx = dt, doa, 


Setting these values in the integral given, we find: 


BS eva a. pet (ax + by7™ +3 
| (ax +) de fe dt = war +e. 


dz Lf dt _ 1, log (ax + 6) 
lazer a\Z-= eae a 


x - at x/a) 
3. ae sz 
late jai) ay aie eae 
—+ aro tan” +0 (substituting += 
=- are tan— (su stituting =<). 
dz d (x/a) - £ 
4, | ———— = | -—————_ = —+C. 
ears eco eee 
da 
¥x?ta_ 


We evaluate this integral by using Euler’s substitution, about which more 
will be said below. We introduce the new variable t given by the formula: 


Yepa=t—s, t=2+yepa- 


We square both sides to find x and dz: 


Los 
a 


iO: 


5. 


e—a 1 a 
2 = 2 Beet ep 
ea@ta=t Qia +27, x oy at ie 


?2—a 2 
Ver7+a=t— So aes a 


2t 2t 


tk a _l#+a 
de=>(1+G)a= 5a. 


On carrying out all these substitutions in the integral given, we have: 
2 
dz ={ 2 x Ete a= dt 
¥et+a : 


eta 2 
= log t+0 =log (x + Ya? +a) +0. 


6. The integral 
dz 


v2 — q? 


is evaluated by means of a special method, fully described later: that of 
splitting the integrand into partial fractions. 
Having factorized the denominator of the integrand: 


a? — a? = (% — a) (e +a), 


232 INTEGRATION: THEORY AND APPLICATIONS [92 


we write the integrand as a sum of simpler fractions: 


1 A B 
af 


a—a = a—a xa+t+a’ 


Constants A and B are found by clearing fractions: 
1= A(z -+a)+ Bla —a)= (A+ B)x-+a(A —B), 


which must be true for any x. We thus find A and B from 


Aes te BE, Bet Bee 


2a" 
We thus have: 
fa One eet eee oe 
a — te sce ~ seal 
_dx oil [J dz da |= 
leta-G x—@ et+a| 
1 1 z—a 
= 5, [log (2 — a) — log eG) eee sig log eG: 


7. Integrals of the more general type: 


mizt+n 
lorih« 


can be reduced to the forms already given by completing the square in the 
denominator of the integrand. We have: 


+petq=(e+ 5) +a—-=. 
We now put: 
atop, n=l sp, dz = dt, 
giving 
ma-n=m(t—5p) += At+B, 
where 


A=m and B=n—--mp. 


We finally put 
p* 
q- — = + a* > 


where the (+) or (—) sign must be taken in accordance with the sign of the 
left-hand side of this equation, a being taken positive; so that we can rewrite 
the given integral as: 


mr -+n _ fAt+B i, tdt di 
leetie ~ ) @+ a? t= Al oat Bl apa 
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The first of these integrals is evaluated at once by putting: 
VP+tat=2z; dt = dz, 
which gives 


dt olde 1 1 , 
Iw =5/f=_7s z= -5 log (#? + a’). 


The second integral has the form calculated in Example 3 (for +) or 6 
(for —). 


8. Integrals of the type 
me-+n 


Va? + pa+q 
can be reduced to known forms by the same method of completing the square. 
Using the notation of Example 7, we can rewrite the integral as 
ma+tn dr = At At+ B Ba 
Vx? + pr+q Vee + a 


pt 
b= + a? = g — — 
— ( q 2) 


eee =. +B 
yiz-+6 = 
The first of these integrals is evaluated by substituting 
CP+b=22, 2tdt = 2edz, 


The second integral was worked out in Example 5 and is equal to log (¢-+ #6) 
9. A similar method of completing the square can be used to reduce 


giving 


eas 
Vq+ px — x? 


dt 
B, [ee : 


[yee = FHF +e 


Ya? — 22 — 22 


to the form: 


where we have 


by using the substitution a? — ¢? = z*. The second integral is worked out 
in Example 4. 


10. f sint ede — FHA ar = 5 (v— F sin 22) +0= 
2 2 2 
=} (e—sin & cos z)+C. 
feos ndx = [toe = de=y(e+ 4 sin 2x) + C= 


1 
= (@ + sin zx cos x) +C. 
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ll. The integral 
Sa Fade 
is reduced to a known form with the aid of integration by parts: 
Sat 7 ade =x)z?pa~fe.d\2?+a= 


= 2V8 Fa~ fe — de 
Va? +a 


Adding and subtracting @ in the numerator of the last integrand, we can 
rewrite the above equation as 


[la FadenxVat Fa [Yar Fade+a fo, 
era 


or 


__ de 
Vz +a’ 


2 [Vat Fade =e aratal 
whence finally: 
[Y¥etFade= > [el Fata log (w@ +2? + a)]+C. 


93. Examples of differential equations of the first order. We considered 
some elementary differential equations in [51]. The general form of a first 
order differential equation is 


F(x, y, y’) = 0. 


This is a relationship connecting the independent variable x, the unknown 
function y and its first derivative y’. The equation can usually be solved with 
respect to y’ and rewritten as: 


y =f(zZ,y), 


where f(z, y) is a known function of # and y. 

We only pause to consider a few elementary examples, the general case 
of the equation being dealt with in Volume II. 

Equation with separable variables. The function f(z, y) is given here as the 
ratio of two functions, one of which only contains x, and the other only y: 


ped cde 22 
vty)” — 
Since y’ = dy/dx , we can rewrite this equation as: 
vy) dy = g(x) dx, 


so that we have only 2 on one side, and only y on the other side: this is re- 
ferred to as separating the variables. Since 


vy) dy = 4 [ yly) dy, (x) de = d { g(x) de, 
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we have by property 1 [89]: 
J vy) dy = { (2) da +, (23) 


whence the required function y can be found by integration. 

Examples. 1. Chemical reaction of the first order. Denoting the amount 
of substance at the start of the reaction by a, and the amount taking part 
in the reaction at the instant t by 2, we have the equation [51): 


da 
ae oe 2)» (24) 
where c is a constant of the reaction. We also have the condition: 


x = (0. (25) 


f=0 


Separating the variables gives: 


da 


and integrating: 


dx 
= = [ed +o,; —log (a—2)=ct+C,, 


where C, is an arbitrary constant. Hence, 
a—x2=-oe ta det, 
where C = ©: is also an arbitrary constant. The constant can be found by 
using condition (25), giving us a = C for t = 0 from the last equation; so 
that finally: 
a= a(l — eo), 


2. Chemical reaction of the second order. Suppose amounts a and b of two 
substances, measured in gram-molecules, are in solution at the start of the 
reaction. Suppose that equal quantities x, of the two substances, take part 
in the reaction at time ¢, so that the amounts remaining of the substances 
are a— wx and b — a. 

By the basic law of chemical reactions of the second order, the reaction 
takes place with a speed proportional to the product of the remaining amounts, 
i.e. 

dx 


“ar Mla 2) (b= 2): 


This equation has to be integrated, with the initial condition 
& |pny =O. 
Separating the variables gives 


da 


Wa boa 
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and integrating: 


dz 
(eauesye ere por 
where C, is an arbitrary constant. 
We use the method of partial fractions to evaluate the integral on the left 
(Example 6) [92]: 
_ A B 
(a—2z)(b-—-2) a—2x + b—2 ’ 


1 = A(b ~ 2) + Bla — 2) = —(A + B)a + (Ab + Ba), 


so that 
—(A+ B)=0; Ab+ Ba=1, 
whence 
1 
BBS b—a 
Hence 
i daz 1 [| da da | 
(a — a) (b— x) b—a a—-x b—-2 
7 ] lo b—«2x 
rot Wha os ge 
b—x 
log ae = (b — a) kt + (6 — a)C,, 
b- 2% __ Gelo-aut 
a—x : 
where 
C= eM | 


The required function of x is now found 
without difficulty. 

Fie. 121 We propose that the reader work out the 
special case of a= b, when the above formula 
becomes meaningless. 

3. To find all the curves intercepting radius-vectors from the origin at a 
constant angle} (Fig. 121). 
Let M(x, y) be a point of a required curve. We have from the figure: 


Mo=a-— 4, 


tana — tan @ 
tan w = tan (a — 0) = 1+tanatan6 


1+y’ - 


f In general, the angle between two curves is defined as the angle between 
their tangents at the point of intersection. 
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Let tan w = constant=I/a; on multiplying up, we get the differential 
equation in the form: 


a+ yy’ =aly’x—y), 
or, multiplying both sides by dz, 
ada -+- ydy = a(ady — ydz). (27) 


This equation is oasily integrated, if we ‘transform from rectangular co- 
ordinates x, y to polar coordinates 7, 6, with OX as polar axis, and the origin 
O as pole. We have [82]: 


we? + y? = Pr, @=arctan—, 
whence 
1 y _ «xdy — ydx 
ada + ydy = rdr, ary d— TS goa 
et 
Equation (27) now becomes: 
rdr = ar? dé i.e. sal = adé. 


We get on integration: 
logr = a9 4+C,, r= Cc™, where C = &. 


The curves obtained are called logarithmic spirals [83}. 


§ 9. Properties of the definite integral 


94, Basic properties of the definite integral. We have seen that the 
definite integral 


b 
J fle) de (1) 
is the limit of a sum of the form: 
n 
ER) (Ge = Tees) (Wea < Fe < %)- (2) 
k=l 


We have assumed here that a < b and correspondingly 2,_; < 2% 
If we have a > 6, integral (1) can be defined as before as the limit 
of the sum (2), except that now we have: 
CAS Soe oe ad Sa Sy es a 


ie. all the differences x, — v,_, are negative. Finally, if we reverse 
limits a and 8, i.e. we take a as upper limit and 6 as lower limit, 
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the points x, of the interval must now be taken in the reverse order, 
whilst all (2; — 2,1) in (2) change sign, so that the sum itself and 
its limit change sign, i.e. 


Sie) da = — fhe dz. (3) 


Further, on interpreting the definite integral as an area, it is natural 
to take 


f f(a) de = 0. (4) 
We also note the obvious equality: 

b 

fdv=b—a. (5) 


The function under the integral is here equal to unity for all x, so that 


b 
§ dx = lim [(x, —a) + (#, — 2) + (&g — %) +...+ 


os (Tp—1 = Ln) 8 (0 p< 1) Js 


but the expression in square brackets is equal to the constant (6 — a). 
Evidently [87], (5) gives the area of a rectangle of base (6 — a) and 
unit height. 

We can now start by noting three properties of definite integrals: 

I. The value of a definite integral with identical upper and lower 
limits ts zero. ° 

II. A definite integral preserves its absolute value and merely changes 
sign, on interchanging the upper and lower limits : 


For a < b, this property can be taken as defining the integral from 
6 to a. It is naturally assumed that the integral on the right exists. 
Jil. The magnitude of a definite integral is independent of the notation 
for the variable of integration : 
b b 
Sila) de = {fo a 


a 


This has already been explained in [87]. 
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The functions we consider will in future be assumed continuous in 
the interval of integration, unless there is a proviso to the contrary. 
IV. Given a series of numbers 


O00; S225 11, 


arranged in any order, we have: 


Je) de = f'fee) da + F fla) det... + SH) (6 


a 


It suffices to establish this formula for the case of three numbers 
a,b,c, the proof being then easily extended to cover any required 
number of terms. 

We first take a <b <c. We have by definition: 


f Ho) de = lim Sue eae) 


this limit being the same, irrespective of how we divide the interval 
(a, c), provided only that the greatest of the differences (x; — 2;_;) 
tends to zero, and their number increases indefinitely. We can decide 
to divide (a, c) so that b, lying between a and c, appears as one of the 
points of division. The sum 


Sie) (x; = ;_1) 


can now be split into two sums of the same form, one being found by 
dividing the interval (a,b) and the other by dividing (b,c), with 
the number of divisions increasing indefinitely in both cases, and with 
the greatest of the (x; — x;_,) tending to zero. These two sums will 
tend respectively to 


We )de and f(a) 


and we have finally: 


Za 


{ H(2) dz = lim SH) (2.4) = J fe \da -L {ie x) dz, 
a i=l 


which it was required to prove. 
Now let 6 lie outside (a,c), say a <c < b. We can write in this 
case: 


fr je) de = fey dn + 40) ae 
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whence 
c b o 
Jf (a) de = S fla) de — { f(x) de. 


But by property II: 
— fie dx = f } (a) de, 
ie. we again have 
Fite) de =F 42) ae + ffe) ae. 


All the other possible arrangements of the points can be considered 
in a similar way. 

V. A constant factor can be taken outside the definite integration 
sign, i.e. 


( Affe) de = Af f(2) ae, 
since ° : 


i Af (a) da = lim > Af(E) (v; — %-1) = 


i=] 


= Alim 3 f(G) (e;— 24) =A f flx) de. 


im} a 


VI. The definite integral of an algebraic sum is equal to the algebraic 
sum of the definite integrals of each term, since, e.g. 


f CMa) — play) de = lim S18) — 9B) (et; — 21-2) = 


i=l] 


= lim ¥ 4(&) (; — 2-1) — lim S o() (2; — 2.4) = 


i=1 


b 
=) f(x) da — fote) dz. 


ote 
t 
- 


95. Mean value theorem. VII. If functions f(x) and g(x) satisfy the 
condition 


f(x) < 9x) (7) 


in the interval (a, b), then 


Se) dx <fela)de (b> a) (8) 
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or briefly, an inequality can be integrated. 
We form the difference 


J 9(@)ax— Jia) ae = { Tole) — 2) de = 


n 
= lim Pa (e(&;) — HE)] (@:- 2-1). 

By inequality (7), the terms under the summation are positive, 
or at least, not negative. The same can therefore be said of the whole 
sum and of its limit, i.e. of the 
difference between the integrals, 
whence follows inequality (8). 

We also explain the above in 
geometrical terms. We first sup- 
pose that both curves 


y = f(x), y = oz) Fie. 122 


lie above OX (Fig. 122). Then 

the figure bounded by the curve y = f(x), OX and the ordinates 

x =a and x = 8, lies entirely within the similar figure bounded by 
= g(x), and hence the area of the first figure cannot exceed 

that of the second figure, i.e. 


i {(x)da< ; g(x) da. 


The general case, with any arrangement of the given curves relative 
to OX, whilst preserving condition (7), follows from the above by 
giving the figure an upward displacement so that both curves appear 
above OX; this displacement adds the same term ¢ to both functions 
f(x) and g(x), and the same rectangular area with base (b — a) and 
height ¢ to the area of both figures, so that the inequality remains 
valid. 

Corotiary. If we have in the interval (a, b): 


\ f(z) |< 9) <M, (9) 
then 


b 
{ Ha) da 


In fact, (9) is equivalent to: 


< f 92) dz < M(b —a) (b> a). (10) 


—M < — 9(2) < f(z) < 9) < M. 


242 INTEGRATION: THEORY AND APPLICATIONS [95 
Integrating these inequalities from a to 6 (property VII) and using 
(5), we get: 
b b 
— M(b—a) < — Se) da < { f(x) da < { y(x)dx < M(b—a), 
a a 


which is et to inequality (10). 
Setting v(x) = | f(x) |, (10) gives the important inequality: 


< fa) |ae, (10,) 


which is a generalization for the case of an integral of the well-known 
property of a sum: the absolute magnitude of a sum is less than or 
equal to the sum of the absolute magnitudes of the component terms. 
It is easily seen that the sign of equality is obtained in the above for- 
mula only in the case when f(x) does not change sign in the interval 
(a, b). 

An extremely important theorem also follows from property VII. 

Mean value theorem. If the function (x) preserves its sign in the 
interval (a, b), then 


S12) o(2) dx = 48) § 9) a a1) 


where & lies in the interval (a, b). 

For clarity, we shall take g(x) > 0 in the interval (a, b), whilst we 
denote the least and greatest values of f(x) in (a,6) by m and M 
respectively. Since clearly 

m<f(z) <M 


(the signs of equality being obtained simultaneously only when f(z) 
is constant), and y(x) > 0, then 


mo(x) < f(x) p(x) < Moz) , 
and by property VII, taking b > a, 


2 <{fe) pede <M f(a) de 


Hence it is clear that there is a number P, satisfying m < P < M, 
such that 


b 


a 


J fe) (a) de = P Fo (2) de, (2) 
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Since f(x) is continuous, it takes in (a, 6) all values included between 
m and M, one of these being P [385]. Hence there exists ¢ in (a, 6) 
such that 

f(8) =P 
which proves formula (11). 

If y(x) < 0 in (a, b), then —g(x) > 0 in (a, b). We get by applying 

the theorem just proved: 


fe)t9 (2)] de = 718) (T= o(2)] de 


on taking the (—) sign outside the sign of integration and multiplying 
both sides by (—1), we arrive at formula (11). 


Fie. 123 


If 6b < a, we have from the above in exactly the same way: 


Lia) ole) dx = 118) foley ae 


Interchanging the limits of integration on both sides and multiply- 
ing by (—1), we arrive at (11), which is thus proved in general. 

On putting (x) = 1, we obtain an important particular case of the 
mean value theorem : 


fre) da = je) fav = f(é) (6 — a). (13) 


The value of a definite integral is equal to the product of the length of 
the interval of integration and the value of the integrand for some value 
of the independent variable lying in the interval. 

This length must be taken with the (—) sign if a > b. This propo- 
sition means geometrically that, given the area bounded by any curve, 
OX and two ordinates x =a and x=), it is always possible to 
find a rectangle of the same area with the same base (b — a) and 
with height equal to some ordinate of the curve in the interval (a, 6) 
(Fig. 123). 
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It is easily shown that the ¢ appearing in (11) and (13) can always 
be taken as lying inside (a, 6). 


96. Existence of the primitives. VIII. If the upper limit of a definite 
integral is a variable, the derivative of the integral with respect to the 
upper limit is equal to the value of the integrand at the upper limit. 

We note that the value of 


b 
; (x) da 


depends on the limits of integration a and 8, given the integrand f(z). 
We consider 


x 
J F(t) dt, 
a 
with constant lower limit a and variable upper limit x, the variable 


of integration being denoted by ¢ to distinguish it from the upper limit 
x. The value of this integral will be a function of z: 


x 
F (x) = {f (t)dt. (14) 
We have to show that . 
aF (x 
=H (a) 


We prove this by finding the derivative of F(x) directly from the 
definition of [45]: 


We have: 


x+ 


h x xth 
F (a + h) = f (t) dt = f f (t) dé ate f(t) dt 
(by property IV), whence: 
F(cth=Fe) +f fae, 


F(ie+th)—F L-aett 
and Att At) 4 f f (t) dt. 


x 


Using (13), we have: 


x+h 


J fidt= (8-4, 
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where é lies in the interval (x, z + h); hence 


F(x@+hj)— F(x) 
Fete Fe) _ 7). 


As h tends to zero, £, lying between x and x¢ + h, tends to x, and 
by the continuity of f(x), f(&) tends to f(z), so that 


dF (2) = lim F(x+h) — F (x) 


= lim f (2) =f(c), 
h-»0 


which it was required to prove. 

We note that A can only be given positive values for x = a, and 
only negative values for z = b (with a <b), whilst F(x) has the deriva- 
tive f(x) throughout (a, b) (closed). We have already discussed in [46] 
the definiton of the derivative at the ends of a closed interval. 

The corollary follows [45] that the definite integral F(x), considered 
as a function of the upper limit x, is continuous in (a, b), where we must 
take F(a) = 0. 

We remark that if we apply the mean value theorem to integral (14), 
we get F(x) = f(§&) (x — a), whence it follows that F(x) > 0 as x— a. 
It also follows from the above discussion that: 

IX. Every continuous function f(x) has a primitive or indefinite 
integral. . 

Function (14) is the primitive of f(z), which vanishes for x = a. 

If F,(z) is one primitive, then as we saw in [88]: 


(}(a) de = F, (0) — F(a). (18) 


a 


97. Discontinuities of the integrand. It has been assumed in all the 
above discussions that the integrand f(x) is continuous throughout the 
interval (a, 6) of integration. 

We now introduce the concept of integral for various disosneinubus 
functions. 

If the integrand f(x) has a discontinuity at a point c of the interval 
(a, b), whilst each of the integrals 


I feac,  Si@de  @<d) 


tends to a definite limit as the positive numbers e’ and e” tend to zero, 
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these limits are referred to as the definite integrals of f(x) between (a, c) 
and (c, b) respectively, i.e. 


ff teyde= Jim {7 (a) ae, 


b b 

\ f(a) dz = lim S f(z)dz, 
e &>+0 c+e” 

if these limits exist. 


We take in this case: 


b 


Sieyae= fear + {7 (a) ae. 


a 


The function F(x) defined by (14) is easily seen to have the following 
properties: 
F’(x) = f(z) for every point of (a, b) except x= c, and F(x) is 
continuous throughout (a, b), excluding x = c. 
‘If ¢ coincides with one end of (a, 6), only one of the limits has to be 
considered, either — 


lim (7 (x)dz or lim a, (a) dx 
s>+0 a 


s>+0 ate 


Finally, if we have more than one point of discontinuity c in (a, 8), 
the interval must be divided so that there is only one point of 
discontinuity in each interval. 

Having agreed to attach the above meaning to the symbol 


b 
Stteyae, 
property IX and formula (15): 


i (x) dx = FP, (0) — F, (a) 


will certainly be valid if F’(x) = f(x) for every point of (a, 6) except 
x=c, and F,(x) is continuous throughout (a,b), excluding x = c. 

It is sufficient to prove this assertion for one discontinuity c inside 
(a, b), since the case of several discontinuities and the case of c= a 
or c = 6 follow in a similar way. 
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Since f(z) is continuous in the intervals (a,c — e«’), (¢ + &”, b), 
we can apply (15) to these intervals, which gives: 


c 


(f(a) de = P(e —&’) — F,(@), 


b 
jf @de = Fi) — Fy (c +e"). 
We can write, by the continuity of F(z): 


Sia) dx = lim [Fy (ee) — Fy ()} = Fy (6) — Fy(@), 


Ji@)de = lim (7, —Fet+eN=FhO-Ke, 
Via)de= ff(@)de+ fi (2) de = 
=F, () — F(a) + LF, (0) — Fy (01 = FLO — F(a), 


which it was required to prove. 


The case in question is encountered geometrically when a curve y = f(x) 
has a discontinuity at a point c yet the the area under the curve always exists. 
Take, for instance, the graph of a function 
defined as follows: Y 


[Qs et for 0<a@<2, 


f(z)=2 for 2<2<3 


(Fig. 124). 

The area bounded by this curve, OX, 
the ordinate x = 0 and the variable 
ordinate 2 = 2,, is a continuous function 
of z, in spite of the fact that f(z) has 
a discontinuity at z= 2. On the other Fre. 124 
hand, it is easy to find a primitive of 
f(z) that will be continuous throughout 
the interval (0,3). Take, for instance, the function F(x) defined as follows: 


F,@=D4 50 for 0<a<2, 


2 
P, (x) ==> for 2<2<3. 
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We find, in fact, on differentiating: 


1 1 
FY @)=zrty 


in (0,2), and Fi(x) = a in (2,3). Furthermore, the two expressions for F',(zx) 
give the same value 2 for x = 2, which ensures the continuity of F(x). 

The area bounded by our curve, OX and the ordinates «=0 and 
a = 3, is given by: 


bo| © 


’ 


3 2 3 
REC ere hi leleet | payee Te) a0) 


which is easily checked directly from the figure. 


Fia. 125 


We take further the function y = 2~* (Fig. 125). It tends to infinity for 
x = 0, but its primitives remain continuous for this value of x, one primi- 
tive being 3z!/*; hence we can write: 


+1 a{tl 
§ a2 de=3s*| =6; 
—1 -1 


in other words, although the curve in question rises infinitely as 2 approaches 
zero, it still has a perfectly definite area between the ordinates s =—1 and 
z=], 

The primitive (— 1/x) of the function 1/x? itself tends to infinity for 
x == 0, so that (15) cannot be applied for this function in the case of zero 
lying inside the interval (a, 6); the curve of 1/x? does not possess a finite area 
for such an interval. 
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98. Infinite limits. The preceding discussion can be extended to the 
case of an infinite interval, on taking 


floyd = tim f f(x) de, (16) 
a (x) de = lim f fle) ax. (17) 


provided these limits exist. 

This proviso is certainly fulfilled if the primitive F(x) tends to a 
definite limit as x tends to (+ °c) or (— °). Denoting these limits 
directly by F,(+ cc) and F,(— ce), we have: 


f(x) dx = lim [F, (6) — F, (a)] = F,(+ oo) — F, (a), (18) 


She) de = jim (Fy) — Fy(a)] = F,0)—Fy(— 2), (19) 
+.c0 


{ f(x)da= { fx)de+ Jf fw)dr = Fy(+ oo) ~ F,(— 9), (20) 
this last being a generalization of (15) for the case of an infinite 
interval. 

Relationship (16) is often written as 


F F(a) dz = lim Fie) dx. 
a b+ 0 a 


Geometrically speaking, fulfilment of the above proviso means that 
the infinite branch of the curve y = f(x), corresponding to x» + 9, 
has an area. 

We have thus extended the concept of definite integral, originally 
established for a continuous function and a finite interval, to the 
cases of a discontinuous function and an infinite interval. This exten- 
sion is characterized by first finding the integral of a continuous func- 
tion for a shortened interval, then passing to the limit. Integrals 
obtained in this manner are distinguished from primitives by being 
referred to as improper integrals. 

We note that the integral of a discontinuous function in a finite 
interval has in some cases a direct significance as the limit of a sum 
(cf. [94]). We shall discuss this later [116]. This is the case, e.g., with 
the integral expressing the area shown in Fig. 124. In essence, there- 
fore, this integral will not be improper If, however, the integrand 
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is unbounded in the interval of integration (tends to infinity), or if 
this interval is infinite, the integral can then only exist in the im- 
proper form. 


Example. The curve y = 1/(1 + 2?) extends indefinitely for x = -too yet 
always bounds a finite area with axis OX (Fig. 126), since 


It should be recalled, when evaluating this integral, that an arbitrary 
value of the many-valued function arc tanz cannot be taken; the function 


Fig. 126 


must be defined as in [24] so that it becomes single-valued, i.e, its values 
lie between (— 2/2) and (+ 2/2); if this is not done, the above formula 
becomes meaningless. 


99. Change of variable for definite integrals. Let f(x) be continuous 
in the interval (a, b), or in the wider interval (A, B), discussed below. 
Further, let p(é) be a single-valued, continuous function with a con- 
tinuous derivative p’(f) in the interval (a, 8), where 


y(a) = @ and 9(f) = 3d. (21) 
We further suppose that o(f) does not move outside (a, b), or the 
wider interval (A, B), in which f(x) is continuous, when ¢ varies in 


(a, 8). The function of a function f[p(t)] is now a continuous function 
of ¢ in the interval (a, ). 


If, with these assumptions, we introduce a new variable of integra- 
tion ¢ in place of 2: 


t= y(t) ’ (22) 


the formula for transforming the definite integral is: 


b 8 
Jfle)dz = Stole (at. (23) 
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We prove this by introducing integrals with variable limits in place 
of those above: 


Fix) = {foldys Pl) = Slo) @)ae, 
By (22), F(x) is a function of a function of f: 
F(a) = Field] = fe) ay. 


We find its derivative by the rule for differentiation of a function of 
a function: 


dF(z) _ aF(x) da 
“dt dx dt’ 
whilst by property VIII [96]: 
dF 
Me) — f(x)s 
it also follows from (22) that 
d 
Fr = v(t), 
whence 
dF (x) 


qe A(z)’ () = Hl e(4)] ¢” ()- 


We now find the derivative of Y(t). We have by property VIII and 
the assumptions made: 


av(t , 
FO = fleOly (- 
Functions Y(¢) and F(x), considered as functions of ¢, thus have the 
same derivative in the interval (a, 8), and hence [89] can only differ 
by a constant; whilst we have for ¢ = a: 


x = (a) =a, F(z) ua = Fla) = 0; Pla) = 0, 


i.e. these two functions are equal for t = a and hence are equal for 
all ¢ in (a, 8). In particular, we have for ¢ = p: 


b B 
F(t) hp = F(b) = S fla) dx = f fle] y(t) ae 


which it was required to prove. 
The inverse: 


t = y(z) (24) 
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is very often used instead of substitution (22): 


x = g(t). 
Limits a and # are then immediately defined by: 


a= y(a), B = (6) , 


whilst it must be borne in mind that expression (22) for x, obtained by 
solving (24) with respect to x, must satisfy all the conditions mentioned 
above ; in particular, y(t) must be a single-valued function of ¢. It can 
be shown that (23) is invalid if y(f) lacks this property. 


+1 
We replace x in f dz=-2 by the new variable ¢, where ¢ = 2, and 
~1 


obtain an integral equal to zero from the right-hand side of (23), since its 
limits are the same, -+1; but this is impossible; the error arises due to 
the expression for x in terms of ¢: 


ee tf Ve 
being a many-valued function. 
Example. We call f(x) an even function of x if f(—a) = f(x), and an odd 
function if f(—ax) = —f(zx). 
For instance, cos 2 is an even function of x, and sin x an odd function. 
We show that 


+0 a 
S fa) de=2 f fle) de, 


if f(z) is even, and that 
+a 
{ f(2) de = 0, 
~—~a 


if f(z) is odd. 
We separate the integral into two parts [94, IV]: 


+a it} a. 
J Ha) da = J f(wyde+ J fa) dz. 
—a —t 0 


We make a change of variable, x = —t, in the first integral and use pro- 
perties II and III [94]: 


0 } a a 
Diede [Oar ide fia) ae, 
whence, substituting in the previous equation: 
+a a a a. 
Ae ae Layee ie) cee te) eee 


If f(x) is an even function, [f(—x) + f(x)] = 2f(x), whilst the sum in the 
square brackets is zero if f(a) is odd; and this proves our statement. 
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100. Integration by parts. In the case of definite integrals, the formula 
for integration by parts [91] can be put in the form 


f u(a) de(x) = u(x) v(x) = 4 v(x) du(x). (25) 


We integrate term by term the identity [91]: 
u(x) do(x) = d[u(x) v(x)] — v(x) dua) , 


and obtain, in fact: 


{ u(z) do(x = f atu (a v(v)] — i v(x) du (2x), 


whilst by property IX [96]: 


{acu =| Sieh ent dx = u(z) v(x) : 


a 


3 


and hence we get (25). Of course it is assumed that u(x) and v(x) have 
continuous derivatives in the interval (a, 6) 


Example. To evaluate: 


1 1 
an gt 


2° 

{ sin” xdz, { cos" wda. 
0 
We put 


Integrating by parts, we have: 


~ a 

2, pe 
Ls i) sin”? ¢ sin a dx =— f sin”) 2d cos# = 
0 0 


a x 
5 . — 
= —sin""* x cos 2 |? - { (n — 1) sin"—*z cos 2+ cosx dx = 
6 


1 
27 
== (n — 1) if sin” * ¢ cos? x dz = (n — ma sin” * ¢(1 — sin? x) dx = 


Ef 


== (n — 1) § sin”? 
0 


Roth 


"ie 
2 
w dz — (a —1) J sin” a dz == 


= (n — 1) Iy-2— (2 — I In, 
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1.0. 
I, = (n — VW In-g — (2 — UV In, 


whence, solving for I,,: 
n—1 


In= Ty -$e (26) 
This is called a reduction formula, since it reduces the evaluation of I, 
to the evaluation of a similar integral, but with a lower subscript (n — 2). 
We take the cases separately, of n even or odd. 
l. nm = 2k (even). We have by (26): 


2k —1 (2k — 1) 2k —3) | 


Tek = gy Tek-2 = “SEE — D) a nl 


(2k — 1) (2b — 3)...3X1 
Dk(Qk — 2)...4-2 


I, 


and since 
1 
2" ; 

I, = | dz = -5-%, 
9 


we have finally: 


(2k ~— 1) (2% —3)...8X1 oe 
2k(2k — 2)...4K2 2 


2. n = 2k + 1 (odd). We find, as above: 


In = 


1 
57 
Bh 2k — 2)...4%2 ee _ 
Tees. = “ef J) (Be —1)...Bxd 2” I,=| sine de = 
0 
i. 
=—cos#}? =1 
0 


and hence 
Ton we PAO = 2)0 4 K2 
akt1 "(Qk +1) (2k —1)..-5x3 * 


The integral 


rea 


% 


be. 


oy 


cos" a da 


can be evaluated in a similar way, though it is easier to reduce it to the former 
by noting that 


a ee 
| cost a de =| sin” (= _ 2) dz, 
0 0 
whence, putting 
1 1 
er ee Bg 
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we have on the basis of (23) and property II [94}: 


im 5a 

gh ages ab ow (OP al) OB Bae 
| sin z dx = | 00s Cee = OROn = Dk eo 39 (27) 
0 0 
5H im 

Qh(k — 2). .4x2 

2h1 a 2h+1 ack 

[ sin + xde = | cos 202 = ET Gk) Bxd (28) 
0 0 


§ 10. Applications of definite integrals 


101. Calculation of area. We saw in [87] that the area bounded by 
a given curve y = f(x), by the axis OX and two ordinates z = a and 
a == 6 is, expressed by the definite integral: 


b 
3 f(a) dz. 


The area thus found, however, does not give us the actual sum of 
the areas, formed by the given curve with OX, but gives only their 


Fie. 127 


algebraic sum, in which every area situated below OX takes the (—) 
sign. To find the sum of these areas in the ordinary sense, we have 


to find 
b 
J |f(a) | de. 


a 


Thus, the sum of the shaded areas in Fig. 127 is equal to 


e g h k b 
J f(a) de — $ f(a) de + J f(a) dx — {f(a)dx + J f(a) de. 
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The area contained between two curves 


y = f(z), y = 9(*) (1) 
and two ordinates 
Cm oe =U, 


where one curve lies below the other, i.e. 


f(x) > pla) 


in the interval (a, b), is given by the definite integral 


JU) — o(e)) de (2) 


We suppose first that both curves lie above OX. It is at once evident 
from Fig. 128 that the required area S is the difference between 
the areas bounded by the given 
curves with OX: 


& b 


S = j f(x) dx ra) g(x) da = 


a 
b 


= { (f(x) — y(x)] de, 


a 
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which is what we required to 

prove. The general case, of any 
disposition of the two curves relative to OX, now follows by displacing 
OX downwards, so that both curves appear above OX; this displace- 
ment is equivalent to adding the same constant to both functions, 
with the difference f(z) — g(x) remaining unchanged. 

We propose as an exercise the proof that, if two given curves inter- 
cept, i.e. part of one curve is below the other, and part above, the sum 
of the areas contained between the curves and the ordinates x = a and 
x = 6 is equal to 


b 
Site) — ofa) ae. 8) 
Evaluation of a definite integral is often called quadrature. This is 


because finding a definite integral often amounts to finding an area, 
as shown above. 


Examples. 1. The area bounded by the second degree parabola 
y=avttbat+ec, 
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the axis OX, and two ordinates, distant h apart, is equal to 


h 
6 (Yr + Ye + 440) » (4) 


where y, and y, denote the outer ordinates of the curve, and y, lies equidistant 
from each of these outer ordinates. 
We assume here that the curve lies above OX. 


We can take without loss of generality the left-hand outer ordinate as 
along OY (Fig. 129) in proving (4), since displacement of the entire figure 
along OX changes neither the magnitude of the area in question, nor the 
relative disposition of the outer and centre ordinates, nor the size of these 
ordinates. With this assumption, and with 
the equation of the parabola in the form: 


y=aer+bete, 


Fig. 129 Fre. 130 


we write the required area S as the definite integral: 


h h 
S=| (art be +oyde=ae 4 tow = 
0 0 


=a 45 . + ch=~ (2aht + sbh + 60). 


We have from our notation: 


1 1 
Yo = ax? + br+e ot ar ah? + —- bh +e, 


yy, =ae+br+el, =e, Y, San + bv+cl._,=ahi+ bht+ec, 
whence it follows: 
Yr + Ye + 4Yo = 2ah* + 36h + 6c, 


which proves our example. 
2. Area of an ellipse. An ellipse having the equation 


a? y? = 
att 37) 
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is symmetrical] relative to the axes, and hence the required area S is equal 
to four times the area of the part lying in the first quadrant, i.e. 


sd 
S=4 f yda 
0 


(Fig. 130). Instead of finding y from the equation of the ellipse and substitut- 
ing the expression obtained in the integrand, we use the parametric form 
of the ellipse: 


x=acost, y=bsint, (5) 


introducing the new variable ¢ in place of x; y is now expressed directly by 
the second of equations (5). When « varies from 0 to a, ¢ varies from 2/2 
to 0, and since all the conditions for 
the rule of change of variables [99] 
are fulfilled in this case, 


0 
S=4) b sin td (a cos t) = 
n/2 
x/2 
= — de, ( cine al =4ab { sint ¢de. 
n/2 i) 
We have for k = 1 from (27) [100]: 


(ated bit 
aon = ge eg 


Fie. 131 so that we finally get: 
S = aab. (6) 


With a = 6, when the ellipse becomes a circle of radius a, we get the well- 
known expression za? for the area of a circle. 
3. To find the area contained between the two curves 


y=uU,n=y’. 
The given curves (Fig. 131) intercept at two points (0,0), (1,1), their co- 


ordinates being obtained by simultaneously solving the equations of the 
curves. Since we have in (0,1): 


Va > 2?, 


we find on using (2) that the required area S is given by 


1 
1 
8 =[We— a) ax = (F2"*-F) =e? 
0 0 
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102. Area of a sector. The area of the sector bounded by a curve with 
polar equation 


r= f(), (7) 


6=a,6=f8 (8) 


and the two radius vectors 


drawn from the pole at angles a and 8 to the polar amis, is given by : 


8 ._ 
8 =[zrdo= {ts oeas. (9) 
We deduce (9) by dividing the area in question into small elements 
(Fig. 132), the angle between the radius vectors (8) being divided 
into n parts. We take the area of one 
such small sector, bounded by radius 
vectors 6 and @+ A@. Let AS denote 
this area, and m and M the least and 
greatest values respectively of r = f(0) 
in the interval (6, 6 + 46); then we see 
that AS lies between the areas of two 
circular sectors with the same angle 40 
but with radii m and UY, ie. 


Fig. 132 


5 mA0 < AS < 5M?40, 


and hence, denoting some number between m and M by P, we can 
write: 
AS = 5 P? Ad. 


Since the continuous function f(6) takes all values between m and 
M in the interval (6,0 + 46), there must exist 6’ in this interval 
such that 

fO)=P, 
so that now 
AS = = [f(9")?. 40. (10) 


If we now increase the number of elementary sectors AS, so that 
thé greatest of the 46 tends to zero, and if we recall what was said in 
[87], we get in the limit: 


B B 
S=lim > 48=lim >> Lf (0))2.40 = | 5 [/ (0)? do = | +720, 


which it was required to prove. 
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We remark that the basic idea in the above proof of (9) lies in 
replacing the area AS by the area of a circular sector of the same 
angle A@ and radius f(0’). If instead of the exact expression (10) we use 
the approximation: 


1 
AS = 3 Ae, 


where r = f(8”) and 6” is any value from the interval (6,0 + 6), 
we get in the limit the same result for the area of a sector: 
| B 


lim > 5 If (6) 49 = | + r2do. (11) 


This leads us to a simple geometrical interpretation of the integral 
expression in (11): zr dé is an approximate expression for the 


Yel 


f= acos 38 


Fria. 133 


area of an elementary sector of angle d6, and hence is simply 
referred to as an elementary area in polar coordinates. 


Example. To find the area bounded by the closed curve 
r= acos 30 (a > 0). 


This curve, called a trifolium, is shown in Fig. 133 and is plotted without 
difficulty. The total area bounded by it is six times the area of the shaded 
part, corresponding to a variation of @ from 0 to 2/6; so that we have from 
(9): 

2/6 n/6 nf{2 
S= 6] > a? cos? 36 d@ = at { cos? 36 d(3@) = a? f cose tdi = 
0 0 0 


nat 
zr 
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103. Length of are. Let AB be the arc of a certain curve. We draw 
a series of successive chords (Fig. 134) and increase their number in 
such a way that the greatest tends to zero. If the total length of the 
series of chords now tends to a definite limit, independently of how 
the chords are drawn, the arc is said to be rectifiable, and the limit in 
question is called the length of this 
arc. This definition of length is also 
suitable for a closed curve. 

Let the curve be given explicitly 
as y = f(x), and let A and B cor- 
respond to =a and x=5 re- 
spectively (a <b); let f(z) also have 
a continuous derivative in the in- 
terval a <x <b, to which the arc Fie. 134 
AB corresponds. We show that the 
arc AB can be rectified in these conditions, and that its length is 
expressed by a definite integral. 

Let the chords be AM,, M,M,, ..., Mn_,B, and let the coordi- 
nates of their ends be 


a= hy << Uy<Wg <<... << My Ke, = 5, 


and y; = f(x;). Using the formula of analytic geometry, we have for 
the total length of the chords: 


p= SVei—taP + Gia = 


t=1 


i > Vai — ea)? + Fe) — f(t) 


t=1 


Using the formula for finite increments: 


f (@;) — f (@i-1) =P (&) (1 — ti) (tj,<& <a), 
we get for the length of a single chord 


from which we see that the requirement that the greatest chord tends 
to zero is equivalent to the requirement that the greatest of the 
(x; — x;,) tends to zero. We now have 
n Sats fare, Sy ae 
p= > V1 +f? (&) (a; — 2-1), 


t=] 
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which in fact has a limit equal to the integral 
STEP Cae. 
Thus, the length / of are AB is given by: 
1= SIF Par. (12) 


Let x’ <x” be any two values of x in the interval (a,b), and let 
M’, M” be the corresponding points of arc AB. Using the mean value 
theorem, we get the following expression for the length I’ of are 
M’M": 


vs J VI -+ fF? (a) da = Vi + f2 (&) (a" — wv) (2 < &, <2"). 


Using the formula for finite differences, we get for the length of 
chord M’M”": 


M’M" = \(a" — 2’) + [f (@’) —f (2)? = 
= V1 +/?(&) (2” —2’) (2° <& <2"). 
Hence it follows: 
mm’ _ Vi+ 7? @) 
e ¥i+ f?(&) 
If M’ and M”’ tend to M with abscissa x, x’ and x” tend to x, and also 
€, and £,—> x, and we get from the above formula: 
M’M” 
l’ 
We made use of this in [70]. 
We now suppose that the curve is given parametrically, 


>. 


a= p(t), y= y(t), 


where A and B correspond to ¢ = a and t = f (a < B). We assume 
that points of the curve AB correspond to ¢ in the interval a <t < 8, 
with different points for different ¢, and with the curve neither closed 
nor intercepting itself (Fig. 134). We assume further that there exist 
continuous derivatives y’(t) and p’(é) in the interval a <t < 8. 

Let chords be drawn as above, AM,, M,M,, ...,Mn_,B, with 
their ends corresponding to tj) =a <t,<t, <<... <tp_y <tr = B. 
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We have for the total length of the chords: 
n ele et es Fei ee 
p=> Ve (t:) — (fn) + (v (4) — ¥ (4-1)? 
i=l 
or, using the formula for finite increments, 


n 
p=) Ve*(a) + v(t) (ti — tt) (a < t< t)) and (t4< t< t,) (13) 
i=l 
It can be shown that the requirement that the greatest of the chords 
tends to zero is equivalent to the requirement that the greatest of 
(¢; — t;_1) tends to zero. This can be proved without assuming the 
existence of derivatives y’(t) and y’(é). 
- Expression (13) differs from the sum giving in the limit the integral 


B —_ 
SWrOr wa, 4) 


since the arguments t, and vj are in general different. We introduce 
the sum 


= > Vo’? (=) + y? (x) (t, — ti), 


which gives integral (14) in the limit. To show that (13) tends to the 
limit (14), we have to show that the difference 


p—a= SUP FVD) —} Fe +e aly — be) 
t=1 


tends to zero. 
We multiply and divide by the sum of the radicals, and get 


EL Ve? (ep) + y oe ig i (Tj) + Y +e? (%) 
’ (z;)) (¢; — t,_1) . 
Since 


(vw (zi) + 9’ (t,)) < Vo"? (t) + yp? (ti) + Vo? (t) + y? (x), 
we have 


Ip—a| < Sl¥ ) -¥ yt). 


The numbers t; and 7 belong to the interval (é;_,, ¢;), and we can say, 
by the uniform continuity of p’(t) in the interval a < ¢ < f, that the 
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greatest of the | p’(t;) — p’(t;) |, which we denote by 6, will tend to 
zero if the greatest of the (¢; — ¢;_,) tends to zero. But we have from 
the above formula: 


Fe ai< 8-44) = 5 Sit) = 88a), 


whence it is clear that p — g-» 0. Thus the total length of the chords 
given by (13), tends to integral (14), ive. 


1= SWF WEVA. (15) 


This formula for the length / remains valid in the case of a closed curve. 
This can be shown, for instance, simply by dividing the closed curve 
into two open curves, applying (16) to each, and adding the values of 
l obtained. Similarly, if a curve L consists of a finite number of curves 
L,, each with a parametric form that satisfies the conditions given 
above, the length LZ, of each can be found from (15), and the total 
length LZ obtained by summation. 

We take ¢ variable in the interval (a, 8), with the corresponding 
point M varying over the arc AB. The length of arc AM will be a 
function of ¢, given by 


s()= Slo? O+¥? Ode. (16) 


We get by the rule for differentiation of an integral with respect to 
its upper limit, 


Ve +y7H, (17) 


whence, noting that 


, dx , d 
YO=E, YO= 4, 
we get the formula for the differential of an are [70]: 


ds = (dx)? + (dy)*, 
whilst (15) can be written without indicating the variable of integra- 


tion, in the form: 
(B) 


= J de 


(a) (A 


franc. 
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Limits (A) and (B) indicate the initial and final points of the arc. 
If p(t) + p(t) > 0 for all ¢ in (a, 8), (17) gives us the derivative 
of the parameter f with respect to s: 


dt 1 
ds Ve?) tyF) | 
The existence of continuous derivatives p’(t) and y’(t), together 
with the condition »”(f) + y’(t) > 0, ensures a tangent varying con- 
tinuously along AB. 
If the curve is given in polar coordinates by the equation 


r= f(6), 


we can introduce rectangular coordinates x and y, related to r and 6 by 


x=rcosé, y=rsin#é (18) 


[82], then take these equations as a parametric form of the curve 
with the parameter 9. 
We then have: 
dz = cos 6 dr — rsin 6 dé; 


dy = sin 6 dr + rcos 6 dé; 
dx? + dy? = (dr)? +. r°(d6)?, 


ds = (dx)? + (dy)? = V(dr)? + 7? (46)? (19) 
and if A, B correspond to values a, 8 respectively of the polar angle 6 
(Fig. Ba (15) gives us: 


= {l= 09 


Expression (19) for ds, called the 
differential of an arc in polar coordi- 
nates, can be got directly from the 
figure, by replacing the infinitely 
small are MM’ by its chord, then 
taking the chord as the hypotenuse Fic. 135 

of the right-angled triangle MNM’, 

the adjacent sides of which, MN 

and NM’, are respectively approximately equal to rd@ and dr. 


whence 


Examples. 1. The length of arc s of the parabola y = x?, measured from 
the vertex (0,0) to a variable: point with abscissa xz, is given by (12) as the 
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integral : 
x x 2x 
s= [VIF yt de= [yp aaide = > [TF Rae (21) 
0 0 0 


(substituting ¢ = 22). 
We have by Example 11 [92]: 


fitFta=+t Vit#@+log(tt+yVi+e]4+C. 
Substituting this in (21), we easily obtain: 
o= > [2071 + 4x? + log (2a + VI + 42%)]. 


2. The length of the ellipse 
x y? 
“ar tp 
is equal, by its symmetry with respect to the axes, to four times the length 
of the part lying in the first quadrant. We use the parametric equations of 


the ellipse 
z=acost, y = bsiné, 


and note that variation from A to B means variation of the parameter from 
0 to 2/2; we then get, by (15), the following expression for the required 
length 1: 


n|2 
[=n4 { Va? sin? ¢ + b? cos? ¢ dt. (22) 
0 


This integral cannot be evaluated in an explicit form; a method of approxi- 
mate evaluation, given later, has to be used. 
3. The length of arc of the logarithmic spiral 


r = Ce 


[83], cut off by the radius-vectors 6 =a, 6 = #, is given by (20) as the 
integral: 


B 8 
je (Yann cajun = SUE oe oy 


4. Let M(x, y) be a point of the catenary considered in [78]. We find the 
length of arc AM (Fig. 93). Using the expression for (1 -+ y’*) in [78], we 
get: 


x x x 

aaa (4a xta —xla = 

AM = [IF y?dx =| = dx = 5 Jee +e ~\dz = 
9 0 0 


a = 
= (ee xia) = ay’, 
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whence 
@+(arcAMP=@+ ey? =a@l+y")=y, 


i.e. the length of arc 4M is equal to the adjacent side of a right-angled tri- 
angle with hypotenuse equal to the ordinate of M, and the other adjacent 
side equal to a. This gives us the following rule for finding the length of 
arc AM: 

With the vertex A of the catenary as centre, describe a circle with radius 
equal to the ordinate of M ; let the circle cut OX in Q ; then OQ is the rectified 
arc AM (Fig. 93). 

We have been guided in the choice of sign in the above formula by the 
fact that y’ is positive for points lying on the right-hand side of the catenary. 

5. We take the cycloid of [79] and find the length of are 2 of the branch 
OO’ (Fig. 94), and the area S bounded between this branch and OX: 


2n Qn 
t= {Vie OP + (y’ OF de =J Ya? (1 — cost)? + a? sin? t dt = 
0 


2n 2n 2x 
=a f y2 “Feostde =a [ |/4sint tar 20 f sin rd 
0 0 0 


] 2n 
=2a| —2cos 5-1 | == 8a, 
2 0 


i.e. the length of arc of one branch of a cycloid is eight times the diameter of the 
rolling circle ; 


2na Qn 22 
S= f yde = J v(t) y(t) dt = a? { (1 — cost)? dt = 
0 0 0 


2 2: 
= a? s (1 — 2cost + cos? t) dé == 2xa? — 2a? [sin A ++ 
0 
7 A ai 2 o 2sta2 2 == 3na? 
+a [s-#+ ain a == 2na* + na* = 3na?. 
i.e. the area bounded by one branch of a cycloid and the fixed line along which 
the circle rolls 1s equal to three times the area of the rolling circle. 
We had to take the (-+) sign with )/4 sin? +t in finding J, since sin i is 
positive with ¢ varying from 0 to 22. 
6. The cardioid of [84] is symmetrical with respect to the polar axis 
(Fig. 111), and its length / can therefore be found by doubling the length of 
are for @ varying from 0 to a: 


=2 f Vr? 72d = 2 { Y4a? (1 + cos 6)? + 4a? sin? 6 dé = 
0 0 


ro _—Llaop 
== 8a [ cos-5-0d0 = 8a] 2sin—-0 | = l6a, 
j 2 2 0 


ie. the length of arc of a cardioid is eight times the diameter of the rolling 
(or fixed) circle. 
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104. Calculation of the volumes of solids of given cross-section. The 
calculation of the volume of a solid also leads to evaluation of a defi- 
nite integral, when the area of the cross-section, perpendicular to a 
given direction, is known. 

We call the volume of the given solid V (Fig. 136) and we assume 
that the cross-sectional area of the solid is known in planes perpendi- 


Fig. 136 


cular to a given direction, which is taken as OX. Each cross-section 
is defined by the abscissa x of its point of intersection with OX, so that 
the cross-sectional area is a function of x, say S(x), which we assume 
known. 

Further, let a,b denote the abscissae of the extreme sections of 
the solid. We find V by dividing the solid into elements, by means 


of a series of cross-sections starting at x = a and ending at x = b 
we take one such element 4V between the cross-sections with abscissae 
x and «+ Ax. We replace AV by the volume of a right cylinder of 
height Ax and base equal to the cross-section of the solid at x (Fig 137). 
The volume of this cylinder is S(x) 4x, so that the required volume V 
will be given approximately by 


& S(x) Ax , 
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where the summation is over all the elements into which the solid 
has been divided. On indefinitely increasing the number of elements, 
and with the greatest of the 4x tending to zero, the above sum becomes 
in the limit a definite integral, accurately expressing V; this leads to 
the following proposition: 

If the cross-section of a solid is known for all the planes lying per- 
pendicular to a given direction, which we take as the axis OX, the volume 
V of the solid is given by : 


(se) dz, (23) 


where S(x) denotes the area of the cross- 
section of abscissa x, and a, b are the 
abscissae of the extremities of the solid. 


Example. To find the volume of a cylin- 
drical ungula, cut from a right circular Fia. 138 
cylinder by a plane passing through a di- 
ameter of its base (Fig.138). We take the 
diameter AB as OX, with A as origin; we let r denote the radius of the 
base of the cylinder, and a the angle between the cutting plane and the base. 
A cross-section perpendicular to AB consists of a right-angled triangle 
PQR, the area of which is: 


1 


S (a) =5-PQ- OR => tan a- PQ. 


Further, we know from the properties of circles that PQ is the geometric 
mean of AP, PB, i.e. 
PQ? = AP. PB = 2(2r — 2), 


so that finally, 


S(x) = (2 — x) tana. 


Using (23), we get for the required volume V: 


2r 1 2r 1 ; aii a 
v= S(ax) dx =p tana Jeter — 2) de = > ton a (ra _ S| , 
0 0 


_ 7 43 rene 
aa es tana = qth, 


where the “height”? of the ungula h = r tan a. 
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105. Volume of a solid of revolution. When the solid in question is 
obtained by revolution of a given curve y = f(z) about OX, its 
cross-section is a circle of radius y (Fig. 139), and hence 


b 
V(x) = { ay? da, 
a 


i.e. the volume of the solid, obtained by revolution about OX of the part 
of the curve 


y =f (2) 


Oo 
ae 


=o 


Fie. 139 Fre. 140 


includ ed between the ordinates x = a and x = J, is given by: 
b 
a 


Hxample. Volume of the ellipsoid of revolution. We get by revolution of 
the ellipse 


about its major axis the prolate ellipsoid of revolution. (See Fig. 140). The 
extreme abscissae x are (~—a) and (-+a@) in this case, so that (24) gives: 


+a +a : 
V pro = | ydz=2 f 2 (1-2) ae = 
—a —a 
ws \ |ta 4 
= 2b? ~~ = 
nb (« a Te op abe (25) 


The volume of the oblate ellipsoid of revolution, obtained by revolution of 
the ellipse about its minor axis, is found in the same way. It is only necessary 
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to interchange x, y and a, 6, which gives: 


+b +b : a 
Viop = 2% i a dy = 7 i} at (1 — ¥-) dy = nba? (26) 
—bdb —b 


When a = 8, both ellipsoids reduce to a sphere of radius a, with volume 
< na’, 
3 


106. Surface area of a solid of revolution. When a solid is obtained 
by the revolution of a curve, given in the XOY plane, about the axis OX, 
its surface area is defined as the limit of the surface area of a second solid, 
the second solid being obtained by revolution of a successive series of chords, 


Fig. 14] 


inscribed in the original curve, also about OX, the limit being taken when 
the number of chords increases indefinitely, and the greatest of them 
tends to zero (Fig. 141). 

If the part of the rotating curve lies between A and B, the surface 
area F is given for the solid of revolution by : 


(B) 
F= f onyds, 27 
mi y (27) 


where ds is the differential of the arc of the given curve, i.e. 


ds = | (day + (dy 


The curve may be given in any convenient form in the above for- 
mula, either explicitly or parametrically; symbols (A), (B) indicate 
that integration is between the limits of the independent variable 
corresponding to the given points A, B of the curve. 

We shall assume that the equation of the curve is given parametric- 
ally, with the length of arc s as parameter, measured from the point A; 
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let | denote the total length of curve AB. The curve is of course 
assumed to be rectifiable. We have: x = 9(s), y = p(s). We divide the 
interval (0,1) of variation of s into sub-intervals in the usual way, with 


O= 8 < 6 <a <<... < ony <3, = 1. 


Let s = s; correspond to the point M;, of the curve, with M, evidently 
coinciding with A, and M,, with B. Let g, denote the length of the chord 
M,_, M,, and As; the length of the arc M,;_, M;, and let y; = y/(s;). 
Using the formula for the lateral surface of the frustrum of a cone, 
we have the following result for the surface area obtained by revo- 
lution of the series of chords AM, M,... Mn_, B: 


n 
Q= on (Yin + Yi) 4%: 
i=l 
or 


n n 
Q = 22 Syd ts PAT — Yi-1) U- 
i=l al 


Let 6 be the greatest of the | y; — yj_,|. By the uniform continuity of 
y(s) in 0 < s <1, 6 tends to zero if the greatest value of (s; — s;_,) 
tends to zero. But we have: , 


n 


D> Yi= Yi U| <9 SG < 4, 
{= 


i=] 


whence it follows that the second term in the expression for Q tends 
to zero. We consider the first term by rewriting it as: 


n n n 
an 2 Yau an Yi, As; — 2a Sy;_, (48; — 41). 
= =] i=1 


We show that the second term on the right-hand side tends to zero, 
by remarking that y(s), continuous in (0, 1), is bounded, so that there 
exists a positive m, such that | y;_, | < m for all 7. Hence: 


n nr n 
D> Yi-1(48; — 9)) | < SS m(48; — g;) =m [! aon Sai. 
i=l i=1 i=l 
But if the greatest: of the (s; — s,;_;) values tends to zero, the greatest 
of the chords gq; also tends to zero, and the total length of the chords 
tends to the length of the are: 


n 


Su), 


i=1 
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whence 


n 
22 > yi-1 (48; — qi) > 9. 
i=l 


The only remaining term to be investigated in the expression for Q 
is thus: 


n n 
20 > Y;-1 48; = 2% S v(8i-1) (81 — 8:-1)- 
i=l 


f=} 


But the limit of this sum gives us integral (27). Our formula has thus 
been proved. If the curve is given in terms of a parameter t, we 
have [ef. 103]: 


p 
f= J 2ay(t) Ve (t) + y? ) dé (28;) 


and in the case of the explicit y = f(x) equation for AB: 


b 
Fax { 2f(z) V0 P*@) de. (28,) 


Example. Surface area of prolate and oblate ellipsoid of revolution. 
We take the prolate case first. Using the notation of the example of [106], 
we have by (28): 


a a 
Foro == 270 5 yVi + y? dx = 2n f Vy? “+ (yy’)® dx. 
—~a —a 


We have from the equation of the ellipse: 


a bx 
y= (i-), WS Sars 
whence 
b4 a? 
Ee es me a 
a 
2 ye 2 3 
Foro = 20 [Je b x biz ar —2nb f [1 — 2% ( a; |e 
~a ~a 


We introduce here the eccentricity of the ellipse 


a — B 


2 
& = a? 


’ 
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and get (cf. Example [99]): 


a 


Qa 
F pro = 2b sya- e x? ade = And | Wi — ef a? dx = 
a? ‘ az 
—a 


a é 
z te, 
= 2 fh (=) a(=) = fnob (Twat, 
E a a é 
0 0 
Integrating by parts, we have (cf. Example 11 [92]): 


[aed iaes [| 


ae ae 
yi—# 


as Ac i, 
yl—# 


whence 
[iar =F THF + are sing, 
and finally 
Foro = 2nab topes a ae see! 


[106 


(29) 


This formula is also valid in the limit for « = 0, i.e. when b = a, and the 
ellipse reduces to a sphere of radius a. The square brackets contain an indeter- 


minate form in this case, which may be evaluated as [65]: 


arc sin € _ le 


€ 


a= 1. 
e=0 


e=0 


We now turn to the oblate ellipsoid of revolution. We interchange 2, y, 


and a, b, and find: 


b 
Foy = 2x [ Va? + (wa)? dy , 
—b 


where 2 is taken as a function of y. 
But we have from the equation of the ellipse: 


2 2 
a —at(1— 2), xx’ = — a (ax’)? = 


whence 


SEO 22 a en Se OS ee So 
2 a? 2 2 e2 
Foy = 220 | [a + (S —1) ay = sna f Jae yo dy = 
—b 0 


ae/b 


ae/b 
=4n | Vli+e dt = an [ei + #+ log (¢+VI + 2)] 
0 


0 


b? | ae a? ¢ ae j a? @ 
-ot | [iFM] RA 


be é |/at ae a@ 2b? a(l+e 
eed aed ee 
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and finally: 
2 
F op = 20a? + 2a log oCto (30) 


107. Determination of centre of gravity. Guldin’s theorem. Given a 
system of n point-masses at 


My (2X1, ¥;), Me(%2, Yo), -- +, Mnl%n, Yn) » 


with respective masses 
M1, My, .. +5 Mn 


the centre of gravity G of the system is defined as the point whose 
coordinates xg, ¥g satisfy the conditions: 


n n 
Mzg= Sm,2z;,, Myg= My; (31) 
i 


i=] 


where M denotes the total mass of the system: 
n 
M = >m™ ie 
i=1 


The points of a system may be arranged in any desired manner 
when finding its centre of gravity G; the aim is to group the points 
in such a way that the points of any 
one group may be replaced by a 
single point at the centre of gravity 
of the group, the mass at the point 
being the total mass of the group. 

We shall not dwell on the proof of 
this general principle, since it presents 
no difficulty and can easily be veri- 
fied for the simplest particular cases Fie. 142 
of systems of three, four points etc. 

We shall be concerned in future, not with systems of points, but 
with the continuous distribution of mass over a plane figure (domain) 
or on a line. 

For simplicity, we limit our consideration to homogeneous solids, 
the density of which we take as unity, so that the mass is equal to 
the length in the case of linear distributions, and to the area for plane 
distributions. 

Suppose first that it is required to find the centre of gravity of an 
are AB of a curve (Fig. 142), the length of which is s. Following the 


276 INTEGRATION: THEORY AND APPLICATIONS {107 


above general principle, we divide arc AB into n small elements As. 
The centre of gravity of the total system can be found by replacing 
each of these elements with its centre of gravity at which is con- 
centrated the total mass of the element 4m = As. t 

We take an element As, and let the coordinates of its ends be 
(x, y), (% + Ax, y + Ay); the coordinates of its centre of gravity 
are denoted by (x,y). We can suppose that the point (x,y) differs by 
as little as may be desired from the point (x, y) on sufficiently dimi- 
nishing s. 

We have by (31), as in [104]: 


(8) 
Mag = 8%g = X'tAm = Si tAs = lim S'rds= { ads, (32) 
(4) 


(3) 
Mug = 8¥q= L¥Am = YyAs= lim Syds= [ yds, (33) 
(A) 


whence, on obtaining s from the formula: 
(B) CB) i eet te 
s= fds= f Vidar + (ayy, 
(A) (4) 
we find the coordinates of the centre of gravity @. 

An important theorem follows from (32) and (33): 

GULDIN’S FIRST THEOREM. The surface area of a solid, obtained by 
revolution of the arc of a given plane curve about some non-intersecting 
axis in the same plane, is equal to the product of the length of arc and 
the path described on revolution by the centre of gravity of the arc. 

Taking the axis of revolution as OX, we have for the surface area F 
of the solid obtained by revolution of arc AB (using (27) [106)]): 

(B) 
F == 2x [ yds = 2nyg°s 
(4) 
[by (33)], which it was required to prove. 

We now take a plane domain S, its area being also denoted by S. 
We suppose for simplicity that the domain (Fig. 143) is bounded by 
two curves, the ordinates of which are denoted by 


¥, = fila), Y= f(x). 
} The centre of gravity of an element does not in general lie on the curve, 


though it approaches closer to the curve, the smaller the element. This is 
indicated schematically in Fig. 142. 
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In accordance with the general principle mentioned at the beginning 
of this article, we divide the figure into vertical strips AS by lines 
parallel to OY. We can find the coordinates of the centre of gravity G 
by replacing each strip by its centre of gravity, associated with its 
mass 4m = AS. We take the strip bounded by M,M, and Mj; Mj, 
with abscissae x and x + Az, and let its centre of gravity be (z,y). 

On sufficiently reducing the 
breadth Ax of the strip, (x,y) will y Mp 
differ as little as desired from the 
centre P of M,M,, so that we can 
write the approximate equations: 


Z~n, g~ hth, 


xt 4x 
Fie. 143 


x 


Further, the mass 4m of the 
strip is equal to its area 4S and so 
can be taken as approximately equal to the area of the rectangle of 


base 4a and height differing by as little as desired from M,M, = 
= I, — Ya Le. 


Am ~ (y, — y;) 4z. 


Using (31), we can write: 


6 
Mug = Sag = 3) Am = lim 3’ [x (y, — y,)] de = jx (Y2— Yi) da, (34) 
Myg = 8¥q = Sym = lim ¥ (AFH) (y, — y,) 4a = 
1 ° 1 
=lim 3 [5 3 — yd) |4e= [5 @i— wi) ae. (35) 


GULDIN’S SECOND THEOREM. This follows from (35): 

When a plane figure revolves about an axis in its plane which does 
not cut the figure, the volume of the solid obtained is equal to the product 
of the area of the figure and the length of path resulting from the revo- 
lution of the centre of gravity of the figure. 

We take the axis of revolution as OX, and notice that the vol- 
ume V of the solidofrevolution in question is equal to the difference 
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between the volumes of the solids obtained by revolution of the 
curves y, and y,, so that, in accordance with (24) [105]: 


b b b 
Van (ypda —x(yjda = x ((yz — yj) dx = 2ayg-S, 
a a ; a 


by (35), which is what we required to prove. 


Fie. 144 


The above two theorems of Guldin are extremely useful, either for 
finding the surface area or volume of a solid of revolution, when the 
centre of gravity of the revolving figure is known, or conversely for 
finding the centre of gravity of a figure when the volume or surface 

area of the solid obtained by its 
Y revolution is known. 


Examples. 1. To find the volume V 
of the anchor ring (torus) obtained by 
revolution of a circle of radius r (Fig. 
144) about an axis in its plane, distant a 

7) X from the centre (with r <a, i.e. the 
Fig. 145 axis of revolution does not cut the circle.) 

The centre of gravity of the revolving 

circle evidently lies at its centre, so that 
the path described by revolution of the centre of gravity is equal to 22a. 
The area of the revolving figure is na*, and hence we have by Guldin’s 
second theorem: 


V = ar? + 2na = 2n2ar’, (36) 


2. To find the surface area F of the anchor ring of Example 1. 

The length of the revolving circle is 22r; the centre of gravity coincides 
with the centre of the circle, as before, so that we have by Guldin’s first 
theorem: 


Fe= 2nr-2Qna = 4n’ar. (37) 


3. To find the centre of gravity G of a semi-circular disc of radius a. We 
take the base of the semi-circle as axis OX, with OY upwards through the 
centre and perpendicular to OX (Fig. 145); it is clear from the symmetry of 
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the figure with respect to OY that G lies on OY. It only remains to find yg. 
We apply Guldin’s second theorem. The solid obtained by revolution of the 
semi-circle about OX is a sphere of radius a, and its volume is +-na*. The 
area S of the revolving figure is + 2a*, and hence: 


] 4 


4 a 
“gy 708 = > 7a" X2ayG vo=3 7° 


4. To find the centre of gravity G’ of a semi-circular arc of radius a. 

We take the same axes as in the previous example, and see that G’ also 
lies on OY, so that we have to find yg,. We apply Guldin’s first theorem, and 
note that the surface area F of the solid of revolution is 42a? in this case, 
whilst s = za, so that: 


4na? = na-+2nyg,, Yq =2 <. 


As might be expected, the centre of gravity of the semi-circular arc lies 
closer to it than the centre of gravity of the semi-circular dise bounded 
by it. 


408. Approximate evaluation of definite integrals; rectangle and trapezoid 
formulae. It is not always possible to evaluate definite integrals with the 
aid of the primitive on the basis of (15) [96], since the primitive cannot 
always be found in practice, even though it exists, given the continuity 
of the integrand; furthermore, even when it can be found, its form is often 
too complicated for handy computation. This is the reason for the import- 
ance of methods of approximate evaluation of definite integrals. 

Most methods are based on the interpretation of a definite integral as 
an area or as the limit of a sum: 


b n 
J f (x) da = lim 2 f (Es) (ei — 2-4). (38) 


From now on, we agree always to divide the interval (a, 6) into n equal 
parts; we let h denote the length of each part, so that 


» m= atih (4 =a; t,=a+nh=b). 


We also let y; denote the value of the integrand y = f(x) for x= 2; 
(@=0,1,...,%): 


Yi = f(@) = fla + th). (39) 


We take these values as known; they can be found by direct computation, 
if f(x) is given analytically, or from the graph, if it is given graphically. 


280 INTEGRATION: THEORY AND APPLICATIONS [108 


Substituting 
f) = %j_y OF 2; 


in the sum on the right-hand side of (38), we get two approximate rectangle 
formulae : 
b 


[fade = 


n 


= ebaot end, (40) 


b— 
n 


Sturt Ue tet yal, (41) 


b 
[f@ de~ 


where the sign (~) denotes approximate equality. 
The greater n, i.e. the smaller hk, the more accurate these for- 
mulae; in the limit, with n— co 
and h-— 0, they give the exact 
value of the definite integral. 
Thus, as the number of ordinates 
increases, the errors of (40) and 
(41) tend to zero. The upper limit 
of the error, for a given number 
of ordinates, is particularly easy 
to determine for the case of f(z) mo- 
notonic in (a, b) (Fig. 146). It is 
X immediately evident from the fig- 
ure that here, the error of each 
Fie. 146 of formulae (40) and (41) does not 
exceed the sum of the areas of the 
shaded rectangles, i.e. does not 
exceed the area of the rectangle 
with the same base (b — a)/n =h 
and with a height equal to the sum 
of the heights of the shaded rec- 
tangles y, — Yo, i.e. the amount: 


b—a 
n 


Y 


G= Xy X, Xp Xg Xe Xs Xe X7beXy 


(Yn —Yo) (42) 


Fie. 147 


The rectangle formula replaces 

the accurate expression for the 

area under the curve y = f(x) with an approximation for it, namely the area 

under the stepline, consisting of horizontal and vertical sections, bounding 
the rectangles. 

We get different approximations by taking other lines, differing by a suf- 
ficiently small amount from the given curve, in place of the step-line; the 
closer the auxiliary line comes to the curve y = f(z), the smaller the error 
in taking the area under the auxiliary line in place of the area under the curve. 

For instance, if we replace the given curve with a series of successive 
chords with their ends at x = x; (Fig. 147), so that the required area is replaced 
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by the sum of the areas of the corresponding trapezoids, we get the approxi- 
mate trapezoid formula : 


5 
Yo 7 U1 Yt Ye Yams Fn | 
[rear ~ a ae ee ee 
a 


b— 

2n 

109. Tangent formula, and Poncelet’s formula. We now double the number 
of divisions, by halving each sub-interval. We thus get 2n divisions (Fig. 
148): 


Hy, orl? =atsh, 


© To + yn + Que tees + 2Ynnr + Und (43) 


Y 


G=ath, ..., w=a+tih, 


ee | 
@ji1,5=a ++ (i+) h, ee ey =, 
with corresponding ordinates: 
Yo Yue Ys sees Yio Yirrlar +++ Yn 0 Xp Xp Xr xy, x2 XS X3 % X% 
shall refer t ee 
(we 3 eror 0 Yo: Y > Yn Fiq. 148 
as even ordinates, and to Y1)9> 
Yaa. «+ +> Yn—172 a8 odd). 


We draw the tangent at the end of each odd ordinate to cut the two 
neighbouring even ordinates, and we replace the given area with the sum 
of the areas of the trapezoids thus constructed. The approximation obtained 
is referred to as the tangent formula : 


b 
b 
fr@) dz ~ -* [y%7. + Y3 Iq ieee $ Yn—Yal = 0,. (44) 
a 


We consider, together with the above circumscribed trapezoids, the inscribed 
trapezoids, obtainedby joining the ends ofneighbouring odd ordinateswith chords; 
we add to these the two extreme trapezoids, formed by the chords that join the 
ends of ordinates yy and 93/2, Yn). and Yn. We denote the sum of the areas 
of these trapezoids by 


0, = ae [ Yo + Yn _ Ya + Yn "Me ++ 2ysj, + Qysa +... + 2yn—9|. 
nm 2 2 
If the curve y = f(x) has no point of inflexion in the interval (a, b), i.e. is 
only convex or only concave, the area S of the curve lies between areas o; 
and g,, so that their arithmetic mean + (0, + o,) is naturally taken as an 
approximation for S. This gives us Poncelet’s formula : 


C7] 
| tear ~ AES | toe — Ya Yate oy 
a 


(45) 
+ 2Y3/5 ee + 2yn-w| ‘ 
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It is easily seen that, with the assumptions made about the form of the 
curve, this formula gives an error with an absolute value not exceeding 


O,— SF — (_YrfotYn-tin Yo + Yn b—a 
2 =( 2 2 ): in? od 


where it can easily be shown, by considering the bisector of a trapezoid, 
that the expression in brackets is equal to the segment of the central ordinate 
cut off by the chords joining the ends of the extreme odd ordinates, and the 
ends of the extreme even ordinates. 


110. Simpson’s formula. Still using the previous division into an even 
number of parts, we replace the given curve by a series of arcs of second 
degree parabolas, drawn through the ends of each group of three ordinates: 


Yor Yer Yrs Yr» Yar Yad- ess Yano Yn-Ueg» Yn- 


We use (4) [101] to find the area of each of the curvilinear figures thus 
obtained, and arrive at Simpson’s approximate formula: 


b 


[i@ar~ 


a 


b—a 
ape [Yo + 4yu, + 2y, + 4ys/y + 


(47) 
+ 2ye +--+ 2yn_g + 4yn-t/, + Yn). 


We shall not dwell on deducing the error of this formula, or that of the 
trapezoid formula. It may be remarked generally, that expressing the error 
in terms of a definite formula is of theoretical rather than practical interest, 
since it usually gives too crude a limit. 

We note in regard to the above construction that, with suitable choice of 
a, b, and ¢c, a parabola y = az? + bx + c can always be made to pass through 
three points of a plane with different abscissae. 

Smoothness of the curve is vital for the accuracy of practical results, and 
the computation should be more precise in the vicinity of points where the 
curve changes shape fairly rapidly than over intervals of more gradual change. 
It is always useful to draw at least a rough sketch of the curve before starting 
the computation. 

It is essential to make up a table when carrying out numerical computations. 
The following examples are given to show the arrangement of the tables 
and in order to compare the accuracy of the various approximate formulae 
mentioned above: 


n/2 
S = | sing de — l, 
0 
b—a b—a b—a 
n=10, == 0,15707963 , = 0.07853981 , - = 0.02617994 
n 2n 6n 
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Yy sin 9° | 0.156 4345 Yj, | Sin 4°.5) 0.078 4591 
Yo sin 18° | 0.3090170 Ys), | 8in13°.5) 0.233 4454 
Ys sin 27° | 0.453 9905 Ys, | 8in 22°.5| 0.382 6834 
Ya sin 86° | 0.587 7853 Yr, | 8in31°.5| 0.522 4986 
Ys sin 45° | 0.707 1068 Yo), | 8in40°.5| 0.649 4480 
Ye sin 54° | 0.8090170 Yu1j, | 8in49°.5| 0.760 4060 
Yo sin 63° | 0.891 0065 Yis;, | 8in 58°.5| 0.852 6402 
Ys sin 72° | 0.951 0565 ¥15;, | 8in 67°.5| 0.923 8795 
Yo sin 81° 0.987 6883 Yi7/5 sin 76°.5| 0.972 3699 

Yio, sin 85°.5| 0.996 9173 


s, | 5.853 1024 zs 6.372 7474 


Yo sin 0° 0.000 0000 
Yi0 sin 90° 1.000 0000 


Low VALUE RECTANGLE FORMULA 


S; | 5.853 1024 log SY 0.767 3861 


y» | 0.0000000 log =" | 7.196 1198 
z 5,853 1024 log S 1.963 5059 
S = 0.919 4080 


HieH VaLtur RECTANGLE FoRMULA 


Sy 5.853 1024 log NV 0.835 8873 


om 1 _— 
b—a = 
Y10 1.000 0000 log 7. 1.196 1198 
a 6.853 1024 log S 0.032 0071 
S ~ 1.076 5828 
TANGENT FORMULA TRAPEZOID FORMULA 
log XS’. 0.804 3267 2™ 11.706 2048 log X’ 1.104 0158 
b—al z b— 5 
cae ae 1.196 1198 Yot+Yio| 1-000 0000 log in 2.895 0899 
logS 0,000 4465 pH 12.706 2048 log S 1.999 1057 


S ~ 1,001 0290 S ~ 0.997 9430 
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A 12.745 4948 
: log 1,104 7141 
vy (Yo + Yio) 0.250 0000 b 
; log — 2.895 0898 
eee a (yt, + Y10),) | — 0.268 8441 
12.726 6507 log S 1,999 8039 
S ~ 0.999 5487 
Srmpson’s ForMULA 
25 11.706 2048 llog SY 1.582 0314 
4y, 25.490 9896 ee ee 
Yo + Y10 1.000 0000 log ba 2.417 9685 
Zz 38.197 1944 log § 1.999 9999 
S ~ 1,0000000 
1 
__ f log +2) _ a fe 
= [ECE de— Flog 2 = 0.272 198 2613 ..., + 
0 
b~a 1 b—a 1 
eon 00 ean 
Yy 0.094 3665 Vlg 0.048 6685 
Yo 0.175 3092 Ysi— 0.136 6865 
Ys 0.240 7012 Ysiy 0.210 0175 
Us 0.290 0628 Yr), 0.267 3538 
Ys 0.324 3721 Yor, 0.308 9926 
Ye 0,345 5909 yu, | 0.336472 
Yq 0.356 1263 Y18/, 0.352 0389 
Ye 0.358 4065 Yi5'5 0.358 1540 
Yo 0.354 6154 YI}, 0.357 1470 
Yio, 0.351 0273 
PA 2.539 55038 Zs 2.726 5583 
Yo 0.000 0000 
Yio 0.346 5736 


} This formula is derived in Volume II 


[110 


110] 


SIMPSON’S FORMULA 


Poncreter’s FormMuna 


Smmpson’s ForRMuULA 


237% 5.079 1006 


43% 10.906 2332 
YotYn 0.346 5736 
2 16.331 9074 
l 
S= ae SY ~ 0.272 198 46 


1 
dx 
S= | 75 a log 2= 0.093 14718 ... 
0 


2S 5.453 1166 
+ (Yo + Yio) 0.086 6434 
1 
ae (y1;, + yi9/,) | — 0.039 9239 
= 5.439 8361 
S= 55 Y ~0.2T1 9918 
n= 20,2 = a ; 

¥; 0.952 3810 

Ys 0.909 0909 

Ys 0.869 5653 

Ve 0.833 3333 

Vs 0.800 0000 

Ye 0.769 2307 

Vy, 0.740 7407 

Y% 0.714 2857 

Y% 0.689 6552 

io 0.666 6667 

Vn 0.645 1613 

Vie 0.625 0000 

ha 0.606 0606 

ra 0.588 2353 

is 0.571 4287 

tie 0.555 5556 

V1 0.540 5405 

es 0.526 3146 

v1, 0.512 8205 

x, | 13.116 6666 


b-a_ 1 

6n 120° 
yx, | 0.975 6097 
Ys, | 0.930 2326 
ora 0.888 8889 
Y7), | 0.851 0638 
Yo, | 0.816 3266 


Yitj, 0.784 3135 
Ys), 0.754 7169 
Yi5;, 0.727 2727 
Y17), 0.701 7543 
Y19), 0.677 9661 
Yareg 0.655 7377 
Y28/, 0.634 9207 
Y2514 0.615 3846 
Yar, 0.597 0149 
Yoo, 0.597 7101 
Ysi/, 0.563 3804 
Ys3/, 0.547 9451 
Y35/, 0.533 3333 
Yar), 0.519 4806 
Yas), 0.506 3291 


=. 13.861 3816 
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TRAPEZOID FORMULA 


Yo 1.000 0000 2Z, | 26.232 1332 
Yoo 0.500 0000 Yo+Yen| 1.500 0000 


2 27.732 1332 


1 
S = gy D' ~ 0.693 303 33 


PoNCELET’S ForRMULA Srmpson’s ForRMULA 
2 sy 27.722 7632 2 xy 26.232 1332 
+ (Yo + Yeo) 0.375 0000 4, 55.445 5264. 
— = (y1s, + Y20/,) — 0.370 4847 Yo + Yeo 0.500 0000 
= 27.727 2785 - 2 83.177 6596 
S= we ~ 0.693 181 96 S= ame > ~ 0.693 147 16 
40 120 


111. Evaluation of definite integrals with variable upper limits. The eval- 
uation of a definite integral with variable upper limit, 


F(a) = f fen) de, 


is required in numerous problems. 

Taking the trapezoid formula (43) as basis, the following method can be 
indicated for finding the approximate value of this integral — not for all x, 
of course, but for those by which the interval (a, 6b) is subdivided, i.e. we 
find: 

F(a), F(x,), F (x2), ..., F(x,), .--, F(ap,_y), F(d). 


We have by (43): 


atkh 
F(x,) = | f(a) da ~ h [a do ills viet Hs, (48) 
a 
at(k+Ih 
F (tpi) = | }(z) da ~h [Yeu +...+ Meer ve Yk = 
: (49) 


rn 1 
+ a eet | may) SMa + Yes) 


SIMPSON’S FORMULA 287 


110] 
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(ete +¥e) y & 


T 


(Fe +") yo 


9g 4 Sg + %e 4 Fo + Be + Te *h yg +o 
°f +. 9h = 9% 
8g +. ¥e + &o + % 4 Tg 5A yg+to 
| Sf +4 A = 89 
Fo 4&9 1p 4 Tp VA Upto 
WA + fA — Ve 
fg 1. % 4. Ty 0) ye+o 
tA + tA — ty 
*9 + 's *A "4% +0 
7A +4 TA x Bp 
Tg TH Y+o 
Th +f =a lg 
0 °K D 
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ug 4A 4 If = Ig 1A, 4g 
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Having found F(x,), this formula enables us to pass to the next value 
Fey 41) = Fay +h). 
This computation can be set out as shown on page 287. 


112. Graphical methods. These computations can be made graphically, if 
the graph of the curve y = f(x) is given; in this case, we construct the 
graph of the integral curve: 


G= Xo Xy Xx; X3py x2 XS X93 XY XG 
Fie. 149 
from the graph of the curve 
y = f(z). (50) 


First of all, if we have enough divisions, we can take approximately 


8 Yer Ty 
Boe Sete (51) 


i.e. if the graph of (50) is drawn, the values s,/2 can be found directly from 
the figure, as the ordinates of the curve for x4_1,,=a-+2k — h/2 (Fig. 149). 
We mark on OY the points: 


Ay (Yrtg), Ap (Yd/p)s++ +1 Ag (®e-M/9): 
We take P to the left of O on OX, so that OP is unity. We draw: 
PA, PAY FAs «+5 PAR, 
then draw parallels through M,, M,, M,, ..., so that 
MM, || PA;, M,M, || PA,, M,M, || PAg, ... 
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Points M,, M,, M,, ... are points of the required approximate integral 
curve, since it can easily be observed from the figure that 


My = hyrj,, %_ Mz = h(yrg + Ys/q), Ts; Mg = Myr, + Ys/, + Y5)_) 
and this shows, by the approximate equation (51), that: 


ay My = h(yry, + Ysig tees gta) = 
= 1( ou +...4 Mer Ue.) — F(e,) 


by (48). 

The above construction is for the case when the scale of F(x) is the same 
as the scale of f(x). If the scale of the area is different, the construction is 
the same except for making OP of 
length J instead of unity, where J is 
the ratio of the scale of F(x) to that 
of f(x). 

An approximate graphical con- 
struction of the iterated integral 


(2) = fae f j(«) da) 


is based on rectangle formula (40) 
{108}. 
As before, let 


F(a) = | f(a) da. Fig. 150 


Taking only the values x, 7, 2%, ...,%,, ... of the independent variable 
a, (40) gives us the approximate equations: 


F(a,) ~ hyo, F(a2) ~ MY + Yar oes P(g) ~A(Yo FH Yr Ht ee H Yx—1)- 
Applying the same formula to ®(x), we have: 
D (xx) =h (F(a) + F(@,) +... + P(e) ~ 
~R yo t Yot yy te-- + Yo ty t--- + Ye-1))- (52) 


This leads us to the following construction for the ordinate ®(z,) (Fig. 
150): taking P as before, we cut off on OY: 


OB,=y, B,B,=y, B,By=Yy2---> By Be=Yx-v--- 
We join: 
PB yy PRG v6 PF By ok 5 


and take points: 
M,, M,, M2, henge A pe eee y 
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so that 
M,M, || PB,, M,M, || PB,, M,M;|| PBy, ... 


These points are points of the required approximate curve, drawn, however, 
on the invariable scale (1 :), since it is clear from the construction that 


a, M, =hyy, %,M,=hygt hyo t Yi)--+) Te Mp = 


@ 
= Iajy + Ryo ta) et MYy tebe tte) ee 


by (52). If PO is 1 instead of unity, the curve drawn gives the ordinate of the 
curve (x), changed in the ratio 1: lh. 

It should be mentioned that the accuracy of the above constructions is 
not great, for all their convenience, and they are only useful for fairly rough 
calculations. 


113. Areas under rapidly oscillating curves. We mentioned in [110] above 
that the successful application of the various approximate formulae for eval- 
uating definite integrals depends on dividing the curve, the area under which 
is to be found, into sections in which it has a smooth shape. 

This is a very awkward requirement in the case of curves that behave 
irregularly, with frequent oscillations. If the area under such a curve is 
to be found in accordance with the above rule, too many subdivisions have 
to be introduced, and the computation becomes very involved. 


Y 
B= Yn 
Perea = iy, eae, Cas 
Sn-/ y , 5 _ 
gi Z d a A 
7 Z 4 ATA AT 
2 V4 4, 


V/A 


ee eee 
ZN 
NE 


IF 
YY Yh UU fs lifs4\YMLU, 


Fie. 151 


A second method is useful in these cases, and consists in dividing the area 
into strips parallelto OX, instead of OY. To find the approximate area under 
the curve of Fig. 151, we mark off on OY the least and greatest ordinates 
aand # of the curve, and divide the interval (a, 8) into n parts with the points: 


4o >= a, Y1> eeey Yi-p Yi sae 5 Un ~w Yn = B. 
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We draw the parallels to OX through these points, thus dividing the total 
area into strips, made up of separate pieces; an approximate expression for 
the area of the ith strip can be found by taking the product of its base (y;— 
— Y;-;) and the sum of the lengths J; of the segments cut off on any line 


Y= Yi S14 < Yi), 


contained within the area in question; this sum can be found directly from 
the figure. If 1; denotes the sum, we get an approximate expression for the 
required area S of the form: 


Yo — a) + (Yr — Yo) ba + Ye — Yd ba t+ eee + (Yn — nds 


which increases in accuracy, the greater the number of divisions and the 
sharper the oscillations of the curve. 

Suitable development of the basic idea of this method leads to the con- 
cept of Lebesgue integrals, which is far more general than the concept describ- 
ed above of Riemann integrals [94, 116]. 


§ 11. Further remarks on definite integrals 


114. Preliminary concepts. The last paragraphs of the present chapter 
are devoted to the rigorous analytic consideration of the concept of 
integral, and in fact we shall prove below that a sum of the form 


> Ex) (@_ — p12) 


has a definite limit not only in the case of a continuous function. To do 
this, we have to introduce some new concepts regarding discontin- 
uous functions. Let f(x) be defined in a certain finite interval (a, b). 
We shall consider only bounded functions, ie. those with absolute 
values less than a given positive number throughout the interval. To 
be precise, a function f(x) is said to be bounded in the interval (a, b), 
if there exists a positive number M, such that we have for all x of the 


interval : 
[f(z) | <M 


If f(z) is continuous, it attains a greatest and least value in the inter- 
val, as already remarked [35], and thus it is obviously also bounded. 
Discontinuous functions, on the other hand, can be unbounded as well 
as bounded. We shall only consider bounded discontinuous functions 
in future. We suppose, for instance, that f(x) has a graph as shown in 
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Fig. 152. We have a discontinuity at x = c, and the value of the 
function at this point, i.e. f(c), has to be defined by means of some 
supplementary condition. The function is continuous at the remaining 
points of the interval, including the ends a and 0. Also, as x tends to ¢ 
from smaller values, i.e. from the left, the ordinate f(x) tends to a 
definite limit, denoted geometrically by N.M,. Similarly, if x tends to 
c from larger values, i.e. from the right, f(z) again tends to a definite 
limit, denoted by NM,, this latter limit being different from the 
previous, left-hand limit. The left-hand limit is usually denoted by 
f(c — 0), and the right-hand limit by f(c + 0) [82]. The above very 


Y 


Fia. 152 


simple type of discontinuity, where a finite determinate limit exists 
both on the left and on the right, is usually called a discontinuity of the 
first kind. The value of the function at the point itself, x = c, ie. 
f(c), will in general differ both from f(c — 0) and f(c + 0), and requires 
supplementary definition. If a function is continuous in an interval 
(a, b) including the ends, with the exception of a finite number of 
points where it has discontinuities of the first kind, the graph con- 
sists of a finite number of curves that are continuous as far as their 
ends, together with distinct points at the places where the discontinui- 
ties occur (Fig. 153). Such a function is evidently bounded throughout 
the interval, in spite of its discontinuities. At the same time, of course, 
functions with more complicated discontinuities can also be bounded. 

We shall often be considering, further on, the set of all the values 
taken by a function f(x) in a given interval of variation of the inde- 
pendent variable. If the function is bounded in the interval, the set 
of its values in the interval is bounded above and below, and hence 
the set has a strict upper and a strict lower bound [39]. If, for instance, 
f(x) is continuous in the (closed) interval, it attains a greatest and a 
least value in the interval, as we know from [35]. In this case, the 
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greatest: and least values of the function are also the strict upper 
and lower bounds of the values of f(z) in the interval. We take another 
example. If f(x) is an increasing function, it takes its greatest value 
at the right-hand end of the interval, and its least value at the left. 
As in the previous case, these values are the strict upper and lower 
bounds of the values of f(z). In both examples, the strict bounds of 
the values of the function are particular values of the function, i.e. 
they themselves belong to the set of values of the function. In the 
more complex case of discontinuous functions, the strict bounds 
of the values of the function may not themselves be values of the 
function, i. e. they may not belong to the set of values of the function. 

Let M and m be the strict upper and lower bounds of the values 
of f(z) in the interval (c,d), ie. for ¢c <#<d, where obviously, 
m < M. We take a new interval (c’, d’), which is only part of (c, d). 
Let M’ and m’ be the strict upper and lower bounds of the values 
of f(z) in the new interval (c’, d’). Since the set of all the values of 
f(x) in (c’, d’) must always be included among the values of f(x) in the 
wider interval (c, d), we can say that M’ < M and m’ > m, i.e. if the 
interval of variation of x is replaced by a part of the interval, the strict 
upper bound of the values of function f(x) cannot increase, and the strict 
lower bound cannot decrease. This fact has great importance for us 
later on. 


115. Darboux’s theorem. Let f(z) be bounded in the interval (a, d), 
and let m and M be the strict lower and upper bounds of its values 
in the interval. We divide the interval with points corresponding 
to the values of x: 


OA Ty oy <S Wy i tS Oy Spe eS ey SO, = O, 


and introduce the lengths of the sub-intervals 6, = 2,—a_, (k= 
= 1,2,...,”). Let «= & belong to the sub-interval (x;,_,, 24) 
(k = 1, 2, ...,n). We form the sum of the products: 


S (Ex) Bie (1) 


The value of this sum depends, firstly on the method of division 
of the interval (a, 6), and secondly, on the choice of x = &, in each 
sub-interval. Our problem is to investigate the limit of the sum when 
the number n of sub-intervals increases indefinitely and the greatest 
of the lengths 6, tends to zero. We have to decide in what cases it is 
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possible to speak of this limit, i.e. decide for what functions f(z) 
the sum (1) tends to a definite limit, independently of the method of 
division of the interval and of the choice of &,. 

We consider f(x) in each sub-interval, and let M, and m, be the 
strict upper and lower bounds of its values in (x;,_1, 2). We replace 
f(&) in the terms of sum (1) by M;,, or mx. 

We thus arrive at the following two sums: 


n 

S= > M,6, (2) 
k=1 
n 

s= Sm, Ox, (3) 
k=l 


with the inequality following directly from the definition of strict 
bounds: 
My < f(Ex) < My, 


whence we have, since 6, is positive: 
n 
5< SE) <8. (4) 
k=l 


We consider sums S and s in more detail, then return to the more 
general sum (1). In accordance with the remark of the previous article, 
M,, and m, always satisfy the inequality 


mom <oM,<M 
and in addition, obviously: 


n n 
> 9 = > (Lp — M-1) = 6 — a. 


k=1 k=1 
It follows directly that 
mob, < M,,6,< Md, and m6, < m,6, < M64,, 
whence we get by summing over k: 


m(b—a) << $M ,d,<_M(b—a) and 


k=l 
m(b —a) < >m,d, < M(b—a), 
k=1 


i.e. sums S and s always lie between the bounds m(b — a) and 
M(b — a) for any division of the interval. 
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If we take all the possible divisions of the interval (a, b), we get 
infinite sets of values for both sums (2) and (3). It follows from what 
has just been said that both these sets are bounded, and hence, both 
have strict upper and lower bounds. 

We examine the sum S more closely, and assume for the present 
that all the values of f(x) are positive. In this case, all the terms of 8 
are also positive. We suppose that the interval (a, b) is divided into 
subintervals 6, in a definite way, so that S has a definite value. 

We make a further division of the sub-interval 6,.t For instance, 
let a given 6, be divided into three parts: 6), 32), 6® and let the 
corresponding strict upper bounds of f(x) be M®, MY, and MP. 

By the remark of the previous article, these strict upper bounds are 
never greater than the strict upper bound for the full sub-interval 
Ox, 1.€. 


MY, M®, and MP < M, (5) 
and in addition, obviously: 
5D 4 62 + = 6,. (6) 


After the further division of 6, into three parts, the term M;, 6, 
of S is replaced by three terms: 


Mo, Ms and MO 4 , 
and we have by (5) and (6): 
MPP + MP SP + MPP <M, 6, (7) 


i.e. tf we start from a definite division of the interval, then further 
sub-divide individual sub-intervals 5,, the sum S can only diminish, 
or more precisely, cannot increase. Instead of considering as a 
whole the new sum that we get by sub-dividing individual sub- 
intervals 6,, we shall later be considering only part of its terms, 
i.e. we shall be discarding certain terms of the new sum. Since all 
the terms are positive, the discarding of certain terms can only de- 
crease the value of the complete sum, i.e. the new sum will become 
a fortiori not greater than the original sum 8S, which we had before 
sub-division of the sub-intervals 6,. 

We have compared the two values of S corresponding to two 
types of division of the interval (a,b), the second type of division 
being obtained by further subdivision of the first, in such a way that 
all the points of division of the first were preserved in the second. 


+ For brevity, we use 6, to denote both the sub-interval and its length. 
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When the two values of S are compared for two arbitrary methods 
of division of (a, 6b), there will in general be no simple relationship 
between them. But it is clear that, if the lengths of sub-intervals 6, 
are sufficiently small for both methods of division, the values of S will 
be close together in magnitude. More precisely, it can be shown that, 
on. indefinite increase in the number x of divisions, and on indefinite 
decrease of the greatest of the increments 6,, S tends to a definite 
limit, independently of the method of division of the interval (a, b). 

We now proceed to the proof of this useful proposition. 

We take all the possible values of S, obtained by all the possible 
divisions of (a, 6b). Let Z be the strict lower bound of this set of 
values of S which is bounded above and below. We show that L 
is the abovementioned limit of S. 

By the definition of strict lower bound, we have L < S for all S. 
To prove our assertion that L is the limit of S, we have to show that, 
for any given positive e, there exists an 7 such that all S are less than 
(L + e) for all 6, less than 7. 

It follows from the definition of Z as the strict lower bound of values 
of S, that there exists a fully defined method (I) of division of (a, b) 
into sub-intervals 6,, such that the corresponding value of S, say 8’, 
is less than (L + e/2). Let » be the number of points of division of the 
total interval (a, b) according to method (I). We take any other method 
(II) of division of (a,b), and we let 5, be the lengths of the sub-intervals 
(2-1, X,) a8 usual. We separate all the increments 6, into two classes. 

We put those that are wholly contained in one of the sub-intervals 6; 
in the first class, 6; being obtained by method (I), and we put those that 
run into more than one 6; in the second class. Let o; be the lengths 
of the sub-intervals of the first class, and 1,, the lengths of those of 
the second class. Further, let ,; and », be the strict upper bounds 
of f(z) in the sub-intervals o, and t,,. Subscripts 7 and m run through 
certain integers that are of no interest to us, and in future, when summ- 
ing over these subscripts, we shall not indicate the limits of summation, 
it being assumed that summation takes place over all the sub-intervals 
of the first or second class. When separating the 6, into two classes, 
we can at the same time separate the total sum S obtained by method 
(II) of division into two sums: 


S=9,+8,, 


where 


S,= 2605 S2= D%mtm: 
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Each o; forms part of a 6; of the first method (I) of division, whereas 
all the o; do not fill up all the 4,, ie. S, can be found from S’ by sub- 
dividing the 6, and discarding certain terms. We can therefore say, 
by what was proved above, that S, is not greater than 9’, i.e. we can 
write, since S’ < L + ¢/2 , 


S,<L+ >. (7) 


We now consider the second sum S,. The sub-intervals t,, run into 
more than one (at least two) 6, of method of division (I), i.e. ty, 
covers at least one point of division of (a, b) in accordance with method 
(I), so that the number of terms in S, is not greater than the number p 
of points of division by method (1), where p is a definite positive integer. 
The factors », do not exceed the strict upper bound UV of f(x) in the 
whole of (a, b). If r denotes the greatest of the t,,, every term of S, is 
not greater than Mt, and hence, we have for the whole sum: 


S, < Mp. (8) 


We now take 7 equal to ¢/2Mp and show that it satisfies the condition 
stated above. We therefore suppose that all the 4, of method (II) of 
division satisfy the inequality: 


6, < ‘ou . (9) 
Since the 7, are certain of the 6,, we have t, < ¢/2Mp, i.e. 
Es ae 
and (8) gives us for S,: 
S,<=. (10) 


On adding inequalities (7,) and (10), we get for the total sum S: 
S<Ltjet+ye=Lte. 
We thus have the inequality for the sum S: 
L<oS<L+e, 


for any method of division of the interval (a,b), provided only 
that the lengths of the sub-intervals satisfy inequality (9). 

In view of the arbitrary smallness of the given positive e, we con- 
clude from this that Z is in fact the limit of sum 8S. 

We have assumed in the above discussion that all the values of f(x) 
are positive. If this is not the case, we can always add a positive con- 
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stant A to the bounded function f(x), such that the new function 
w(x) = f(x) + A is positive. Our proposition can now be considered 
proved for the new function y(z), i.e. S has a definite limit for the 
new function. Since the strict upper bound of (x) is evidently 
M,,+ A in (a,_1, 2%), using the previous notation, we see that the 
sum for p(x) has the form: 


n n n Mt 
> (Mi + 4) 6, = SM, 8,+ 4A > 9, = SM, 6, + Ald — a), 
k=l k k=l 


k=1 =1 


where, as above, M, is the strict upper bound of f(z) in 6,. 
We now consider the formula obtained: 


> (M+ 4) 6, = > My 5, + Alb — a). 


k= k=1 


- 


The left-hand sum has a definite limit, as remarked above, equal 
to the strict lower bound of the values of the left-hand sum. 
We have two terms on the right-hand side, one of which, A(b — a), 


n 
is a definite number, so that we can say that the other term > UM; 6; 


k=l 
also has a definite limit, equal to the strict lower bound of the set of 
values of this sum. 

We have thus shown that the sum S has a determinate limit DZ for 
any bounded function f(x) in a finite interval. It can similarly be 
shown that the sum (3) also tends to a determinate limit J on indefinite 
decrease of the greatest of the 6,. This number / is the strict upper 
bound of all the possible values of the sum s for all the possible divi- 
sions of interval (a, 6). Moreover, noting that m, < M,, and comparing 
expressions (2) and (3) for sums S and s, we see that, given the same 
method of division, we always have s < S. We therefore get the same 
inequality for the limits, i.e. 1 << LZ. We formulate the result obtained 
as the following theorem, due to the French mathematician Darboux: 

DarBovux’s THEOREM. The sums s and S tend to definite limits | and 
L, where l < L, for any function bounded in the interval (a, b), on inde- 
finite increase in the number of sub-divisions and indefinite decrease of 
the greatest of the dz. 

We said above that / is the upper bound of values of s and Z the 
lower bound of values of S. Having proved that | < L, we can there- 
fore say that s < S, whatever the method of division used for forming 
sand 8S. 
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116. Functions integrable in Riemann’s sense. If we now turn to 
the general sum: 


HE) On (Oy = By — Lyp-4) (11) 


tM: 


k=l 


it seems that we cannot yet assert the existence of a limit in the case 
of any bounded function f(z). 

There is some uncertainty about the magnitude of the factor f(&,), 
since &, can be chosen in any manner from the sub-interval (x,_3, 2). 
It is due to this fact that the sum (1) does not always have a definite 
limit. We can suppose, for instance, that the limits / and Z, referred 
to in Darboux’s theorem, are not identical, i.e. that 1 << ZL. By the 
definition of strict upper and lower bounds, we can choose &,, on the 
one hand, so that f(é,) is as close as desired to m,, and on the other, 
so that /(&,) is as close as desired to M;,. The sum (1) will be as close 
as desired to the value of the corresponding sum s in the first case, and 
to that of S in the second case. We can thus, by suitable choice of &,, 
make (1) as close as desired either to J (the limit of s) or to Z (the 
limit of 8), on indefinite decrease of the 6,. Since / differs from L by 
hypothesis, it is evident that (11) has no definite limit, on indefinite 
increase of » and indefinite decrease of the greatest of the 6,. We 
have thus shown that (11) has no definite limit, if 1 < L. 

We now show that, if 1 = ZL, (1) has a definite limit, equal to] = ZL. 
We have, in fact, by the definition of strict upper and lower bound, 
my < f(&) < My, and we can therefore write: 


n 


Sm b,< > HE) Ox < > Myo, 


k=1 k= k=1 


1 


The extreme terms of this inequality have the common limit / = L, 
on. indefinite decrease of the greatest of the 6,, and hence the sum 


n 
> f(&) 5, must tend to the same limit, for any choice of &,. As we 
f=1 


know, the limit of this sum is referred to as the definite integral of 
f(z) over (a, 6), and if this limit exists, the function is said to be 
integrable in Riemann’s sense, or simply, integrable. Different defini- 
tions to the above are given to the definite integral in certain cases, 
and of course, the condition for integrability is then different. We speak 
of integrability in Riemann’s sense (Riemann was a mid-nineteenth 
century German mathematician) so as to distinguish his method of 
forming the definite integral from other methods. Since we shall only 


300 INTEGRATION: THEORY AND APPLICATIONS [116 


be concerned in future with Riemann integrals, we shall not enlarge 
on this remark, and functions integrable in Riemann’s sense will 
simply be referred to as integrable. 

It follows from the above, that a necessary and sufficient condition 
for the integrability of f(x) consists in the coincidence of the limits | and 
L of sums s and 8, i.e. in the fact that the difference between these sums: 


n 
> (Yi — ™) Dx» (12) 
k=l 
tends to zero on indefinite increase of n and on indefinite decrease of the 
greatest of the increments 5,. We investigate some classes of function, 
for which the above condition is satisfied, i.e. some classes of 
integrable function. 

The sum (12) consists of non-negative terms, and its magnitude is 
not less than Z — 1, since L is the strict lower bound of sum (2), 
and J the strict upper bound of (3). We can say from this, and from 
Darboux’s theorem, that a necessary and sufficient condition for 
integrability, i.e. for coincidence of 1 and L, may be expressed as 
follows: for any given positive e, there exists a division of the interval 
(a, b), such that the sum (12) is less than e. 


1. If f(x) is continuous in (a, b) (including the ends), it is uniformly contin- 
uous in the interval. Furthermoro, it attains a least value m; and a greatest 
value M, in each sub-interval 6, By the uniform continuity of f(x), the 
positive differences M,; — m, will be less than any positive e on indefinite 
decrease of the greatest of the increments 6;, and we shall have for the total 
positive sum (12): 


n n 
0 < DY (M; - m) 6; < D 25; = &(b — a). 
i=l i=1 


Hence it follows, by the arbitrary smallness of ¢, that (12) tends to zero, 
i.e. every continuous function is integrable. 

2. We now take f(z) bounded, with a finite number of discontinuities. 
We assume, for clarity, that it has one discontinuity at x = c inside (a, b). 


a a c b, & 
Fig. 154 


The case of any finite number of discontinuities can be considered in exactly 
the same way. Since the limit Z — 1 of (12) does not depend on the method 
of division of (a, b), we can use whatever method of division we like for our dis- 
cussion, with the only proviso that all the increments 6; tend to zero. We isolate 
the point c from (a, 6) by means of a small sub-interval (a,, 6,) (Fig. 154) such 
that c is an interior point. The sub-interval is defined more accurately later. 
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We have | f(z) | < N, since f(x) is bounded, i.e. we have all M; < N and 
all m; > —WN, so that: 


Let e be any small given positive number. We choose (a,, 6,) such that 
2N(b, — a,) <e. (14) 


We shall assume that points a,, b, form points of division of (a, 6). The 
sum (12) is now divided into three parts: S,, corresponding to the interval 
(a, a); S,, corresponding to (b,, 6); and S,, corresponding to (a,, },). 

Since f(x) is uniformly continuous in (a, a@,), S, tends to zero, as in 1. 
Similarly for S,, ie. S, and S, are less than « for all sufficiently small 4;. 

To obtain Sj, we have to perform the summation in (12) over those of 
the 6, that belong to (a,, b,), the sum of these 4, being evidently equal to 
(6, — a,). Using (13) also, we have: 


0 <S, < S)2N6,=2N SN’ 5, = 2N(b, — a), 


where the summation is over the above-mentioned 46,. By (14), we have S;<e, 
and the total positive sum (12) is less than 3e. Hence we can conclude, since 
é is arbitrarily small, that the sum tends to zero, i.e. every bounded function 
with a finite number of discontinuities is integrable. We had such a function 
in the first example of [97]. 

3. We take the case of f(x) monotonic and bounded in (a, 6). We assume 
for clarity that the function is non-decreasing, i.e. if c, < cy, f(¢,) < f(c2). 
We now have in each 6;, M; = f(x;) and m; = f(x;_,). The sum (12) will 
be: 


n 
Pa [F(@i) — Fe p-1)] (1 — 24-1). 
i= 
Let 4 denote the greatest of the (x; — 2;_,). By hypothesis, 4— 0. 
Since f(z,) — f(z;_) > 0, we can write: 


n is] 
O< Pa [f(aj) — f(®-1)] (@j — ty) < A 2, Cf (a4) — f(%-1)], 
i.e. 
n 
0< Pa L f(xy) — f(a y-1)] (aj — t-1) < 4 [4(0) — K(@)]. 


since obviously: 
n 
Py (4a) — f(ep-1)] = [4(@) — f@)1 + (Kee) - fe) +--- 
vee cf [f(d) = f(tn-1)] = 7(8) f(a). 


We thus see at once that (12) tends to zero, i.e. every monotonic bounded 
function is integrable. We remark that a monotonic function can have an 
infinite set of discontinuities, so that case (III) is not dealt with by case (I). 
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We can take as an example the function equal to zero for O< a2 < 1/2, 
equal to 1/2 for 1/2 <a” < 2/8, equal to 2/3 for 2/3 <a < 3/4, and so on, and 
finally equal to 1 for « = 1, 

The discontinuities of this non-decreasing function are at: 


1 2 3 4 


aN 3" “a2 Boe . 

We remark that every monotonic bounded function must have limits 
f(c — 0) and f(c + 0) at every discontinuity 2 = c. This follows directly from 
the existence of a limit for a monotonic bounded sequence [30]. 

We have found the condition for integrability on the assumption, through - 
out, that f(z) is bounded. It can be shown that this is a necessary condition 
for integrability, ie. for the existence of a definite limit of the sum (11). 
If the condition of boundedness is not satisfied, the integral of f(~) over the 
interval (a, 6) can still be defined in certain cases, though no longer as the 
limit of (11). The integral is then said to be improper. The basic principles of 
improper integrals were explained in [97]. They are described in more detail 
in Volume II. 

If integration is over an interval that is infinite at one end or the other, 
the definite integral can again not be conceived directly as the limit of 
a sum of the form (11), and we again have an improper integral (cf. [98] 
of Volume II). 


117. Properties of integrable functions. The basic properties of 
integrable functions are easily obtained by using the necessary and 
sufficient condition for integrability given above. 

I. If f(x) is integrable in (a, 6b), and we arbitrarily change the value 
of f(x) at a finite number of points of (a, b), the new function will also 
be integrable in (a, b), and its integral will not differ from that of f(z). 

We confine ourselves to the case when f(x) is changed at one point, 
say x= a. The new function g(x) coincides with f(x) everywhere 
except at x = a, g(a) being taken arbitrarily. Let m and M be the 
strict lower and upper bounds of f(z) in (a, 6). The strict lower bound 
of g(x) will evidently be greater than or equal to m, if y(a) > m, 
and will be g(a) if g(a) < m. Similarly, the strict upper bound of 
p(x) will be less than or equal to M, if g(a) < M, and will be g(a) 
if g(a) > M. Comparing the sum (12) for f(~) and g(x), we note that 
there can only be a difference in the first term (for k = 1). But this 
first term evidently tends to zero for f(x) and (x), since 6,-> 0 
and (Jf, — m,) is bounded. The sum of the remaining terms, excluding 
the first, evidently also tends to zero, since f(x) is integrable, and the 
entire sum (12) must tend to zero in the case of f(x). The integrability 
of g(x) is proved. The identity of the integrals of f(z) and g(x) is 
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evident, since we can always take ¢, different from a when forming 
the sum (11), and f(x) and g(x) coincide at all points except x = a. 

II. If f(x) ts integrable in (a, b), it is integrable in any (c, d) forming 
part of (a, b). 

We can find the limits / and Z of sums s and S§ on the assumption 
that c and d are among the points of division of (a,b). The sum 
(12) for (c, d) is now obtained from the sum (12) for (a, 6) simply by sub- 
tracting the terms corresponding to (a, c) and (d, 6). Since the terms 
are non-negative, (12) for (c, d) is less than or equal to (12) for (a, 5), 
so that if the latter sum tends to zero [f(x) integrable in (a, b)], the 
former will certainly also tend to zero, i.e. f(x) is integrable in (ce, d). 
We remark that ¢ can coincide with a, whilst d can coincide with 6. 
The equality is proved as in [94]: 


{ Halde—Ffla)do+ ffalde (a<c<d). 


Til. If f(x) is integrable in (a, b), of(x), where c is any constant, is 
also integrable in (a, b). 

Taking c > 0, for instance, we see that the previous m, and M;, have 
to be replaced by cm, and cM, for cf(x). The sum (12) only acquires 
the factor c and will tend to zero as before. Property V of [94] is 
evidently preserved and is proved as before. 

IV. If f,(z) and f,(x) are integrable in (a, b), their sum o(x) = f,(x) + 
+ f,(x) ts also integrable in (a, b). 

Let m,’, M;’, m,", M;” be the strict lower and upper bounds of 
f(x) and f,(z) in the sub-interval (%,_1, x). Then all the values 
of f,(z) in (x,_1, %,) are greater than or equal to m,’, and all those 
of f,(z) are similarly greater than or equal to m,”. Hence, we 
have o(x) > m,’ + m,” in (2,1, %). We can show similarly that 
g(x) <M,’ + M,” in (xy_1, 2%). We let m, and M, denote the 
strict lower and upper bounds of g(x) in (a,_1, 2), so that we have 
Mm, > m’ +m,” and M, < M,’ + M,’, whence it follows at once 
that: 

; M;, — 1m, < (Mj, + My) — (my, + mj), 
i.e. 
Forming the sum (12) for p(x), we get: 


n n n 
0< > (UM, — m) 6, < > (Ma — my) 6, -+ SS (Mi — mj) 4, . 
k=l inl 


k=l 
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Both sums on the right tend to zero, since f(x) and f,(x) are inte- 
grable by hypothesis. It follows that sum (12) for (2), i.e. 


n 
> (Ma — m,) Dx 
kak 
certainly tends to zero, i.e. g(x) is also integrable. The proof is easily 
extended to the case of the algebraic sum of any finite number of 
terms. Property VI of [94] is proved as before. 

The proofs of the following properties are similar to the above: 

V. The product of two functions integrable in (a, 6) ts also integrable 
in (a, b). 

VI. If f(x) ts integrable in (a,b), where its strict lower and upper 
bounds have the same sign, 1/f(x) is also integrable in (a, 6). 

VII. If f(x) ts integrable in (a, b), its absolute value | f(x) | is also 
integrable in (a, b). 

The inequality (10) of [95] can be proved as before. The proof of 
property VII of [95] remains the same, if f(z) and g(x) are integrable 
functions. The mean value theorem reads: if f(x) and g(x) are integrable 
in (a, b), and g(x) preserves the same sign in the interval, then 


J 12) (a) de = wf ofa) ae, 


where yw is a number satisfying m < pw < M, and m and UM are the 
strict lower and upper bounds of f(x) in (a, b). In particular: 


ii f(x) da = u(b — a). 


The proof is as before [95]. It can easily be shown, with the aid 
of this formula, that 


F(x) = f j(t) at 


is a continuous function of x, and F’(x) = f(x) for all values of x at 
which f(x) is continuous. We finally establish the basic formula for 
the evaluation of integrals of integrable functions. Let F(z) be con- 
tinuous in (a, b), and let its derivative F’,’(x) = f(x) for any x inside 
(a,b), where f(x) is integrable in (a, 6). 

We have the basic formula in this case: 


Sfle) de = F,0) — Fy (a). 
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On dividing the interval as usual, and applying the formula for 
finite increments [63] to each sub-interval (%,_1, x,), we can write: 


Fy (@_) — Fy(%y—y) = Fi (E,) 8 = HE) Op (Spa <b < ay). (15) 
Further, summing over & and noting that (IIT of [116]): 


2 (Pi (te) — Fa (a) = Fuld) — Fi), 
we get: 
F,(b) — F,(a) = Shee) by. 


This equation applies for any division of (a, 6), in view of the nature 
of the choice of the ¢,, which is determined by the formula for 
finite increments (15). We get the integral instead of the sum on 
passing to the limit: 


F, 0) — Py (a) = ff) de, 


which it was required to prove. We remark that the values of f(z) 
at the ends of (a, b) play no part in the definition of the integral, by 
property I of the present section. 


EXERCISES ON CHAPTER III 


Find the integrals of the function 1—20: 
1. 5a’x®, 2. (627+ 8% + 3). 3. a(x +a) (x+b). 4 (a + bz')?. 
5. (2px). 6.07". 7 (nx)O—™™. 8B, (a2/8 — a2/8)3, 
9. (Vz + 1) (e — Vx + 1). 
19, (2+) = 2) 
Va 
11, (c™ — @")?/Vx. 12. (Va — Vx)*/Vax 13. 1/(x? + 7). 
14, 1/(a? — 10). 15. 1/V4 + 2. 16. 1//8 — 22. 
V2 + a? — 2 — a 
DY ea eae 
V4 — 22 
18. tan? x. 19. coth? x. 20. 3* e%. 
Evaluate the integrals 21—25 by considering them as limits of sums: 


b T 
21. { dz 22. { (vu + gt) dé. 
a 6 


23. ( ode. 24. {2% de 25. (08 de 
+9 0 T 
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Find the derivatives with respect to x of the functions 26—29: 
x 
26. {log tdé. 
i 


0 3 
27. {Vi+itdt. 28. fede. 
x x 


yx. 
29. {cos (*) dé. 
1x 
30. Find the turning points of the function 


E 1 
y= [a for x >0. 
0 


By evaluating the corresponding integral evaluate the limits 31—33: 
31. lim (1/n? + 2/n? +...+ (n — 1)/n*), 
32. lim [1/(m+ 1) + 1/(m+2) +...+1(n+n)], 
or" PoP P 
33. lim 2b? tet" (p>), 


N—> 0a nP+1 


Evaluate the integrals 34—45: 


34. Se — 22+ 8)de. 35. {(VSa+ 2) de. 
0 


4 6 
36. A) (1+ Vy)/y2dy. 37. f) /z—2de. 


~3 ~—8 
38. (ES 39. fo. 
é 25 + 3a o 
1 ~1 
40. {207 4] ‘ y? dy 
- e+ 3e+4+2° : yt? 
: dz d. 
by x 
2. | pate 43. | a — 3x42 
3 
a ‘de me 4 
oy : 
|aax- 45. | see eax. 
0 n{6 


Find the indefinite integrals of the functions 46—122: 
46. a/(a — x). 47. (2a + 3)/(2u + 1). 48. (1 — 3x)/(3 + 22) 
49. x/(a + bx). 50. (ax + b)/(a vw + B). 51. (2? + I)/(x — 1). 
52, (a?+-5a¢+-7)/(a+3). 53. (vt+a2?+1)/(a— 1). 54. [a + b/(a — a)P. 
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55. x/(x + 1)*. 56. b/V1 — a. 57. Va — bx. 58. (x + 3)/V/a2 — 4. 
59. x/(x? — 5). 60. x/(2x? + 3). 61. (ax + b)/(a? x? + 6). 
62. x/V a — x . 63. a7/(1 + 28). 64, a?//a8 — 1. 
65.(4-+ 7)! are tania. 66. | ose, 
67. ae"™. 68. 4°~°*, 69. (e* — e*). 70. (e* + e7*'%)2, 
a6 (Oa 12. a a 4), 13. ce. 
74.0 T°. 75. a2 eo, 76, 5V*/e 77. eX/(e* — 1). 78. e* Va — be®. 
79. 2 (5 — x*)"®, 80. (a3 — 1)/(at — 4x + 1). 81. 3 /(28 4+ 5). 
82. ce~*". 83. (3 — J2 1 322]/(2 + 32%). 84. (x3 — 1)/(u + 1). 
85.07, 86. (1 — sin )/(x + cosa). 87. (tan 3x — cot 3z)/sin 3x. 
88. 1/(x log? x) 89. sec?x (tan? x — 2)~"/*. 99, (2 a saz) ae 
91. a!"* cos x. 92. 22 (a3 4-1)", 93. e(1 — art)", 
94. tan? ax. 95. sin? a. 96. sec? x (4 — tan? x)~"/*, 
97. sec (x/a). 98. 2-1 (1+ log x)"/*. 99. (w — 1)7"” tan Va — 1. 
100. x cosec x. LOL. (1 -+ 2?)—1 {er ta" * +. aw log (1 +2?) + I}. 
102. (sin x — cos 2)/(sinz + cos x). 103. (1 — sin 7x) cose 7 ' 
104, 22/(2? — 2). 105. (1 + 2)%/e (1 + 22). 106. sin 2x - e!"**, 
107. (5 — 3x) (4 — 3a2)""*, 108. (e% + 1)71. 
109. [(a + 6) + (a —b)a*}31,0<b<a. 110. e*/Ve* — 1. 
111. sec ax - cosec ax. 112. sin (20 2/T + @,). 113. 1/[x (4 — log? x)]. 
114, (4 — 2?)~** arc cosiz. 115. sec? x - eo "*, 
116. sin x cos x (2 — sint x)~"/*. 117. sec? x - cosec? x. 
118. (1 — «?)~*”* (w + arc sin x). 119. sec x tan x (sec? x + 1)7"”*, 
120. cos 22/(4 + cos? 2x). 121. 1/(1 + cos? x). 
122. (1 + 2%)~"!* flog {a + Ya? + 1}]. 


Find the indefinite integrals of the functions 123—140 by changing 
the variable of integration: 

123. (a) 2-2 (a? — 2)~"*, (w = #73); (b) (e* + 1)-1, (aw = — log ft); 
(c) x (5% — 3)", (5a? 3 =1); (d) aVaFL, (= \a+Di 
(e) cos #/V1-+ sin? x, (f = sin 2). 

W24, o (Qe -+ 5)}0, 125, (1 + x)/(1 + x). 126. Ifa 2a 41. 

127. (&* — 1)7**, 128. 271 (log 2a/log 4a). 129. (1 — a?)~*/* (are sin z)*. 

130. e* (e% + 1)~*?, 181. sin? x (cos x)~*. 132. Ia V1 + 2. 

133. 22/1 — 22. 134. 23/2 — 2%. 135. 271 Vx? — a?. 

136. 273 (a? — 1)7"*, 187. wo} (a® + 1)"/*, 138. 2? (4 — a)", 

139. 1 — a2. 140. x (1 — a)~"?, (Put x = sin? ¢). 
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Find the indefinite integrals of the functions 141—160 by integrating 
by parts: 


141. log x. 142. arc tan w. 143. arc sin x. 144. x sin x. 145. x cos 3z. 

146. we~*. IAT. x + 27%. 148. x? e°*, 149. (x? — Qa 4- 5) 0%, 

150. «3 e~*?, 151. 2 sin @ cos aw. 152. (a? -+- 5u + 6) cos 2a. 153. 2? log x. 

154, log? x. 155. 23 log #. 156.27" log x. 157. ware tan x. 158.2 arc 
sin x. 

159. log [e + V1 + 27]. 160. x - cosec? x. 

Find the indefinite integrals of the functions 161—218: 

161. (a? + 2a + 5)~1. 162. (a? + 2x)—1, 163. (8a? — x + 1)71. 

164. x (x? — Tx + 13)—1. 165. (3a — 2)/(x? — 4x + 5). 

166. (w — 1)?/(x? 4+- 8a + 4). 167. 2?/(x? — 6x + 10). 

168. (2 +- 3a — 222)~"*, 169. (a — 2®)7/*. 170. (2? + px + gq)". 

171. (2? + ax + ba + ab)—1. 172. (x? — 5a + 9)/(a~? — 5a + 6). 

17. [(w + 1) (w + 2) (w +8) 

174, (22? + 41 x — 91)/(~ — 1) (x + 3) (w — 4). 

175. (53 + 2)/(a® — 5a? 4+- 4x). 176. aa + 1)7?. 

177. (a — 1)/(4a3 — x).178. (x — 6x3 + 122? + 6)/(a?—62?+ 127—8) 

179. (52? + 6a + 9)/(e — 3)? (w + 1). 

180. (a2 — 8x + 7)/(a? — 3a — 10)2. 181. (2a — 3)/(a2 — 3x + 2). 

182. (x3 +- @ + 1)/x (2? ++ 1). 183. at/(a* — 1). 

184, (a? — 4a + 3)71 (x? + 4a + 5)—1. 185. cos? x. 186. sin? x. 

187. sin? x cos* x. 188, sin?a-cos5i2. 189. cos® x - cosec? a. 

190. sin* x. 191. sin? x cos? x. 192. sin? x cos* zw. 193. cos® 3a. 

194. cosect x. 195. sec® x. 196. cos? x - cosec® x. 197, cosec* %-sec4 x. 

198. cosec5 x - sec? x. 199. cosec }2-+sec*s x. 

200. sin (x + $2 cosec z-sec x. 201. cosec® x. 202. sec’ 4x. 

203. tan? 5x. 204. cot? x. 205. cot4 x. 206. tan? (2/3) + tan‘ (2/4). 

207. x sin? 22. 208. sin5 x cos * x. 209. cosec’? x sec’? w. 210. cot’? x. 

211. sin 3x cos 5a. 212. sin 10a sin 15a. 213. cos} xcos ia. 

214. sin xcosi a. 215. cos (ax + b) cos (az — b). 

216. sin w x sin (wo x + —). 217. cos x cos? 3”. 218. sin x sin 2a sin 3x. 


Find the indefinite integrals of the functions 219-227 by making the 
change of variable taniz=# and integrating with respect to #: 


219. (3 + 5 cos x)~1. 220. (sin x + cos x)~1. 221. cos x/(1 + cos x). 
222. sin z/(1 — sin x). 223. (8 — 4sinz + 7 cos z)7}. 

224. (cos z + 2sin x + 3)~1. 225. (3 sin x + 2cos x)/(2 sin x + 3 cos 2) 
226. (1 + tan a)/(1 — tan x). 227. (1 + 3 cos? z)~?1. 


EXERCISES ON CHAPTER III. 309 


Find the indefinite integrals of the functions 228—233 by changing 
the variable of integration by a substitution involving hyper- 
bolic functions: 

228. (3 — 2a — x*)'/*, 229, V2 4 a2. 230. 22 (9 + a2)~"”*, 

231. Vn? — 2a + 2. 232. Ya? — 4. 233. x? + ox. 

Examine for convergence (and in the cases when the integrals are 
pouvergent evaluate) the definite mabeereis 234— set 

a 


er 
234. Ie 23s. |S a. 236. [3 RBI. f ee 
1 cod co) oo 
dx dx dx 
238, | —————- 239. | —— 240. 241, 
Vi — 2 J x | a? ar 
[os] a . (oy d 0 
242. | -; oF 243, { ary is ae 244, ) sin x dw. 
“Af, de Ws 4 
7] 
245. | x log a 246. \ see x 247. Saige a> 1) 
0 i) 
lign 
248. fies (a> 1) 249, [cota de. 
d 
" re t 
250. i ede (k> 0) 251, [5 da 
9 0 
ro) 0 1 
dz dz 
igus the slates of the capen 255 —261: 
100 
ORG. eee 256. f ed 
Yo +2Va +23 tL 2a@+Voer+1lts 
bo] oa dz 
5 ae eee eee 258. [a 
a? + Vat +1 6 
2 ca 
950s) |i ee 260. 261. | == da 
ie a al ieee :] a 


262. Prove that Euler’s slieal of the first kind (the Beta function) 
B(p, q), defined by the equation 


1 
B (p,q) = J a? *(1—x)™*da, 
0 
is convergent if p > 0, ¢ > 0. 
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263. Prove that Euler’s integral of the second kind (the Gamma 
function) I'(p), defined by the equation 


I'(p) = ea e*dz, 
0 


is convergent if p > 0. 

264. Find the area bounded by the parabola y = 42% — 2” and the 
x-axis. 

265. Find the area bounded by the curve y = log x, the z-axis and 
the line x = e. 

266. Find the area bounded by the curve y = a (x — 1) (w — 2) and 
the x-axis. 

267. Calculate the area bounded by the curve y°® = x and the lines 
y= 1 and «= 8. 

268. Calculate the area above the x-axis of one arc of the sinusoidal 
curve y = sin 2. 

269. Calculate the area bounded by the curve y = tan 2, the z-axis 
and the line x = jx. 

270. Find the area bounded by the parabola wy = m?, the lines 
%—=a, x = 3a (a > 0) and the z-axis. 

271. Find the area bounded by the Witch of Agnesi y = a3/(x? + a?) 
and the 2-axis. 

272. Find the area of the figure bounded by the cubic curve y = 2°, 
the line y = 8 and the y-axis. 

273. Find the area bounded by the parabolas y* = 2px and 2? = 2py. 

274, Calculate the area bounded by the parabola y = 2x — 2 and 
the line y = —z. 

275. Calculate the area bounded by the line y = 3 — 2m and the 
parabola y = 2. 

276. Find the area of the figure bounded by the parabolas y = 2, 
y = 32" and the line y = 2u. 

277. Find the area bounded by the curve a? y? = x? (a? — 2°). 

278. Find the area enclosed by the curve (x/5)? + (y/4)"* = 1. 

279. Find the area contained within the astroid x = a cos? ft, 
y = bsin it, 

280. Find the area bounded by the z-axis and one arc of the cycloid 
x=a(t—sint), y=a(l—cos?). 

281. Find the area bounded by one branch of the trochoid x = 
= at — bsini, y= a — bcost (0 <b < a), and the tangent at 
its lowest point. 
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282. Find the area bounded by the cardioid x = a (2 cost — cos 28), 
y = a (2 siné — sin 22). 
283. Find the area of a loop of the folium of Descartes: 


x == 8at/(1 +); y= 3at?/(1 + #8). 


284, Find the area of the cardioid r = a (1 + cos 9). 

285. Find the area of one leaf of the curve r = a cos 26. 

286. Find the total area enclosed by the curve 77 = a*sin 40. 

287. Find the area contained within the curve r = asin 30. 

288. Find the area bounded by Pascal’s Limagon r = 2 -+ cos 0. 

289. Find the area bounded by the parabola 
r== asec? and the lines 0 =} and 0= 3 x. 

290. Find the area of the ellipse r = p/(1 + e cos 4), (e < 1). 

291. Find the area bounded by the curve r= 2a cos 30 and lying 
outside the circle r = a. 

292. Find the area contained within the curve 24 + yf = 22+ ¥°. 

293. Calculate the length of the are of the semi-cubical parabola 
y? = x3 from the origin to the point (4,8). 

294, Find the length of the arc of the parabola y= 2 |/x from x = 0 
to x= 1. 

295. Find the length of the part of the curve y = e” lying between 
the points (0,1) and (1, e). 

296. Find the length of the curve y=log x from x= 3 to x = V8. 

297. Find the length of the curve y= are sin (e*) from x= 0 tox=I. 

298. Calculate the length of the arc of the curve x= log sec y con- 
tained between y = 0 and y = 3 a. 

299. Find the length of the curve r=} y’—}log y from y= 1 to 
y =e. 

300. Find the perimeter of the closed loop of the curve 9ay? = 
= 4 (x — 3a)’. 

301. Find the length of the are of the evolute of the circle 
x= a(cost-+tsint), y= a(sint —icost) fromt=Otot=T7. 

302. Find the length of the evolute of the ellipse 


x = (/a) cos? t, y = (c/b) sin? t, (c? = a® — Bb’). 
303. Find the length of the curve 
x= a(2cost —cos2t), y= a(2siné — sin 2¢). 


304. Find the length of a complete turn of the Archimedean spiral 
r= a8. 
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305. Find the length of the perimeter of the cardioid r = a (1 + cos 9). 

306. Find the length of the part of the parabola r=a sec; cut 
off from the parabola by a vertical line through the pole. 

307. Find the volume of the solid obtained by rotating about the z-axis 
the part of the parabola y = ax — 2? which lies above the x-axis. 

308. Find the volume of the solid obtained by rotating the ellipse 
x/a? 4+- y?/b? = 1 about the x-axis. 

309. Find the volume generated by rotating about the x-axis the arc 
of the curve y = sin? x lying between x = 0 and x= z. 

310. Find the volume generated by rotating the figure bounded by 
the x-axis, the semi-cubical parabola y? = x* and the ordinate 
x = 1 (a) about the z-axis, (b) about the y-axis. 

311. Find the volume generated by rotating about the y-axis the 
area bounded by the parabola y? = 4ax and the line x = a. 

312. Find the volume generated by rotating about the z-axis the 
figure bounded by the curves y = 2” and y = //z. 

313. Find the volume generated by rotating, about the z-axis, the 
closed loop of the curve (x — 4a) y? = ax (x — 3a) (a > 0). 
314. Find the volume traced out by rotating the curve y? = x°/(2a — x) 

about its asymptote x = 2a. 

315. Find the volume of a paraboloid of revolution of radius of base 
R and height H. 

316. A plane area bounded by a segment of a parabola of base 2a 
and height & is rotated about its base. Determine the volume 
of the solid so obtained (Cavalieri’s ‘“‘lemon’’). 

317. Show that the volume cut off by the plane x = 2a from the 
solid obtained by rotating the hyperbola 2? — y? = a? about the 
x-axis is equal to that of a sphere of radius a. 

318. Find the volume of the solid obtained by revolving the figure 
bounded by one are of the cycloid «= a(t — sint), y= 
== a (1 — cos #) and the z-axis about (a) the x-axis, (b) the y-axis, 
(c) the axis of symmetry of the figure. 

319. Find the volume of the solid generated by revolving the astroid 
x= acos*t, y = bsin®é about the y-axis. 

320. Find the volume of the solid obtained by revolving the curve 
r = acos*?@ about the polar axis. 

321. Find the volume of the solid obtained by revolving the curve 
r == a@(1-+-cos 6) about the polar axis. 

322. Find the volume of the solid cut off from the hyperboloid 
x/a? + y?/b? — 22/2? = 1 by the planes z = 0, z = h. 
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323. Find the volume of the ellipsoid «/a? +- y?/b? +- 22/c? = 1. 

324. Find the area of the surface of the “spindle” which is formed 
by rotating one arc of the curve y = sina about the z-axis. 

325. Find the area of the surface formed by rotating about the x-axis 
the arc of the curve y=tan x lying between 2 = 0 and 4=j a. 

326. Find the area of the surface obtained by rotating the curve 
y=e™ (0< a < co) about the x-axis. 

327. Find the area of the surface generated by the rotation about 
the x-axis of the arc of the catenary y = acosh (2z/a) lying 
between x= 0 and x = a. 

328. Find the area of the surface obtained by rotating the astroid 
al? + y°3 = a’? about the y-axis. 

329. Find the area of the surface obtaining by rotating about the 
z-axis the part of the curve x= jy? — 3log y which lies between 
y= land y=e. 

330. Find the surface area of the torus obtained by rotating the 
circle 2? + (y — b)? = a (b > a) about Ox. 

331. Find the surface areas of the solids obtained by rotating the 
ellipse 27/a? + y?/b2 == 1 about (1) the x-axis; (2) the y-axis 
(a > 6). 

332. Find the areas of the surfaces generated by rotating one are 
of the cycloid 2 = a (t — sint), y = a (1 — cos?) about (a) the 
x-axis; (b) the y-axis; (c) the tangent to the cycloid at its highest 
point. 

333. Find the area of the surface obtained by rotating about the 
x-axis the cardioid with parametric equations x = a (2 cost — 
— cos 2é), y= a (2sint — sin 2f). 

334. Find the statical moments with respect to the coordinate axes 
of the segment of the line z/a + y/b = 1 cut off by the coordinate 
aXes. 

335. Find the statical moments of a rectangle of sides a and b with 
respect to its sides. 

336. Find the statical moments with respect to the coordinate axes 
and the coordinates of the centroid of the area bounded by 
a+y=a,x=—0, y= 0. 

337. Find the statical moments with respect to the coordinate axes 
and the coordinates of the centroid of the area in the first quadrant 
bounded by the astroid. 

338. Find the statical moment of the circle r = 2a sin 9 with respect 
to the polar axis. 
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339. Find the centroid of the are of a circle of radius a subtending 
an angle 2a at the centre of the circle. 

340. Find the coordinates of the centroid of one arc of the cycloid 
x=a(t—sint), y = a(1 — cosé). 

341. Find the coordinates of the area in the first quadrant bounded 
by the coordinate axes and the ellipse x/a? +- y?/b? = 1. 

342, Find the coordinates of = centroid of the area bounded by the 
parabolas y = 2, y = 

343. Find the coordinates ua tlie centroid of the area bounded by 
one are of the cycloid « = a (t — sin t), y = a (1 — cos?). 

344. Find the centroid of a hemispherical shell of radius a, taking 
the centre of the sphere to be the origin of coordinates and the 
plane face to be the plane 20 y. 

345. Find the centroid of a homogeneous right circular cone of height h, 
taking the origin of coordinates at the apex and the z-axis along 
the axis of symmetry. 

346. Find the centroid of a homogeneous hemisphere of radius a, 
taking the same coordinate system as in 344. 

347. Find the moment of inertia of a circular hoop of radius @ about 
a diameter. 

348. Find the moments of inertia of a rectangle of sides a, b about 
its sides. 

349. Find the moment of inertia of the plane area bounded by a 
parabolic segment with base 2b and height h about its axis of 
symmetry. 

350. Find the moments of inertia of the area bounded by the ellipse 
x?/a? +- y?/b® = 1 about its principal axes. 

351. Find the moment of inertia about an axis through its centre 
and normal to a plane of a circular ring of radii 7,, 7, (72 > 1). 

352. Find the moment of inertia of a homogeneous right circular 
cone of radius r and height & about its axis. 

353. Find the moment of inertia of a solid sphere of radius a and 
mass m about a diameter. 

354. Find the volume and surface area of the torus obtained by 
rotating a circle of radius a about an axis in the same plane and 
distant b (> a) from the centre of the circle. 

355. (a) Find the centroid of a semicircle using Guldin’s theorem. 
(b) Using Guldin’s theorem, prove that the centroid of a triangle 
is at distance hfrom the base, where h is the height of the 
triangle. 


CHAPTER IV 


SERIES. APPLICATIONS TO APPROXIMATE 


EVALUATIONS 


§ 12. Basic theory of infinite series 


118. Infinite series. Let an infinite sequence of numbers be given: 


Uy; Uy, tgs <2 5 Uns <% 
By taking the sum of the first n terms 

Sn = Ut Ut... Un, 
we can get another infinite sequence of numbers 


$1, Sos eves Spy vee 


If 8, tends to a (finite) limit on indefinite increase of n: 


s = lim s,, 


nwo 


we say that the infinite series : 
Uy ++... $Uat... 
converges and has the sum s, and we write : 


SHU +t... +Unt... 


(1) 


(2) 


(3) 


(4) 


On the other hand, if 8, does not tend to a limit, we say that the infinite 


series (3) diverges. 


In other words the infinite series (3) is said to converge, if the sum of 
its first n terms tends to a limit on indefinite increase of n. We call this 


limit the sum of the series. 


We can only talk about the sum of an infinite series when it is con- 
vergent, in which case the sum s,, of the first » terms gives an apprcx- 
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imate expression for the sum s of the series. The error r, involved 
in this approximation, i.e. the difference 


Tp = 8 — Sn; 


is called the remainder of the series. 
The remainder 7, is evidently itself the sum of an infinite series, 
obtained from the given series (3) by neglecting its first » terms: 


Th = Ung + Ungs $+ + Untp + - 

This remainder cannot be found accurately in the majority of cases, 
so that it is important to know the approximate error due to this 
remainder. 

The simplest example of an infinite series is the geometrical progres- 
sion: 

a +-aq+aq?+ ... +ag™* +... (a#0) (5) 

We consider separately the cases: 

lgq)<1, |g) >La=Lq=-l. 


We know [27] that a geometrical progression has a finite sum 
s==a/(1—gq) for|q|< 1, so that the series is convergent; here, in fact: 


and 8 — 8, > 0 as n> ©, since q, > 0 for | q | < 1 [26]. Obviously, 
8, > © for n— co with |q| > 1, since now g" —> oo [29]. We have 
Sn = an for ¢ = 1, and evidently s, — © again, so that a geometrical 
progression is divergent for |q|> 1 and g= 1. We get the series, 
with g = —1: 

a—-ata—a-+... 


The sum s,, of its first m terms is zero for n even, and a for n odd, 
i.e. 8, does not tend to a limit, and the series is divergent; though 
contrary to the previous case, the sum remains bounded for all n, 
since it only takes the values 0 and a. 

If the absolute value of spn, the sum of the first n terms of series (3), 
tends to infinity on indefinite increase of n, series (1) ts said to be 
strictly divergent. In future, we shall simply speak of a ‘divergent 
series” for brevity, when a strictly divergent series is meant. 
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119. Basic properties of infinite series. Convergent infinite series 
have certain properties that allow for operations being performed on 
them, as on finite sums. 

I. If the series 

UtuUuat... fmt... 
has the sum 8, the series 


QU, + AU, +t... $AUnt+..., (6) 


obtained by multiplying all the terms of the first series by the same factor 
a, has the sum as, because the sum o, of the first n terms of (6) is 


On = AU, + AU, + ... + AUn = a8, 


and hence 
lim o,, = lim as, = a lim s, = as. 


n—>co N-» 0 N—> oo 


II. Convergent series can be added and subtracted term by term, i.e. if 


Uy tut... $Unbt... = 8, 
MWi+mt...tfm+... =a, 
the series 
(uy 0) + (uy + %) +... + (Unt On) + sss (7) 


is also convergent, and its sum is (s + a), since the sum of the first » 
terms of (7) is 
(uy + 0) + (UE %) + ~~. + (Un £ Mn) = Bn + On. 

Other properties of sums, for instance the independence of the sum 
on the order of the terms, the rule for cross-multiplying two sums, 
etc., will be considered in regard to infinite series in § 14 below. We 
remark for the present that these properties do not hold for every 
series. The associative law is evidently valid for any convergent series, 
i.e. we can regroup the terms of the series as desired. This amounts to 
taking only part of the s, instead of all the s, (m = I, 2, 3, ...), which 
does not alter the limit s. 

III. The convergence or divergence of a series is unaltered by removing 
or adding a finite number of terms at the beginning. We shall take the 
two series: 


Uy + Uy + Ug + Uy +..-- 
Uz + Uy + Us + Ugt.-- 


The second is derived from the first by removing the first two terms. 
Let the sum of the first 1 terms of the first series be denoted by s,, 
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and of the second series by o,. Evidently: 
On—2 = 8, — (Uy + Uy), Sn = On-g + (Uy + UW), 
whilst subscript (n — 2)->+ co as n> ©. Hence, if s, has a limit, 
On_» also has a limit, and conversely. These limits, s and go, i.e. the 
sums of the above two series, will of course be different, and in fact: 
o= 8 — (u, + u,). 
IV. The general term u,, of a convergent series tends to zero on inde- 
finite increase of n: 
lim u, = 0, (8) 
since obviously, 
Un = 8) — 8n-1; 


and if the series converges and has the sum s, 


lim s,_, = lims, = s, 
so that 
lim wu, = lim s, — lim s,_; = s —s= 0. 
Condition (8) is thus necessary for the convergence of a series, but 
it is not sufficient: a series as a whole can diverge, whilst its general 
terms tends to zero. 


Example. The harmonic series is: 


lf¢ptete tot... = De. (9) 
We have here: 


1 
u, = — > 0 for n > 9, 
n 


It can easily be shown, however, that the sum of the first n terms of (9) 
increases indefinitely. We take the terms in groups of 1, 2, 4, 8, ... terms, 
starting with the second: 


1 1 1 1 1 1 I 
1+(s)+(eta)t (+t) t(Gte tig) te 
so that the kth group contains 2*—! terms. If we replace all the terms of each 
group by the last, this being the smallest of the group, the resulting series: 


I ] 1 J 1 
leet qt yet. Sli gtgtes (10) 


evidently tends to (+00), the sum of its first n terms being [1 + 1/, (n — 1)]. 
We can take any desired number n of groups by taking « sufficiently large 
number of terms of (9), and the sum of the terms of (9) is greater than {1 ++ 
+ 3/, (% — 1)], whence it follows that 8, > oo for the series (9). 
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120. Series with positive terms. Tests for convergence. Series with 
positive (non-negative) terms have a special importance; here, all 
the terms 

Uy, Uy, Ug, ..+, Un, +. 2 O. 


We establish a number of tests for convergence and divergence of 
such series. 
1. A series with positive terms can only be convergent, or else strictly 
divergent, i.e. 
8,—> 8 OF S,-> + ©. 


A necessary and sufficient condition for the convergence of a series with 
positive terms is that the sum 8, of its first n terms remains less than a 
given constant A for any n. 

The sum s,, of the series cannot decrease as 7 increases, since new 
positive (non-negative) terms are then added; all our assertions now 
follow from the properties of increasing variables worked out in [30]. 

It is often useful, when discussing the convergence or divergence of 
a series with positive terms, to compare it with other, simpler series, 
and especially with a geometrical progression. 

We therefore establish the following test: 

2. If each term of a series with positive terms 


Tene ee Cee” oa) ee a (11) 


as from some given term, does not exceed the corresponding term of a con- 
vergent series 


MbyM+... boat ..., (12) 


the given series is convergent. 

If, on the contrary, each term of (11), as from a given n, is not less 
than the corresponding term of a divergent series (12), the given series is 
also divergent. 

We first take 

Un <Un; (13) 


with series (12) convergent. We can suppose without loss of generality 
that this inequality is true for all n, since the first terms to which it 
does not apply can be neglected if necessary (property II [119]. 
Let the sum of the first n terms of (11) be denoted by s,, and the cor- 
responding sum for (12) by o,; then we have by (13): 


Sn < On. 
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But (12) converges by hypothesis, and denoting its sum by o, 
we have: 
Ono, 
so that we also have: 
Sno, 


whence the convergence of (11) follows, by 1. 
We now take 
in oe Vas (14) 
We evidently have 
Sn 2 On; (15) 


but series (12) is now divergent, and the sum o,, of its first n terms 
can be made greater than any previously assigned large number; 
by (15), s, has the same property, i.e. series (11) is also divergent. 

Remark. The convergence (divergence) of series (12) implies the 
convergence (divergence) of the series 


kv, + kv, +- keg t+... t+ hon t ..., 


where & is any positive constant number. 

The convergence of the series 2 kv, follows from the convergence 
of X'v, by I [119]. Conversely, if X'v, is divergent, X kv, must be 
divergent, since, supposing it were convergent, and multiplying its 
terms by 1/k, we should have the convergence of 4'v, by I [119]. 
It follows from what has been said that: 

Series (11) is convergent, if 


Un < kvp, (16) 


where the series Xv, ts convergent and k is any positive number ; (11) is 
divergent, if 
Un = kvp, 2 (17) 


where 2 v,, 1s divergent. 

By comparing a given series with a geometrical progression, we 
obtain two fundamental tests for the convergence of series with 
positive terms. 


121. Cauchy’s and d’Alembert’s tests. 
3. Cauchy’s test. If the general term of the series (11) with positive 
terms : 


Uy + Ug ..s Unt ...; 
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satisfies, as from some given n: 


n 
Vin <q <1, oF 
where q does not depend on n, the series is convergent. 
On the other hand, if we have, as from a given n, 
nr 
Vu, >1, 42) 


series (11) ts divergent. 
We can assume that inequality (18) or (19) is satisfied for all n 
without loss of generality (property ITI [119]). If (18) is satisfied, 


Un <q", 


i.e. the general term of the given series does not exceed the correspond- 
ing term of an infinite diminishing geometrical progression, whence, 
by test 2., the series is convergent. Whereas we have in the case of (19): 


Un>l, 


and series (11) has a general term which does not tend to zero (it 
is greater than unity), so that the series cannot be convergent (pro- 
perty IV [119}). 

4. d’Alembert’s test. If the ratio up/un_, of two successive terms of a 
series satisfies the inequality, as from a given n: 


u 
a <g<l, (20) 


n-l 
where q does not depend on n, series (11) is convergent. 
On the other hand, if we have, as from a given n : 


Un 


21, (21) 


Un-1 
the given series ts divergent. 
We can make the same sort of assumption as before, that inequality 
(20) or (21) is satisfied for all n; we have in the case of (20): 


Un S Un1G% Un—y S Uno Qs or Ue SU; 


whence, cross-multiplying term by term and cancelling the common 
factors, 
Un < Uy Citas 


i.e. the terms of the series are less than the terms of the diminishing 
geometrical progression: 


Wmteugqtuygt... +uqrt ne Og Ts 
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and (11) therefore converges, by test 2. In the case of (21): 
Uy S Ug K Ug Koes GS Un_y SK Un-sss 


i.e. the terms of the series do not decrease, so that u, does not tend 
to zero for »—» oe, and the series cannot be convergent (property IV 


[119}). 


Coroitiary. I} 


Un 
u 


n 
Vu, or (22) 
n-l 


tends to a finite limit r on indefinite increase of n, the series 


U,+ Uy +... bat... 


is convergent for r <1, and divergent for r > 1. 
Suppose first r << 1. We take a sufficiently small number ¢ such 
that also 
rte<cl. 


n 
For large n, Vu, OF Unp/Un_, will differ from the limit r by not more 
than «, i.e. we shall have, starting from some sufficiently large n: 


n 
r—e<ju,<rte<l (23,) 
or 
r—ec—8# crtecl. (23,) 
Un-1 


Applying Cauchy’s or d’Alembert’s test with g=r-+e<1, we 
can infer at once the convergence of the given series from (23,) or (23,). 
The proof of divergence is similar, in the case when r > 1. The series 
is evidently also divergent if one of expressions (22) tends to (+09). 


Examples. 1. Consider the series 


=, a ag ee 
—+-—=—+4... > — oo — 24 
Poge qe? Se ope age F yal Sa 
Applying d’Alembert’s test: 
ee Lo ee Un  & 
Un+i mi’ Un (m—i1)1? ae et ee 


so that the given series converges for all finite (positive) a. 
2. Consider the series 


oie (25) 
n=1 7% 
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Here we have: 


U,==—, &,.) =o ,>,dDmr- = CwT>z 
n n’ n~-1 ’ n > 


so that, by d’Alembert’s test, the given series converges for 0 < x < 1 and 
diverges for x > 1. 
3. Consider the series 


cos] 


> sin? na, (26) 


n=1 


We have, on applying Cauchy’s test: 


nn " 
U,=rsintna, Vu, =rVsintna<r, 


so that the series is convergent for r < 1. 
d’Alembert’s test gives no result in this case, since 


Un sinna 2 
Une1 a E= (n — 1) a| 
neither tends to a limit, nor remains always <1 or > 1. 

It can be shown that, in general, Cauchy’s test is stronger than d’Alembert’s 
test, ie. Cauchy’s test can always be applied when d’Alembert’s can, and 
often when it cannot. On the other hand, d’Alembert’s test is easier to use, 
as becomes evident from an inspection of the first two examples worked 
out above. 

We remark further that there are cases when both Cauchy’s and d’Alem- 
bert’s tests fail, as, for instance, whenever 


n 


u 
Yun and wows 


tae | 


i.e. when r = 1. We are concerned here with a doubtful case, when the ques- 
tion of convergence or divergence has to be decided by some other means. 
For example, in the case of the harmonic series 


= 1 
n=l 7% 


which we have seen to be divergent in [119], we have: 


n 
ad 1 1 
Un n—1 ere je = log = 

—_——— = a 1, Vu, = oe n-»1,t 


Un-1 


It must be noted in the above working that, putting « = 1/n,2—- 0 
and (1/n) log 1/n = x log x > 0 [66]. Hence, on taking the logarithm of the 
n 


expression //1/n, we see that it tends to unity. 
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and therefore the question of the convergence or divergence of the harmonic 
series cannot be decided by means of Cauchy’s or d’Alembert’s test. 
We show later that the series 


| 1 1 1 
Pi eae a ns 


is convergent. 
But we again have in this case: 


i n ae nt ee 
Un _(n—1)? — ae) AS 
eet) Oe eer el ee 
i.e. another doubtful case, if Cauchy’s or d’Alembert’s test is applied. 


122. Cauchy’s integral test for convergence. We assume that the 
terms of the series: 


UtUfugt... +t... (27) 
are positive and non-increasing, 1. e. 
Uy SU, >... SU Un S... > O.~ (28) 


We represent the terms graphically by plotting n as the in- 
dependent variable, which as yet only takes integral values, along 
the axis of abscissae, and the corre- 
sponding values of u, on the axis 
of ordinates (Fig. 155). A continuous 
function y=f(x) can always be found, 
such that it takes precisely the va- 
lues u, for integral values of x = n; 
in fact, it is only necessary to draw 
a continuous curve through all the 
points plotted; we shall assume that 
the function thus obtained is non- 
increasing. 

With this graphical representation, the sum of the first » terms 
of the series, 


Fig. 155 


8S, Uy Ut... Un, 


is represented by the sum of the areas of the exterior rectangles 
in which is contained the area of the figure bounded by the curve 
y = f(x), axis OX, and ordinates x = 1 and x =n -+ 1, so that 


n+I 
8, > § f(x)de. (29) 
1 
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On the other hand, this latter figure contains within itself all the 
interior rectangles, the sum of the areas of which is: 


Uy + Ug Uy. + Und = Sng — Uy; (30) 
so that 
n+l 
Sn41— Uy < J f(z)da. (31) 
1 


These inequalities lead us to the following test. 
5. Cauchy’s integral test. The series (27), 


UtUt...- + Un t..-, m=fi(n), 


with positive terms that do not increase with increasing n, converges 
or strictly diverges, according as the integral 


I= \ f(x) dz (32) 


is finite or infinite. 
We recall that the f(x) here must decrease with increasing z. 
Firstly, let integral I be finite, i.e. the curve y = f(x) has a finite 
area, [98]. It follows from the fact that f(z) is positive, that 


n+1 


f fle)ax< § fla) de, 


and hence, by (31): 
Sn<Snti <M +1, 


i.e. the sum s, is bounded for all , and (27) is convergent, on the 
basis of test 1 [120]. 
We now take J = ©, ie. the integral 


n+1 


i f(a)da 


can be made greater than any previously assigned number N by 
increasing ». By (29), s, can also be made greater than N, i.e. (27) 
is strictly divergent. 

It can similarly be shown that the remainder of series (27) does not 
exceed the integral 


( f@)de. 
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Remark. The integral I in Cauchy’s test can be replaced by the integral 


i fle) de 


where a is any positive number, greater than unity. 

In fact, if the curve y = f(x) has a finite area on measuring from 
the ordinate x = 1, its area will be finite on measuring from any 
ordinate x = a, and vice versa, If I = co, we speak alternatively of 
integral (32) diverging. 


Examples. 1. Consider the harmonic series: 


hones 
p> n 
Here we have: 
1 
f(n) = —, 
so that we can put 
f(z) = — 


then 


and the integral diverges, since log z— -+co as «> +00; thus the series 
diverges, as we have already seen. 
2. Consider the more general series 


a 


ZW? (33) 


where p is any number greater than zero (the series obviously diverges for 
p <0). Here we have: 
1 


i—p 
l—p S 


set pet, 
eee I da 1 
Kin)=—5, Ie) = => 1={G= 
1 og x 


” ifp=l. 
{uP 


Hence it is clear that the integral diverges, if p < 1, and is convergent 
to 1/(p —1), if p >1. We have in the latter case the exponent 1 — p< 0, 
gi—P == 1/xP-1+ 0 as w—-> +a, and thus 

ae es j 1 
Tap? oh W9OTSp 7 pat 
Hence, by Cauchy’s test, series (33) is convergent for p > 1, and divergent 
for p<. 
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123. Alternating series. We now turn to series with either positive 
or negative terms, and we first take the alternating series, the terms 
of which are alternately positive and negative. Such series are more 
conveniently written in a new form: 


Uy — Ug + Ug — Ug-b ... Un F Ung. ee, (34) 


where the numbers 
Ui Wa Uy, sa os 


are reckoned positive.t 

The following proposition can be proved regarding alternating 
series: 

A sufficient condition for the convergence of an alternating series is 
that the absolute value of its terms decrease and tend to zero with in- 
creasing n. The absolute value of the remainder of the series does not 
exceed the absolute value of the first of the neglected terme. 

We first take the sum of an even number of terms of the series: 


Sgn = Uy — Ug + Ug — «2. + Ugn—1 — Yan: 


Since, by hypothesis, the absolute values of the terms decrease 
(or it is better to say, do not increase) with increasing n, in general: 


Uy > Ut, aNd Ugny1 — Usnta > 0, 
and hence 
Senta = San + (Venti — Vente) > Sen> 


i.e. the variable s,,, is non-decreasing. We have on the other hand: 
Son = Uy — (Ug — Us) — (Ug — Us) — «+ — (Uan—g — Yan—1) — Yan < Uy, 


since all the differences in brackets are non-negative; i.e. the variable 
8, remains bounded for all n. Hence it follows that, on indefinite 
increase of 7, 8, tends to a finite limit [30], which we denote by s: 


lim 8, = Ss. 
tt Sd 
We have further: 
Santi = Sen 1 Uanti > 8 AS NM-+ oo, 


since U,,,—~ 0 by hypothesis. 


+ We assume here that the first term of the series is positive; if it is negative, 
the series is written as — u, + Ug— U3, +... 
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We thus see that the sum of both an even and odd number of 
terms of series (34) tends to the same limit s, i.e. (34) is convergent 
and has the sum s. 

The remainder 7, of the series has still to be found. We have: 


Ty = HE Unt F Unte E Unts +> > 


where either the upper or lower signs have to be taken simultaneously. 
Alternatively, 
Tr = + (Unti — Unte + Unts — ---) 


whence, by the same argument as before: 


|tp| = (Un41— Unte) + (Une — Unga) +. = 
= Unai — (Unte — Unts) — +++ S Ung 


which it was required to prove. 
It follows from the formula: 


Tow [(tns2 — Unse) + (Unss — Unsa) + --- J, 


where the square brackets contain a non-negative quantity, that the 
sign of r, is the same as that to be taken in front of the square brackets, 
i.e. is the same as the sign of +u,,,. Thus, with the hypotheses laid 
down in the theorem, the sign of the remainder of an alternating series 
is the same as that of the first neglected term. 


Example. The absolute values of the terms of the alternating series 
1 ] 1 
| — -y + 3 — ry + coe 


decrease indefinitely as n-— oo, so that the series is convergent. We see 
later that its sum is log 2. The series is not suitable, however, for the actual 
computation of log 2, since weshould have to take 10,000 terms to obtain a re- 
mainder less than 0.0001: 

1 


n+l 


This series, though convergent, converges very slowly ; in order to deal 
with this type of series in practice, a preliminary transformation is needed, 
so as to pass from the slowly convergent to a rapidly convergent series, or, 
as we say, to improve the convergence. 


< 0.0001; m > 10,000. 


Ira|< 


124. Absolutely convergent series. As regards other series with terms 
of any sign, we shall restrict our attention to those that are absolutely 
convergent. 

The series. 


Uy Uy Ht tg +... 4f-Un td... (35) 
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is convergent, if the series consisting of the absolute values of its terms 
ts convergent, i.e. if the series 


|, [+ |u| + fus| t+ [ml[t..-+lan|t... (36) 


as convergent. 
A series of this sort is called absolutely convergent. 
Let us suppose that (36) is convergent; we put 


On = (|tn| + tn) » Wy => (|%n| — Un) 


Both v, and w, are non-negative numbers, since obviously 


Un, tf u,>09, 0, if u,>o. 
Un = Wn = 
0 29 Un <0, | tnl, 29 Un<O0. 

On the other hand, neither v, nor w, exceeds | u, |, which is the 
general term of the convergent series (36), and hence, by the second 
test for the convergence of series with positive terms [120], both 
series 


ae: 2 “ait 
> Yn Wn 
n=1 n=! 


will be convergent. 
Since we have: 


the series 


n=! n=! 


CO 


got by term by term subtraction of (> wv, from S'»,, is con- 
n=l n=l 
vergent [119]. 

Convergent series with positive terms represent a particular case 
of absolutely convergent series. Convergence tests for these latter 
are obtained directly from the tests for series with positive terms. 

Convergence tests 1—5, deduced in [120, 121, 122] for series with 
positive terms, can be used for series with terms of any sign, provided 
only that we agree to replace u,, everywhere by | un, |. With this proviso, 
divergence tests 3 and 4 remain valid, together with their corollary [121]. 

In particular, in formulating Cauchy’s and d’Alembert’s tests, we 
have to replace: 


n 


n 
Ju, and “by Vju,| and 


n-1 


Un 


nl 
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If, for instance, | UnfUn—1 | <q<l, ie. | Un / Un—s | <q<l, 
series (36) with positive terms is convergent by d’Alembert’s test 
[121], and series (35) is therefore absolutely convergent. On the other 
hand, if | un/Un—1 | > l,i.e.|un| > |va_i |, the term wu, cannot decrease 
in absolute value with increasing n, and therefore cannot tend to 
zero, and series (35) is divergent. Hence it follows, as in the corollary 
of [121], that if | u,/u,_1 |r <1, series (35) is absolutely convergent; 
whilst if | up/un—1|—> 7 > 1, series (35) is divergent. 

Remark. We note further that, if the absolute values of the terms of 
a@ series (35) are not greater than the positive numbers an, | Un | < an, 
the series of these numbers being convergent, ie. a, +a,+...+ 
+dn+... ts convergent, series (36) is then certainly convergent 
[120], i.e. sertes (35) ts absolutely convergent. 


Examples. 1. The series (Example [121]) 


is absolutely convergent for all finite x, either positive or negative, since 


Un+i as | x | >0 
Un n 
for all finite a. 
2. The series 


a" 
n 
is absolutely convergent for |z|< 1, and divergent for |#|> 1, since 


n—I 
n 


Un 


[|e] | a]. 


e Un-1 
3. The series 


3s 
> vr” sin na 
ne} 


is absolutely convergent for |r| <1, since then: 


Piaget |r? | [sin na | <VTrft=(r| <1. 


It must be noted that by no means every convergent series is also absolutely 
convergent, i.e. remains convergent after replacing each term of the series 
by its absolute value. For instance, the alternating series 


‘ee ae 
l—->+3-pt.. 
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is convergent, as we have seen; whereas on replacing each term by its absolute 
value, we get the divergent harmonic series: 


hi cod: te A 
l+e+gt+5+... 


Absolutely convergent series have a number of interesting pro- 
perties, discussed in the small print section § 14. For example, they 
alone have a property of finite sums, namely independence of the 
sum on the order of the terms. 


125. General test for convergence. We conclude the present section 
with some remarks on the necessary and sufficient condition for con- 
vergence of the series 


ty + Uy Ug ft ... buat... 


Its convergence is, by definition, equivalent to the existence of a 
limit for the sequence: 


Bi Sie ecns Baie og 


where s, is the sum of the first » terms of the series. But we have 
Cauchy’s necessary and sufficient condition for the existence of this 
limit [31]: 

For any given positive e there exists an N, such that 


for all m and n > N. We take m > n for clarity, and let m = n + p, 
where p is any positive integer. Noting that now 


8m — 8n = Snt-p — 8p = (Uy + Ua oe. Un + Unga to -) + Une) — 
— (Uy Ug + oF Un) = Unga + Unte ++ + Untp> 


we can put forward the following general test for the convergence of 
a series. 

A necessary and sufficient condition for the convergence of the infinite 
serves 


Uy + Ug + Ug tt... + Unt... 


is that for any previously assigned positive e« there exists an N, such 
that, for any n > N and for any positive p, 


[Unga + Unde + anes + Untp|<e, 
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i.e. starting with un, the absolute value of the sum of any number of 
subsequent terms of the series remains less than ¢ as soon as n > N. 

It must be remarked that this general test for the convergence of 
a series, though of great theoretical importance, is usually difficult 
to apply in practice. 


13. Taylor’s formula and its applications 
y pp 


126. Taylor’s formula. We take a polynomial of degree n: 
f(z) = a) + ax + aga? 4-1. tae"; 


we give x an increment hf and find the corresponding value of the 
function f(z + hf). This value can evidently be expressed in powers 
of h, by expanding the various powers of (x + h) by means of Newton’s 
binomial formula and re-arranging the result in powers of h. The 
coefficients of these powers of # will be polynomials in x: 


f(w-+ h) = Ay (x) + RA, (2) + h?AQ (2) +... + 
+ REA, (2) +... + RPA, (2), (1) 
and we have to determine: 
A (x), A,(x), ..., An(x). 


We first change the notation, writing a instead of z, and x instead 
of (x + h), in the identity (1). We now have 


h=xz—a, 
and (1) becomes: 


f (@) = Ag (a) + (w -- a) Ay (a) + (@ — a)*Ag (a) +... + 


+ (w — a)*A, (a) +... + (@—@)"A, (a). (2) 
We find A,(a) by putting «=a in this identity, which gives: 
f(a) = A,{a). 


We find A,(a) by differentiating (2) with respect to x then putting 
x= aA: 
f’ (2) = 1x A,(a) + 2 (x@ — a)A,(a) +... + h(a — a) A, (a) + 
+n (x aa a)"—1A, (a) ? 
f’ (a) =1x A, (a). 
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We differentiate a second time with respect to x, then put x = a, 
and find A,(a): 


f” (t) =2xX1Ag(a) +... +h (k — 1) (w@ — a)k?A, (2) +. + 
+n (n— 1) (2 — a)" A, (a). 
f" (a) = 2X14, (a). 
Continuing these operations, we differentiate k times with respect 
to x then put « = a, and get: 
{ (x) =k (k —1)...2X1A, (a) +... + 
+n(n—1)...(n—k+1) (xX —a)"-* A, (a), 
#6 (a) = kt A, (a). 
We thus have: 


Ag(a)=f(a), A(a=5%, A@)=LO | .., 
(k) n) 
AE, < aah 


so that (2) now reads: 


f(a) =f) + LO @—a) 4+ FO wart... + 


(k) (7) 
+E) eae... +O @ — ay. (3) 


This formula is only true when f(x) is a polynomial of degree not 
greater than n, in which case it gives an expression for the poly- 
nomial in powers of the difference (x — a). Let f(x) be any given func- 
tion, allowing for differentiation up to and including the nth order. 
Let £,(x) be the error obtained by taking the right-hand side of (3) 
for f(x), i.e. we have: 


f(a) =F (a) +O 2 ~ 0) + SO eat... + 


(n) 
+ F@) (@ — a)" +B, (2). (4) 
We assume that f(x) has a continuous derivative of order (n + 1) 
in some region of variation of x including x = a, and we find R,(x) 
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in terms of this derivative. Differentiating identity (4) once, twice, 
...7” times, we have: 


"(a (") (g 
ples ING) + SP (e— Q)-+... 4 oi (x — ay + | 
+ RB; (2). 
“a (n) 
re=fa)+! i L@—a)+. ‘ = (a — a)?-* + (4,) 
+ By (a), 


Lr Se Ss Se Si 


Putting x = a in (4) and these last equations, we find: 
R,(a)=0, R,(a)=0, RO (a)=0. (5) 
We find on again differentiating the last of equations (4,): 
RY (x) = fOr (a). (6) 


We obtain an expression for #,,(x) without difficulty from (5) and (6), 
since by a basic formula of the integral calculus: 


R, (a) — By (a) = Rat) at, 


whence, taking (5) into account and integrating by parts, we have: 


x x 
R, (x) = { Ra (t)dt = —[Ri()d(2@—) = 
a a 
x x x 12 
=— Fa ()(e—t)| + [Ra (@—dat=— [Rate = 
a a 
rin @—OP CF pap (e—o? Perea ae 
= — RSS +f Rr () Sat = —[ Ry aS" = 
a a a 
@—yl  f (x — 1 
= Re’ (t) 3] +- [Re (t) Sap a = a ioe 
a a 


= [ REY) ea" w= | Fr) (@ — Orde. 


a a 
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The above working is explained as follows. The variable of integra- 
tion is denoted by #, so that x is to be taken as a constant under the 
integral sign, and the differential of x as zero; and hence, for example, 


(x—t)®  3(x—?)? (x — t)? 
d a = ap eS 31 dt, 
and in general, 
(z—t)* — k(x —1)*-} —  @—n 
Se a ee eee 
The expression 
— t)* |x 
ROWSE Ee <n) 


is zero because the factor (x — t)* vanishes on substituting t= x 
whilst the factor R“(a) = 0 by (5) on substituting ¢ = a. 
We obtain in this way the following important proposition: 
Taytor’s Formuta. Every function f(x), having continuous derivatives 
up to and including order (n + 1) in some interval including x = a 
as an interior point, can be expressed in powers of (x —a) for all x inside 
the interval, as 


f(a) =f (a) + («—a) LO 


+(e—eplO@y 4 


(1) 
+(e—arlL@ 4 Rp, (a), (7) 


where the remainder term R,(x) has the form : 
1 x 
Ry (a) =p | #*? @) (@— rat. (8) 
a 


A second form of the remainder term is often encountered in appli- 
cations, this being derived at once from (8) by using the mean value theo- 
rem of [95]. The function (~ — t)” under the integral on the right-hand 
side of (8) preserves its sign, so that we have by the mean value theo- 
rem: 

(7t+-1) , (rt+-1) _ ttl ay 
R,, (a) el f —) J(@-rae= f _ 8) |- oor | . 
Qa 


a 


We obtain on substituting the upper and lower limits: 


ee 


n+! ia n+l - 
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since the expression written vanishes for ¢ = x. Substituting this in 
the above formula, we have: 
(a+1) 3) 

R,, (x) a (x — ajntt rie ae Tir ’ (9) 
where € is a mean value lying between a and zx. This result is known 
as Lagrange’s form of the remainder term, and Taylor’s formula with 
Lagrange’s remainder reads: 


I (2) = f(a) + (e— a) ph + (ea) SP + 


a n+1) 
+ (oop OO) 4 @— apn FOO (1) 


( between a@ and z). 


127. Different forms of Taylor’s formula. Putting n = 0 in (7,) gives 
us Lagrange’s formula for finite increments, deduced earlier in [63]: 


F(x) —f@) = (@ — a) (5); 


Taylor’s formula is thus seen as a direct generalization of the formula 
for finite increments. 

If we return to our previous notation and write x instead of a and 
x + h instead of x, Taylor’s formula (7) becomes: 


hf’ h ae ) 

f@th)—f@=TO ro... e PE +R, (10) 
since (x — a) is to be replaced by / in the new notation. The value &, 
lying between a and x in the previous notation, will lie between x 
and (x +h), and can be written as (x + 6h), where 0<6< 1. 
Using (9), the remainder term of formula (10) can thus be written 


in the form: 


+1) 
Rp =n e+ (0<6<1). (11) 


The left-hand side of (10) is the increment Ay of the function 
y = f(x), corresponding to the increment, or what amounts to the 
same thing, to the differential h of the independent variable. Recalling 
the expressions for higher order differentials [55], we have: 


dy = y’ de = f(x) xh, Py = y"(da)? = f(x) x B, ..., 
dy = y™(dx)" = fa) xh", 
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whence 
= ou ay a 
the symbol: 
dttiy 
(n+ 1)! |x+6n 


denoting the result of substituting «+ 6h instead of x in the exprer- 
sion: 

qutt y 

(m+ 1) - 


Taylor’s formula is of particular interest in this form when the 
increment / of the independent variable is an infinitesimal. The infin- 
itesimal terms of different orders with respect to / in the increment 
Ay of the function can then be separated out by using (12). 

The initial value a of the independent variable is commonly zero, 
in which case Taylor’s formula (7) takes the form: 


ta a ) 
Ha =f) +e ze lO per LO sg, (13) 
where 
] > m i n+1 (n+1) é n+1 An+1) (9 
RB, (e) = [fo @— rar a PEO ay 


) 
and é, lying between 0 and xz, can be written: § = 6x, where @ is a 


number satisfying 0 <6@< 1. Formula (13) is called Maclaurin’s 
formula. 


128. Taylor and Maclaurin series. If the given function f(x) has 
derivatives of all orders, Taylor’s and Maclaurin’s formulae can be 
written for any ». We re-write (7) in the form: 


10) —[H0) + e— a) L104 (ea +e ap AO] 
=f (x x) — Sai = £, (a 2), 


where S,+; is the sum of the first (n + 1) terms of the infinite series 


‘ (n) 
f(a) +(e —a) LO +... + (ea EZ 


q)nti foo (a) 


+ (e— (n+)! 
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If on indefinite increase of n: 


lim £,, (x) = 0, (15) 
nox 
the series just written converges, by what was said in [118], and f(z) 
is seen to be equal to the sum S of this series. We thus obtain an ex- 
pansion of the function f(x) into an infinite Taylor power series 


fa=f@+@—afO@+..4@—-gr FO +... (6) 


in powers of the difference (x — a). 
Maclaurin’s formula similarly gives us, when condition (15) is 
satisfied: 


7 n) 
f (2) = (0) +L Sap ctgpe Osea, (17) 


By evaluating the remainder term #,, as a function of n, we get the 
error involved in taking the sum of the first (n ++ 1) terms of the series 
as f(x) instead of the complete series. This is of great importance in 
the approximate evaluation of a function by means of its expansion 
into a power series, which is the method most commonly used in 
practice. 

We apply the above working to the expansion and approximate 
evaluation of some simple functions. 


129. Expansion of e*. We have in the first place: 


f(z) =e*, f(a)se*,..., {O(@)=e%,..., 
so that 
fo) = f'(0) =... =f0) =1, 
and. Maclaurin’s formula with remainder term (14) gives: 
x a? gitt1 ren 
f@)=1l+a;+aypt+-- += art ane (0<0<1), 


We have seen (Example [121]) that the series 


i) at 
at 


is absolutely convergent for all finite 7, and hence we have for all x: 


ain oe as > oo, 
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since this expression is the general term of a convergent series.f 
On the other hand, the factor e™ in the expression for the remainder 
certainly does not exceed e* for x > 0 and unity for x < 0, and the 
remainder therefore tends to zero for all x. This gives us the expansion: 


a a (18) 


which is valid for all x. 
In particular, putting x = 1, we get an expression for e which is 
very convenient for evaluating e to any degree of accuracy: 


e=lbaptayte top t... 


We use this formula to evaluate e to six places of decimals. If we take the 
approximation: 


1 1 
Qe rag parte aes 
the error will be: 


1 ] 1 J 1 
=, [1 + eee ee eee 
@eytt wea t Bain + aHe tT $2 @+3) 
1 1 1 1 1 i 
Sat sat ee ee a ae 
n-+ ) 
where the (<) sign comes from replacing the factors (n + 2), (n + 3), 
(n + 4), ... by the smaller numbers (n -++ 1) in the denominator of the frac- 
tion, so that the fraction is increased. 
We can thus say that e is included between the following limits: 


1 1 
or nin 


+...|< 


1 1 1 
2+37 t+ SN ee a yg es 

If we want to find an approximate value for e, differing from the true value 
by not more than 0.000001, we put m = 10; then 


J ] ] 
eave ouagy et aon? 


and the error does not exceed 1/11!10 <3x10-8. The first two terms in 
this formula are calculated accurately; the remaining eight terms must be 
calculated to seven places, since the error of each term is then not greater 


than 0.5 of unity at the seventh place, i.e. 0.6107", and the total error is 


not greater than: 
10-7X0.5x8 = 4x 107", 


io. four times unity at the seventh place. Hence, the absolute value of the 
error as a whole does not exceed 4.3 10-7. 


Cf. also the example in [34]. 
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We have: 
2 = 2.000000 0 (accurate) 


=> = 0.500000 | 0 ,, 

a = iz = 0.166666 | 7 (high value) 

Bo se AT COG. oH 

41 314 ee 

sy] = TF = 0.008833 | 3 (low value) 

2, = stg = 0.001888 | 9 (high value) eens 
W = — = 0.000198 4 (low value) 

eT = 71g = 0.000024 Sy. ks 

+ =e a = 0.000002 | 8 (high value) 

T61 = da = 9.000000 Sa a 


The value of e to 12 places is 2.718281828459. 


130. Expansion of sin x and cos x. We have [53]: 
f(x) =sinaz, f’ (x) =sin (2 -- 5m}, see, f(z) =sin(e + k 57] ; 
whence 
H0)=0, FO=1, fO)=0, fF” O)=—1, =, 
fem (0) =0, femtny (0) =(—1)", 
so that (13) now gives: 


x ae (— 1)? g2? +1 

ci ame 3 a. a Teo 
gents ‘ (27+ 3) 2 

n+ayr sm Jez + S* 5]. 

The factor 2°"**/(2n + 3)! tends to zero for n—> co, as we have seen 

above, whilst the absolute value of a sine does not exceed unity, so 
that the remainder tends to zero for all finite x, i.e. the expansion 

(= 1)" ght} 


(Qn+1)! (19) 


: x3 x 
sin®=%— 37 + ey 7 eee of 


is valid for all x. 
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We can show similarly that the expansion 


2 4 nm ,,2n 
cosa = 1— 4 ste +o t+ oa (20) 
is valid for all values of x. 

Series (19) and (20) are very convenient for calculating the values 
of sinz and cos for small angles x. They are alternating for all 
positive or negative x, so that 
if we take such a number of 
terms that the later terms 9 
are decreasing, the absolute 
value of the error does not 29 
exceed the first of the neg- 
lected terms [123]. 

Series (19) and (20) are only 
slowly convergent for large 
values of x, and are unsuit- 
able for calculations. Figure 156 shows the relative disposition 
of the accurate curve of sin x and of the first three approximations: 


Y 


OVO 05 10 15 20 25 30 35 


Fria. 156 


x ab 


Bete aog” 


The more terms are taken in the approximation, the larger the inter- 
val in which the approximate is close to the accurate curve. We 
remark that angle x is expressed written in circular measure, i.e. in 
radians [33], in all the above formulae. 


Example. To evaluate sin 10° to an accuracy of 10-5. We first convert 
degrees to radians: 


a 22 _ we 
are 10 = 390 * = GR 0-17 --- 


If we take the approximation 


our error does not exceed 


1 ™ 
— 5 —6 es 
720 * (0.2)5< 4 x 10 (Fs <0.2} . 


Each term on the right-hand side of the above formula for sin 2/18 has 
to be evaluated to six places, since the total error will then not exceed 


2x0.5x 10-6 + 4x 10-§ = 5x10-§. 
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We have with the accuracy mentioned: 


% l(x 
fe == 0.174533; = (is Hd ) = 0.000886; sin 77- = 0.173647, 


where the first four places can be guaranteed. 


131. Newton’s binomial expansion. Here we have, taking x > —1, 
le. Ll+a> 0: 


fe) =(14+2)", f(x) =m(l+a)"™,..., 
f(x) = m(m — 1)... (m —k +1) (1 + 2)", 
f(0) = 1, f(0) =m, ..., f(0) = mim — 1)... (m—k +1), 
where m is any real number; so that formula (13) gives us: 


m(m— 1) a? 


(1+ 2)™=14 a+ 7 he Oe 


4 ma DEV + By), (21) 


nt} 


where the remainder term can be found from (8) with a = 0: 


By (2) = sy | 1 © (erat. 
0 


Noting that here: 
fe (tf) = m(m — 1)... (m—n) (1+ 4)", 


we can write: 


R, (2) = Bod fm. Eig (1+ am—"—'dt. (22) 


We apply to the integral the mean value theorem (13) of [95], letting 
6x, where 0 < 6 < 1, denote the value of t, lying between 0 and z, 
that appears in this theorem; we get: 


n! 


R, (x) = m(m—1)...(m—n) (a — Ox)" (1 + Ox)™—-R-1 fae ee 
0 


_, (m—1)(m— 2)... (m—n) o( toe 


al eae La + @x)""*max. (23) 


If R, —> 0, the series 


14 ey mim) jb on Ee ie 


nt 


xt... (24) 
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must be convergent [118]. We have: 


Unt+a 
Un 


=| ARH je! for n->0oo, 

so that the series converges (wpsolutely) for |x| <1 and diverges 
for || > 1 [124]. Although (24) converges for |z |< 1, it is still 
not clear that its sum is then (1 + a)”, and it has to be shown that 
R,,(x) > 0 for |x| <1. The factor 


pe iis ecko) 7 
Tr! 


in expression (23) for #,(x) will be the general term of a convergent 
series (24) in which m has been replaced by (m — 1), and therefore 
[118] it tends to zero for n > oo. 

The factor [(1 —96)/(1-+ 0z)]" does not exceed unity for any n. 
Also, we have here —1 < « < +1, so that 0< 1—6<1-+ 6x for 
all positive or negative x, whence: 

0<————-<1 and 0< ae) < 1. 

The last factor ma(1 + 6x2)"~* also remains bounded, since (1 + 62) 
lies between 1 and 1+ 2, and ma(l -+ 6x)" lies between mx and 
mx(1 + x)"~1, these limits being independent of n. 

It is clear from these remarks that (23) gives R,(x) as the product 
of three factors, one of which tends to zero, whilst the other two are 
bounded on indefinite increase of n; and thus: 


R(x) +> 0 for n> oo. 


Thus the expansion 


(I a)" = 1-4-7" 4 min) gt bet 
—1)...(m—n+]) 2 
gp Be None OE a eo (25) 


is valid for all values of x satisfying: 
le pac Ts 


When the exponent m is a positive integer, series (25) finishes at 
the term n = m and reduces to Newton’s elementary binomial for- 
mula. In the general case, the expansion (25) is a generalization of 
Newton’s binomial theorem for any exponent m. 
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It is useful to note some special cases of the binomial expansion: 
] 


Gap tet P+ Op... part... (26) 
i+ e=1+ s*—- are t exiue® 
gat fer ibe Baha 
Pi 60 


We remark that (1 -+ x)” has a positive value for every « > —1 
[19, 44], ic. the sum of series (24) is positive for —-l<a<+1. 
In particular, for instance, series (27) gives the positive value of 


V1 + 2 in this interval. 


Examples. 1. Extracting roots. Formula (25) is specially suitable for extract- 
ing roots to any degree of accuracy. Let it be required to find the mth root 
of an integer A. An integer a can always be chosen so that its mth power 
is as close as possible to A; we put A = a™-+ 6, where |b| <a™, which 
gives: 


m ™ ay b 
ja Tar Foo) ta 
Since here | b/a™ | <1, then letting x denote b/a™, we can calculate | 1+-b/a™ 
by Newton’s binomial formula, the series being the better convergent, the 


smaller the absolute value of the ratio x. 


We calculate, for instance, V 1000 to an accuracy of 10-5. We have: 


Vi000 = Vioza— a4 = 4 (1 —3\"/s 
aS = =4( — 35) - 


=4f1-2x ape- % ae * (Gas) J 4 9 (és) - | 
= 6 * Tae 5 * To * (as) 5 * to *% Te igs) 
We stop at the terms written and find the error, setting in (23): 
3 
m= 5 ; n= 3 3 c= 123° 


The factor [(1 — 6@)/(1 + 6x)}” lies between zero and unity, as was shown. 
The factor (1 + 02)"—! will be: 


_ eee 
3 \—‘“s 3 \—"s 125 \“/s 6 \4/s 6\* (4 \4 
[2 aoe 35) = (1 > 5} = Gee} + (+) = (V2) <(3) , 
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since 


We get finally from (23): 


tl Pal <aypcy X SX SX SX (Ge) < 
a PRO Re ee 


< 2x0.2x0.8x0.6 x 2.8 x (0.03)# < 5x1077. 


Calculation of the other terms has to be carried out to six places, since 
the total error: then will not be more than: 


4x3x0.6xX10°§+ 5X10-7 = 6.5x107§ < 1075, 


The caleulation can be set out as follows: 


= =0.2 xe — 0.0234375 x 0.2 = 0.004687 
aes Linge _3_\* 9.000549 x 0.08 = 0.000044 
S10 *\ 793) =* sie 
de A ee bas _3_\* _ 9.000013 x 0,048 = 0.000001 
50 ies x(a5z) =9 ee 
0.004732 
1 — 0.004732 = 0.995268 
x4 
3.981072 


2. Approximate calculation of the length of an ellipse. The following expres- 
sion was obtained in [103] for the length J of an ellipse with semi-axes a and 
b: 


1 
=m 


1, 

2” 2 aa eae 
=a a? gin? { + a? sin? { + 6? cos? t dt = e) |/sin t +2 — ~ cos? tdt 
0 


[formula (22)]. Taking into account the eccentricity « of the ellipse: 


et = _ —- = 1-2, 


we get: 


l= 4a { \i— & cos? dt. (29) 
0 
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This integral cannot be found accurately, but can be evaluated to any 
desired degree of accuracy by expanding the intogrand into a series of 


powers of eé:f 
1/1 
a=) 


espe te at 1 
— £2 2¢ — ~— £2 2 4 47 
Vi — & cos? t= 1 x & cos’ t + —~ 5 — et cost t 
rlz—)(e-3) 
fai aaa fb me 
== 2 \2 i e§ costi +... = 


I I ] 
= — —- g2 27 gf 4f¢_ _. £6 6 
] x & cos? t g et costt 16 © cost + Fy, 


where the error R,, on evaluation by means of (23) with n = 3, satisfies the 
inequality: 


1 <f ] se 3 % 5 
a ase aad 1-0 3 ly 
a se tS) 8 peat: a 2 2 #52 
| | 1x2%3 e§ cos (ara (1 — 0e? cos? £) < 
eee é8 cos® t (380) 
32 Jl — & 7 
since 
1—é 3 
0<(>—aT) = 
and 


1 1 
Se: Se 
(1 — @cos?i)? << (1 — e*® cos?t) 2. 


Substituting this expression in (29) for J, integrating, and recalling (27) 
[100], we find: 


1 1 1 1 1 
2" ; a ; 2 > 2 te 
l=4a fae—-pet | cost ae — ar [cost edt — set [costede + [ Ryd = 
0 0 0 0 0 
1 3 5 
_ 2 TON ee eg 31 
2a Tis 64 © 356 © +e], (31) 
where by (10,) of [95] and inequality (30): 
1 1 
pen 5 8 pe 05 «8 
F 8 
lel = = | Ra < 35 Tew g | costae = lt sats ee : 
mS 32 Vie x 2° yi—e@ § jl—# 


ft This expansion is in fact possible because ¢<1 for an ellipse, so that the 
term — é? cos??, having the role of « in Newton’s binomial formula, is less 
than unity in absolute valuc. 
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Formula (31) is directly suitable for calculating the length of an ellipse, 
especially in the case of small eccentricity. It can also be used as the basis of 
a simple geometrical construction for finding approximately the length of 
an ellipse, using only ruler and compasses. 

We let J, and /, respectively denote the arithmetic and geometric means 
of the semi-axes of the ellipse: 


jo Geb 1, = ab, 


and we compare the length | of the ellipse with the circumferences 2z1,, 221, 
of two circles of radii 1, and 1,. 
Noting that 


Ee ——— — | ery a oe 
b=alsl—&, ot? — Safl—W— 4], Vab=aJ1 — &, 


and expanding into series by Newton’s binomial formula, we easily obtain 
the following expressions: 


i a 1 1 

2al, = 27a [} _ a E- — 16 e4 — 30 8 +p a,| ’ (32) 
] 3 7 
— g?2 — —_— ¢4 — —__- 56 

2nl, = 2na [2 ae 35 € 198 © +e], (33) 


where the errors g, and @g, satisfy the inequalities, on evaluating by (23) 


fp. te 5 8 | 06 | 77 68 
<a yon’) «|S ae Gan 


Hence it is clear that, with small eccentricity, when higher powers of € 
can be neglected compared with &, the length of an ellipse can be taken as the 
circumference of a circle of radius equal to either the arithmetic or geometric 
mean of the semi-axes. If greater accuracy is desired, we form the expression: 


a: 2al, + B+ 2al,, (34) 


a and £ being chosen so that as many terms as possible of (31) and (34) 
coincide. Since the first two terms of each of (31), (32) and (33) coincide, 
we must have first of all 


a+ fp=1. 
Equating the coefficients of e4 in (31) and (34), we get further: 


a 3p 3 -_ 
36 + 37 = bar or 4a + 68 = 3. 
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Solving the equations obtained for a and £, we find: 


3 1 
mnt Ne py: 


Substituting this in (34), we have: 
3 
a+ 2zl, + B- nl, = 2x ($4-34] = 


1 3 5 3 1 
— — —¢? — —_ gi — __— 66 ens (pies at 5 
27a (: a? ea é 956 € - yan es} : (35) 
i.e. the terms in ¢®, as well as e!, are seen to coincide, and (31) and (35) only 
start to diverge with the term in ¢§. If we take into account the values found 
above for o, @, and o,, and if we note that 


1 1 ] 175 5 


1 
fa © Geen tie artes 


77 
+5iF X-_ <04, 


we can finally say: the error does not exceed 0.4e8/(1— e”), if the length of an 
ellipse with semi-azxes a, b and eccentricity © is taken as the circumference of 
a circle of radius r, where: 


‘ {L y— 
r= ~ lab. 


132. Expansion of Jog (1 + x).t The general theory can be used for 
this expansion, but we shall employ a second method, which is suit- 
able in many other cases. 

We write log (1 + x) in the form of a definite integral. We evidently 
have, for x > —1: 


x 


pee. = log (1 +4) = log (1 + 2) — log 1 = log (1 +2), 
0 


1.€. 


log (1 ++ 2) = f= ; 


But we have the identity: 


— 1)" 4 
Tee 


ppp elat+e Pt... de (erty, SP 


+ The function log x cannot be expanded into a series of powers of a, since 
the function itself and its derivatives have discontinuities at x = 0, where 
they tend to infinity. 
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which is immediately obtained on dividing unity by 1 + ¢and stopping 
at the remainder (—1)"¢". Thus: 


log (t +a) = [5 = 


_ 1)” tt 


=(fi-i+e—e+.. + (-rret4 oe Cl a= 
0 


2 3 4 —}j"*"! nt 
ae F4$-S4... 400° +2,@, 
where 
> ede 
ER, (x) = (— 1)" Tas Be) 
0 
The series 
xt xs (—1)"~ 
%— > 1 7 as + ? 
for which 
FE! Th a am |a|—|a] for noo, 
Un-1 


is in fact divergent for | z a > 1(Corollary [121]), and we can there- 
fore only consider the cases: 


je{[<1,%¢=+1. 


Here, x = —1 has also to be discarded, since log(1 + x) becomes 
infinite for this value of z. 

There remain the cases: (1) |a|< land (2) z= 1. Incase (1), applying 
the mean value theorem [95] to expression (36) for R,(x) and noting 
that ¢” does not change sign as ¢ varies from 0 to 2, we obtain: 


—(- ra +4 
[dtm gow ntrray (0<@<1), (87) 


Fink @+ +o) 


=i 


whence it follows that, since | # | < 1: 
1 
n + i*T+-es* 


The factor 1/|1-+ 6x | on theright-hand side of the above inequality 
is bounded for all n, since it lies between the limits: 


| R,, (x) | <— ~~ 


1 
1 and Da? 
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these being independent of n; so that for the values of x in question 
R,(z)>0 as n->oo. 


We get the same result in case (2), when x = 1. The above formula 
(37) shows that, for 7 = 1: 


1 1 J 
m+ x toe oa 


|, (1) | az 


i.e. again 
R,(1j>0 as n->o. 


The expansion: 


(— 1 aac a” 


log(k+a)ae—-S42_... 40 8 1 os) 

is thus valid for all values of x, satisfying the inequalities: 
—Lee <p l. (39) 

In the particular case of x = 1, we have the equation: 


(j= 1 ie 


1 1 
log 21 =e ee t } eae 


which has already been discussed [123]. Formula (38) is not suitable as 
it stands for computing logarithms, since it presupposes that x satisfies 
inequality (39); apart from which, the series on the right-hand side 
does not converge rapidly enough. It can be transformed into a more 
convenient form for computation. We replace x by —a in the equation: 


a? a 


which gives 


log(1—z)=—-2 =a en (i) <4); 


then we subtract term by term. We get: 


We put here: 


l+e2 Zz  a+z2 a ee 
qe ee a (40) 
and obtain: 
ate Zz 1 238 1 zs 
Meg el seee hs Gates Geren rE 
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or 
1 23 


z 
This formula is suitable for all positive values of a and z, since for 
these, x = 2/(2a + z) lies between zero and unity. The smaller the frac- 
tion z/(2a + z), or what amounts to the same thing, the smaller z com- 
pared with a, the more suitable the formula is for computation. 


Formula (41) is extremely useful for computing logarithms. The logarithmic 
tables were not in fact worked out by using series, which were still unknown 
at the time of Napier and Briggs; but still, (41) provides a handy means of 
checking or rapidly computing logarithmic tables. We put z = 1 in (41) and 
take the sequence: 


a = 15, 24, 80, 
which gives us: 
log 16 — log 15 = 2 : : 2P 
Sere) eae [sr + aR f= 


z J 1 
log 25 — log 24 —=2| 75 + gage +. [= 20, 


1 1 
Jog 81 — log 80 = 2 [5 + goayg t+ |= 28, 


where the series denoted by P, Q, R converge very rapidly. These equations 
lead us to the equations: 


4 log 2 — log 3 — log 5 = 2P, 
—3 log 2 — log 3 + 2 log 5 = 2Q, 
—4log 2+ 4log3 — log5 = 2k, 
which can easily be solved for: 


log 2, log 3, log 5, 
giving us: 
log 2= 14P + 100+ 6R, 


log 3 = 22P + 16Q + 10R, 
log 5 = 32P + 24Q + 14R. 


The logarithms obtained by this means will be natural; we use them to 
find the modulus M of the common system of logarithms: 


1 
= Tog 10 == 0,4342945819 ... ; 


knowing this, we can pass from natural to common logarithms by means of 
the formula: 
log,,% = M loge. 
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Similarly, factorizing as follows: 


a = 2400 = 100X 2?x3, 
a = 9800 = 100x2x 7, 


a = 123200 = 100x 24x 7x11, 


a = 2600 = 100x2x 13, 
a= 28899 = 3? 13?7x 19, 


a-+ 2 == 2401 = 7, 

a+ z= 9801 = 34x11, 

@ + z = 123201 = 3° 132, 
a+ 2 -= 2601 = 3x17, 

a --+ z = 28900 = 100x172, 


we compute: 
log 7, log 11, log 13, ... 


Having found the logarithms of the prime numbers, the evaluation of 
the logarithms of composite numbers follows simply by additions and multi- 
plications by integers, without the aid of series, since, as we know, composite 
numbers can always be reduced to prime factors. 


133. Expansion of arc tan x. We deal with this as in the case of 
log(1 + ~). We have: 


dé 


dare tan t = ar 


We obtain by integrating: 
dt x 
peso = are tant = arctan 7 — arc tan0 = arctan7z, 


where are tan x takes its principal values, as in the example of [98]. 
We thus have: 


x 


x 
are tan 2 = |r =f Pp og ape. 
6 0 


Cay ak Le 8 x5 (— 12h tt} 
+A eae - Ste. +S +R, 
where 
e" di 
i, (2) =e (= 1)" llé (42) 
The series 
3 we (— Lye ttt 
aamer cana 3 he ae 7a Pores 


for which the ratio 


va as n>, 
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is certainly divergent for x? > 1; so that we confine ourselves to the 
case of 22 < 1, ive. 
—-l<az<c+l. (43) 


Taking firstly x > 0, we get from (42), by VII [95]: 
x 


x 
- 27 . - gettt ] 
[Bn(2)|= | pr it < | tdt= F< ag 
0 


—>O0 (m—» 09), 


since evidently 
2" pn 
ear a 


If z < 0, we obtain on introducing a new variable in place of /, 


t= —t: 
_x 


2 
Ba (a) = (— | rg de. 


72 


Here the upper limit (—zx) is positive, so that we have the same 
value as before for #,(x), i.e. the expansion 
x3 x5 


wine ees ee) 


3 5 (44) 


is valid for all x with absolute values not exceeding unity. 
In particular, we get for x = 1: 


4 
are tan 1 = 


| 
I 
fad 

| 
co 
+- 
o| 


This series is unsuitable for computing z, in view of its very slow conver- 
gence. Series (44) converges the more rapidly, the smaller x. Let us put, for 
instance: 


1 1 
=, and g=arctan a 
We have: 
2 5 
5 5 6 120 
eae" Te? aks eer Sag 1 
~~ "95 144 


Since tan 4 only differs slightly from unity, the angle 49 is only slightly 
different from 2/4. Let this small difference be: 


7 sf 
Wap e y aee: 
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Henee we deduce that: 


tan 4p — tan = al Il 


tan y = tan, (49 7) 
= —_— — = = som > 
1 + tan 4px tan > 1+ a2 


which gives: 
1 


bd 1 
es 4p —y = 4are tan = —~are tan 950° = 


ts Sh he oe 1 
=4l5 se 7 Xt |—fae— 


Both series in brackets are alternating [123], so that if we confine ourselves 
to the terms written in each, our error will not exceed 


4 1 


—6 
axe + 3xagge <9OXIO™- 


If x is required to an accuracy of 107-5, we must compute the individual 
terms to seven places, since then the error for 2/4 will not exceed: 


4x4x0.5x 1077 + 0.5 x 1077+ 0.5 1078 < 2xX1078, 


whilst the error for a will be less than 8 x 1076. 
The computation can bo set out as follows: 


1 1 

= = 0,2000000 Sage = 0.0026667 

l 1 

cae ~ 9.0000840 sar — 0.000018 
SS ee ie 0.197 395 5 
+- 0,2000640 — 0.0026685 . sd yi 
; 1 (0,789 5820 
339 ~~ — 0,004 1841 
0.785 397 9 
x 4 


a~ 3,141 5916 


The value of x to eight places is 3.14159165. 
We can obtain the expansion, with |x| < 1: 


2 x 1] 2 1x3 «5 
AEC SP ag get pag, BE eee + 


1x3x5...(2n—1) at 
pax. Gao att 
2x4x6... 2n 2n+1 


(45) 


134. Approximate formulae. Maclaurin’s serics, when convergent, 
enables a function f(z) to be computed approximately by replacing 
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it by a finite number of terms of the expansion: 


af’(0) , 2%" 
70) ee aes 


The smaller x, the smaller the number of terms that need be taken 
in this expansion in order to compute f(x) with the desired accuracy. 
If x is very small, we can confine ourselves to the first two terms and 
neglect all the rest. We thus get a very simple approximate formula 
for f(x), which, for small x, can entirely replace the often very compli- 
cated accurate expression for f(z). 

We note these approximate formulae for the most important func- 
tions: 


Ji+e ~1+-, sing ~ 2, 

: oe een cosa ~ 1 — 122, 
— n 2 
yVl+2 
(1+ a)"~1-+4 na, tanz~ x, 
a~1+2loga, log(1 + 2) ~ 2. 


By using these approximate formulae for (positive or negative) 
x near zero, complicated expressions can be very much simplified. 


Examples. 
, m n m\n 
a (+27) m n—m 
re eae ee) st 
n—™m™ n—m \n n n 
1— > & (1 - ; x) 
n n 
m n—m 
ee here es a z=1+2 
1—zx 1 I 1 1 
2, tog | 2 =F toe (1 a) —-ylog(l+2)~—ga—ye=—sz. 


3. To find the increase in volume of a substance on heating (cubical ex- 
pansion), when the coefficient of linear expansion a is known. If one of the 
linear dimensions of the body is J, at 0°, on heating to ¢° it will be: 


i= 1,(1 + at). 
The coefficient of expansion a is very small for the majority of substances 
(< 10~5). Since the ratio of the volumes is that of the cubes of the linear di- 
mensions, we can write: 


vv (li+at). 
apse 


D 


v=v, (1+ at}? ~ v, (1 + 3at), 


0 
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i.e. the number 3a gives us the coefficient of cubical expansion. We find a similar 
relationship for the density 9, which is inversely proportional to the volume: 


0 =e, (1+ al)-3~e, (1— 3at). 


ee 
Qo +a” 


All these approximate formulae are evidently only suitable for sufficiently 
small x; they prove quite inaccurate if this is not the case, and further terms 
of the expansion have to be taken into account. 


135. Maxima, minima and points of inflexion. Taylor’s formula 
allows an important addition to be made to the rules for finding the 
maxima and minima of a function, laid down in [58]. We shall assume 
in future that f(x) has continuous derivatives up to order n at, and in 
the vicinity of, x = 2p. 

If the first (n — 1) derivatives of f(x) vanish at x = 24: 


f'(%o) = f"(%o) = «-- =: f"-(z,) = 0, 


whilst the n-th derivative f(x,) differs from zero, the value x, corres- 
ponds to a peak of the curve if n, i.e. the order of the first non-vanishing 
derivative, is even, in which case we have: 


a maximum, if f(x.) <0, 
a minimum, if f“(z,) >0; 


whereas if n ts odd, x, corresponds to a point of inflexion, and not to 
a peak. 
We prove this by considering the differences: 


f(@o + h) ~ fle) and f(t) —h) — f(x), 


where A is a suitably small positive number. By the definition of 
maximum and minimum [58], there will be a maximum at z, if both 
hese differences are less than zero, and a minimum if both are greater 
han zero. If these differences have the same sign for any arbitrarily 
mall positive h, there will be neither a maximum nor minimum at 2». 
The differences are evaluated by substituting x, in place of a, and 
+h in place of # in Taylor’s formula:t 


t We take Lagrange’s form of the remainder term; the number 6, lying 
between zero and unity, is not the same for (+-A) as for (—h), which is why 
we write 8, in the second formula. 
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h ‘ pP-1 
f (% +h) = f (%) + af () +... + rrsea yi (a) + 


+ © J (a +h), 


yrs R21 


f(y — Bh) = f (6) — fpf (a) +. + HD feo (a) + 


+ oa pr” {™ (Xp _ 6, h) (0 <@<l and 0 me 6, < 1) : 


By hypothesis: 
P (&0) = f" (%o) = 66. = FO Y (Mo) =O, Ff (x) 40; 
and therefore: 
Rh” 
f (®% +h) —f (%) = are (Zp + 9h) , 
—1)"h" 
f (a9 + A) — f (a9) =P * peo (ay — 0,2). 
For sufficiently small positive h, the factors: 


f(x, + Oh) and f(x, — 6,h) 


have, by the assumed continuity of f(a), identical signs, the same, 


in fact, as that of the non-zero number f(z,). 


We have seen that there can be a peak at 2, when, and only when, 


both the differences: 
f(to +h) — f(a) 


have the same sign; but this can only be the case when n is even, by 
what has just been said; if m is odd, the factors h” and (—1)"h" have 
different signs, and the differences in question therefore also have 


different signs. 
We now take n even; the differences 


f(a +E h) — f(xy) 
both have the sign of f™(a,). If f(x,) < 0, 
f(y 4: h) — fe) <0, 
and we have a maximum; whilst if f(a.) > 0, 
f(%o +h) — fle) > 9, 


and we get a minimum. 
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If n is odd, Taylor’s formula gives us for the second derivative f’ (x) 
for every case of n > 3: 


f(y +h) = arf (to + 82h) 5 


—_ iT hag Rt? 


f (ary — h) = 2 — J (a — 05), 


whence we see, by a similar argument to the above, and noting that 
(n — 2) is odd, that f"(~) changes sign at its vanishing point x = 24, 
i.e. 2) corresponds to a point of inflexion [71], as it was required to 
prove. 


136. Evaluation of indeterminate forms. We take the ratio of two 
functions 
p (a) 
y (x) 


which vanish at x = a. We evaluate the indeterminate form 


@ (x) 
y (@) |x=a 


where g(a) = p(a) = 0, by expanding numerator and denominator 
in accordance with Taylor’s formula: 


(x — a)? a — a)" go (a) 


p (2) = (@—a)y (a) + © 5 or (ayy... + SO 


(x — a)"** p "FD (&,) 
Bi (n+ 1)! 
— ay? — as y™ 
v (2) = (« —a)y (a) + FS pra) +... + SO + 


(a — a)" *1 yt (é,) 

(n+ 1)! , 
We then cancel out some power of (x — a) in the ratio in question 
and afterwards put x = a. 


+ 


Hxzamoples. 


i jeg eee ae 2 aa 


137] PROPERTIES OF ABSOLUTELY CONVERGENT SERIES 359 


The same method is useful in evaluating other types of indeterminate form. 
We take one example: 


ao ee 
2, lim (x? — 5a? + 1—z). 


xXx> 2 


Here we have the indeterminate form (co — oo). We have: 


Been 
3 Kank 
is Sta F1—2=2||/1— ett 1] 


-+{-E-2)}"-4 


For x sufficiently large in absolute value, the difference (—-=) 
is near zero, and we can apply Newton’s binomial formula with m = 1/3 


and xz replaced by — (5/a — 1/2): 


bfs-ayf-- 46-3) TR) ay. 


x as x x3 


Substituting this in the brackets above and cancelling the ones, we get: 


1 f1 
jacerpi—e~-[-2(E-2)4 FET) ayy |= 


where all the terms not written contain only negative powers of 2, i.e. vanish 
in the limit as 2 — co; hence: 


§ —_—_______ 5 
lim (23 — 5x? + l—2z)= a 


X—> co 3 


It is easy to justify the passages to the limit in infinite series, utilized in 
the present section, and we shall not dwell on this. 


§ 14. Further remarks on the theory of series 


137. Properties of absolutely convergent series. Absolutely convergent series 
were defined in [124]. We now establish their most important properties. 

The sum of an absolutely convergent series is independent of the order of 
the terms. 

We first prove this statement for series with non-negative terms, which, 
as we know [120], can only be either convergent (and hence absolutely con- 
vergent) or strictly divergent. 
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Let the convergent series 
Uy + Ug + Ug te. Unt. (1) 


be given, with positive (non-negative) terms. 
Let s,, denote the sum of its first n terms, and s its sum. We evidently have: 


8 SS. 


On rearranging the terms of (1) in any manner, we get a second distribu- 
tion of terms, corresponding to the series 


Vy t +g tees HOt eee 5 (2) 


each term of (1) has a definite place in (2), and conversely. Let g,, denote 
the sum of the first » terms of series (2). For any n, a greater number m 
can be found, such that all the terms appearing in the sum o, come from 
8m, and therefore 

On < 8m S 8. 


We have thus proved the existence of a constant number s, independent 
of n, such that, for all n: 
On < 8. 


it follows [120] that series (2) is convergent. Let its sum be a. Evidently, 


o= limo, <s. 
nwo 
Interchanging series (1) and (2) in the above argument, we can prove in 
the same way that 
8<a, 


and it follows from the inequalities o < s,s < a, that 
8=0. 


We now turn to series with terms of any sign. Since series (1) is absolutely 
convergent by hypothesis, the series with positive terms 


[usb l mel fees tliat oe = 31H (3) 
i= 


Is convergent, and its sum s’ is independent of the order of the terms by what 
has been proved. On the other hand, both the series 


co ao l 


SS leal+e): 2 5 (4al— 2) 
n=! fizs] 
(cf. [124]) also have positive terms and are also convergent, since the general 
term of each does not exceed | u,, |, i.e. the general term of the convergent 
series (3). 

Their sums are independent of the order of the terms, by what has been 
proved; and the same can be said of their difference, which is identical with 
the sum of series (1). This was what we required to prove. 
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CoroLLary. The terms of an absolutely convergent series can be grouped 
together in any manner and added in each group, since the grouping is carried 
out by changing the order of the terms, which does not alter the sum of the 
series. 

Note. If any sequence of terms is isolated from an absolutely conver- 
gent series, the series thus obtained is also absolutely convergent, since 
the operation corresponds to isolating a sequence of terms from series (3) 
with positive terms, which evidently does not affect the convergence of (3) 
and in fact reduces its sum. In particular, the series obtained by isolating the 
positive and negative terms of a convergent series are themselves convergent. 
Let s’ denote the sum of the series consisting of positive terms, and (—s”) 
the sum of the series consisting of negative terms. On indefinite increase 
of n, the sum s, of the first n terms of the original series will contain as many 
terms as desired of the two series in question, and we obviously get in the 
limit: 

s =lims, = 8’ — 8”. 


It can easily be shown that, when a series is not absolutely convergent, 
the series made up of its positive terms, and that made up of its negative 
terms, are strictly divergent. For instance, the series [124]: 


1 1 1 
l—otg-gt ees 


is not absolutely convergent; and the series 


1 1 
Se sii ey - and ae ae Be 


are divergent. The sum of the first n terms of the first series tends to (+ 9), 
and that of the second series to (— co), on indefinite increase of n. Riemann 
used the above-mentioned fact to show that, by suitably changing the order 
of the terms of a non-absolutely convergent series, its sum can be made equal 
to any desired number. It is thus seen that the concept of an absolutely con- 
vergent series is identical with the concept of a series, the sum of which does 
not depend on the order of the terms. 

We note further that, if we change the places of a finite number of terms 
of a convergent (not necessarily absolutely convergent) series, the sum 8, 
of its first n terms remains the same for all sufficiently large n, i.e. the con- 
vergence of the series is unaffected, and its sum remains as before. The argu- 
ments and results above refer to the case when an infinite number of terms 
is rearranged. 


138. Multiplication of absolutely convergent series. The rule for multiplying 
finite sums can be used for cross-multiplying two absolutely convergent infinite 
series: their product is equal to the sum of the series which we ge tby multiplying 
each term of one series by each term of the other and adding the products obtained. 
The order of the terms is of no importance, since the series thus obtained is 
also absolutely convergent. 
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Let the absolutely convergent series be given: 


ping rie ee (4) 


O=%, +t... $uyt... 


We first take the special case of both series having positive terms, and 
also of multiplication being carried out in the following way: 


Uy Vy Uy Vz A Uy Vy Hb Uy Vg Uy Vg HF Ug Oy + oe. Uy Mp + 
Fo Ug Uyig to eee Un ty +... (5) 


First of all, we show that series (5), all the terms of which are also positive, 
is convergent; then we show that its sum S is equal to sa. 

Let S,, denote the sum of the first n terms of (5). We can always select 
a large m, such that all the terms composing S, come from the product of 
the sums: 


By = Uy Ug fone bh Us Om = Oy + V2 tees $m, 
i.e. so that Sp < 8° Sp, Le. 
Sp < so, (6) 


since 8, < 8, 0, < 0; hence follows the convergence of series (5) [120]. 
Letting S denote the sum of series (5), we evidently have, from inequality 


(6): 
S = lim S, < so. 


nN» © 


We now consider the product 8, o,. Given n, a large m can evidently be 
found, such that all the terms comprising the product of the sums s, and op, 
come from the sum S,,; we then get: 


8707 < Sq < SS, 
and therefore in the limit, as n > o, 
870, > 80 <8. (7) 


This inequality, together with (6), gives S = sa, which it was required 
to prove. 

Now let the series (4) be absolutely convergent, but with terms of arbitrary 
sign. We now have the convergence of the series with positive terms: 


Jey[ +]luel tt... +lu,| +... and ]o,| +] o,.]) +... +lonl+..- 
and hence, by what has just been proved, the convergence of the series 


ber | fol teeliort bleed leet + deel lon] + ee. + 
+[)t}lomlt... tludlol+... 
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It is clear from this that series (5), composed in accordance with the above 
rule, is absolutely convergent in this case. We now let 


un 


, ’ fi . uw " 
Gis Gay oas Sling ese d. Cgg Me 5. key Ong. as 
Te Ues comp Une med! Ol; Bhs tas, Dag exe 

denote respectively the positive terms of the series (4), and the absolute 


values of the negative terms. We know (cf. Note of [137]) that the series 
composed of these terms are convergent; we put 


, < , , ~ , a sd m a ~ us 
8 SY an, 6 Y on, 8 yan, 6 y 6 
== is = My» = as == We (8) 


n=1 n=1 n=] n=l 


We have [137]: 


As has been shown, pairs of the series (8) with positive terms can be 
multiplied term by term; the sum of the products of the series 


¥ aw “aw , 


8’a’, 8°a", — 8'a", — 8a 
contains those, and only those, terms which appear in series (5), and hence 
we have: 


S — s’a’ a s’g” = s’o” Ee sa’ = (s’ vauen 8”) (a’ = a” 


which it was required to prove. 
Example. The series 


oe ee eee Ge eae paar 
is absolutely convergent for | g| <1, and therefore: 
1 = - 
ap ee ee PG tbe tate tert y= 
= 1+ 294 3g?+...-+ng™ "4+. 
139. Kummer’s test. Cauchy’s and d’Alembert’s tests for the convergence 
and divergence of series [121], whilst of great practical importance, are 
extremely specialized, and cannot in fact be used in a number of fairly simple 


cases. The test given below possesses much greater generality. 
Kummer’s test. The series with positive terms : 


U tut... +urt... (8) 


4s convergent, provided a sequence of positive numbers a1, d,, ..., Op, ... Can 
be found, such that we always have, after some initial value of n: 


Un 


—On¢i ea>d, (10) 


a 
i 
Unti 


where a is a positive number, independent of n ; series (9) is divergent, provided 
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we have, for the same values of n : 


ay — Anti <9, (11) 


Un+i 


where furthermore, the series >) Ifa, is divergent. 
n=1 


We can assume without loss of gonerality that the conditions of the theorem 
are satisfied, starting with n = 1. First, let condition (10) be satisfied. We 
deduce from this, putting » = 1, 2, 3, 


yUy — Agll, S AUy, Ag, — Agllg FP AUg, «+5 A__yUy_y — Any > AUy,, 
whence, adding term by term and cancelling as necessary, we find: 
Atty + 2... + Un) S ayy — A_Uly, < ayuy. 


Thus, the sum of the first terms of series (9) ecluding u, is less than a con- 
stant a,u,/a, independent of ”; and therefore series (9) with positive terms is 
convergent [120]. 

Now let condition (11) be satisfied. It gives us: 


1 
Unt1 > An+1 
Un a 

On 


1.0. Un4;/U, isnot less than the corresponding ratio of the terms of the diver- 
gent series: 


ys. (12) 


The divergence of series (9) now follows from the lemma below about 
series with positive terms: 

Supplementary note on d’Alembert’s test. If, starting from a certain value 
Of N, Unss[Un gots not exceed the il a ioe ratio Un41/, of the terms of a 


convergent series s Un, the series Dy Un vs also convergent. Whereas, if Up atin 
n=] n=] 
ioe] 


ts not less than the corresponding ratio of the terms of a divergent series ») vn 


n=] 
the series >! un is also divergent. 
n=] 
Suppose we have, in the first place: 
Ynti < nti 
Un Un 
where 
a en (13) 
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is convergent. We have consecutively: 


Un Un Un-1 — Un-1 Uy Ve 


fa ete 
Un-1 Oni Una Unme2 Uy % 
so that we find on cross-multiplying: 


Un 6 en wy 
a, < rie or U,< D, Une 

The convergence of 2 u,, follows from the last inequality and the remark 
in [120] (with k = u,/v,). The divergence of the series can be proved similarly 
in the case when up4;/U, > pn 41/¥, and Y v, is divergent. 


140. Gauss’s test. Gauss’s test has extremely important applications. 
If in the series (9) with positive terms : 


Uy + Ug +... Un t.. 


the ratio u,/uUn., can be written in the form : 


rae ae gar where p>1 and |a,|< A, (14) 
A being independent of n, i.e. wy, being bounded, series (9) is convergent for 
#> 1, and divergent for uw < 1. 

We remark that d’Alembert’s test is inapplicable in all the cases covered 
by this test [121]. Formula (14) is itself got by expanding u,/u,,, in powers 
of I/n, i.e. by sorting out the terms of different orders of smallness with 
respect to 1/n, assuming, of course, that this is possible. 

We turn to the proof, and investigate separately the cases: (1) uw # 1, 
and (2) 4 = 1. In case (1), we put oa, =n in Kummer’s test, noting that 
a, > 0 and that Y 1/n diverges [119]. We evidently have here: 


lim le. . 


nN-w0 


7 an] =lim|n (1+ 4452) —n—1}=n—1. 


Un+r 


If «4 > I, we shall have, starting from a certain value of n: 


u 


<-— Any >a >, 


a 
n 
Unit 


where a is any positive number less than 4 — 1; and series (9) will be con- 
vergent. Whereas if 4 <1, we shall have, starting from a certain value of n: 


Un 


ap — On, <9, 


Uns 
and series (9) will thus be divergent [139]. 
We have in case (2): 


Un Qn 


m1 4-4 Sn. 


nP 


Uns 


+ Actually, we are concerned with a generalization of the test established 
by Gauss. 
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We put a, = » log n in Kummer’s test, and form the series 


+ 1 I 
aoe nlogn ” (tp) 


where the summation can start at any positive integral n, since the first 
terms do not affect the convergence [118]. We prove the divergence of the 
series written, using Cauchy’s integral test [122]. We must prove the diver- 
gence of the integral: 


foe] 


dx 
(ao oes (a>1). 


a 
But we have: 


oO 


dv f d(loga) ff de _ co 
{ x log =| logz | f= 06 Gog 2) a’ 

a a log a 

and log (log x) increases indefinitely with increasing x, i.e. the integral 
written above is divergent; hence, series (15) is also divergent. We now form 


the difference a, (Up /Un+1) — 4,41, using (14): 


1 
"8 a ~ diy =m (1+ 5+ St) login — (n+ 1) log (n+ nee 
1 
= (n+ I) logm + -“2 OE". _ (n+ 1) log (n+ 1) = 
: 1 
= ae + (n+ 1) log (i—+44)- (1s) 


The factor @, is bounded by hypothesis, whilst (log n)/n?—1 tends to zero as 
N— co, since p—1> 0 by hypothesis and logn increases more slowly 
than any positive power of n (example 2 of [66]). If we put 1/(n + 1) = —z, 
x-> 0, and the second term on the right becomes 


1 )= log (1 ++ x) 
n+l _ x =a 


i.e. it tends to (—1) [38]. We thus sce that 2 1/a, diverges in this case, and 
an (u,,/tn +1) — G4, —1 as n>oo, so that we have for sufficiently large 
M2 Ap (Up/Uns1) — On 41 < 9, i.e. series (9) is divergent [139], which is what we 
required to prove. 

The convergence tests given above can be used for series with terms of 
any sign if u, is replaced in them by | u,, |. But they only enable us to say 
in this case whether the given series is absolutely convergent or not. Generally 
speaking, we can elicit conditions of absolute convergence from them, but not 
conditions of divergence, because we know that series are not necessarily 
divergent when not absolutely convergent [124]. We thus obtain: 

Supplementary note on Gauss’s test. The series 


U tut... +u+..., (17) 


(n + 1) log (1— 
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where the terms are positive or negative, and where 


Ul | oy ey Oh 
Uns me abe a a8) 


with p > land | w,| < A, is absolutely convergent for u> 1. 
The series is easily proved to be divergent for nu <0. We have in this 
case, taking into account the fact that w, is bounded: 
7) o 
Gin? =i > arr os ana for Nr oo, 


and thus, starting from a certain value of n, since wp < 0: 


Un 


se cae TR On 
op ot aE (14 er) <0 and var ili, 


i.e. starting from this n, the terms of the series increase in absolute values 
and the general term u, cannot tend to zero as m-> co, i.e, series (17) is 
divergent. 


141. Hypergeometric series. The above general considerations will be 
applied to the so-called hypergeometric or Gaussian series : 


a(a+1)...(atn—IB(B+1)...G+n—D on 
niy(y +1)... y+n—1) Geet ANY) 


Certain functions of applied mathematics lead to such series. The following 
particular cases can easily be verified by direct substitution for a, 8, y: 


1 


Be ein se 


+ 


FB, B;a)=1ltapet... +a} ...= 7, 
F(—m, B, B; «) = (1+ 2)", 
Zhe PBs —2x)—1 ot stl -+ 2). (20) 


We investigate the convergence of (19) by forming the ratio of two suc- 
cessive terms: 


Unia __ (a + 7) (B +2) 

Up (n+ 1) (y+) 

i.e. by the corollary of [121], (19) is convergent for | «|< 1, and divergent 

for |x| > 1. The only remaining cases are: (1) v = 1 and (2) « = —1. We 

also note that the factors (a +n), (8 + n), (vy + 7) are positive for all suffi- 

ciently large n, so that, for x = 1, all the terms of the series have the same 

sign for sufficiently large n, whilst we get an alternating series for large 
nm when x= —|], 

We expand by the progression formula in the first case (taking » suf- 

ficiently large) and cross-multiply term by term the resulting absolutely 


L>e as noo, (21) 
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convergent series [138]: 


nN 
=(1+=) (1+2)Q-£+5-$4..J(1-£+4-4+4...)- 
m1 4 Poe Fth 5 on 


where w,, is bounded. Furthermore, if we neglect in this case a sufficiently 
large number of initial terms of the series 


ee a8 

F(a, Bs = 1+ 

a(a+1)...(a+nm—1)8(8+1)...(B+n—1]) Hee 
aty(y+]1)...(gytn—1) 

we get a series with terms of constant sign; and on applying Gauss’s test 

to this, we find absolute convergence if 


ecicgte 


+ 


ae 


y-—-a-—B+i>lie y—a—P>od, 
and divergence if 
y-a—B+I1<1, io p—-a-—P<od. 


In the second case, when x = —1, we get an alternating series after a 
certain initial term: 


1 7B, aa +1 BB+) _ 
ley 2!yv(y +1) , 


4(—I) a(a+]1)...(a+n—1)8(B+1)...@+n—) 
aty(y+1)...(y+n—1) 


We have here, as earlier: 


+ 


wees 


+. 


Un 


m1y Posen Pth 4 On 


nz? 


Ung 


and hence, applying the supplementary note on Gauss’s test, we find con- 
vergence if 


yr-a—P+1>1, ie p—a-— fod, 
and divergence if 
y—a-—f+1<0, ie. p—a—-—B<-—-l. 
In the case where 
y~-a—Pfe-l, 
it can be shown that the general term of the series tends to a limit differing 
from zero, i.e, the series is divergent [119]. Finally, in the case when 


—l<y—a—6<0, 
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it can be shown that the absolute value of the terms of the series is decreasing 
and tends to zero as n > oo, ie. [123] the series is convergent, though not 
absolutely. We do not propose to dwell on the proof of these last two pro- 
positions. 

If we apply this to the binomial expansion 


m(m— 1) 


(1+ 2)"= 1424+ = a 


m(m—1)...(m—n+1) 


tt 
n\ gia 


+ 
which is obtained from (19) (f = y, arbitrary) by writing (—m) in place of a 
and (—2) in place of x, and which we know to be convergent for | #| <1 
and divergent for |x| > 1, we find that the series written is: 


absolutely convergent for m > 0, if2=—l, 
divergent for m < 0, ifxe=—l, 
absolutely convergent for m > 0, if<=1, 
non-absolutely convergent for —l1<m <0, ifew=—l, 
divergent for m> —1, if~=1, 


degenerating to a polynomial for m = integer > 0. 

We show later [149] that if a binomial series is convergent for = +1, 
its sum is (1 + 1)”, ic. 2™ or 0 respectively. 

It must be noted that we have assumed above that a, 8 and y are neither 
zero nor negative integers. This is important for y, since otherwise the terms 
of the series become meaningless (the denominator vanishes), whilst if a 
or # is zero or a negative integer, the series breaks off and reduces to a finite 
sum. 


142. Double series. We take a rectangular table of numbers, bounded 
above and to the left, but stretching to infinity on the right and downwards: 


1 2 3 n : 
1 | Uy, Uz = Uy Uin . 
Uz, Uge Ueg Yen 
3 | U3, Ugg Ugg eee Ugg eee (22) 
Mm) Unr Ung Ums Roe 


Ce 


The number of the row in the infinite set of rows is denoted by the first 
subscript of u, and similarly, the number of the column in the infinite set 
of columns is denoted by the second subscript. Thus, u,,, indicates the number 
at the intersection of the ith row and the kth column of the table. 

Let us assume, in the first place, that all the u,, are positive. 
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We define the sum of all the numbers of (22) by marking points with 
positive integral coordinates M(i,k) in a coordinate plane and drawing 
a@ series of curves: 


OCs vst tla 


intersecting the axes in the first quadrant, and subject only to the conditions 
that every point M falls inside the area (C,,), bounded by the curve C, and 
the axes (Fig. 157), for sufficiently large n, and that area (C,,) lies inside 
(Cn41). We form the sum S,, of all the numbers u,,, corresponding to the 
points lying inside the area (C,,). This sum evidently increases as n increases, 


Fig. 157 Fic. 158 


so that only two cases are possible: either (1) S, is bounded for all values of 
n, in which case there exists a finite limit: 
lim S,=S, 
fl co 
or (2) S, increases indefinitely as n increases. 
In case (1), we say thut the double series 


o 
> “K (23) 
ik=1 


as convergent to the sum S. In case (2), series (23) is said to be divergent. 

The sum of a convergent series (23) with positive terms is independent of 
the method of summation, i.e. of the choice of curves C,, and can be obtained by 
summation of the series in rows or in columns : 


S= 3 (5 ui = 2 (2 u| , (24) 
k=1 \i=l i=1 \k=1 

i.e. we first find the sums of all the terms in each row (or each column 

of the table, then add the sums obtained. 

Suppose, in fact, that we take any other system of curves C,,C,, ..., 
Cy, ..., with the same properties as Cj, Cj, ..., Cy, ... Let S,; denote the 
sum of all the numbers of the table corresponding to points lying inside the 
area (C;,). Given n, we can always choose a large m such that area (C,,) appears 
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inside (C,,), in which case 

S,<S_< 8, 
i.e. there exists a finite limit: 

lim S,= 8’ <8. 

fi 2 

We can prove similarly, on interchanging the roles of the C;, and C,, that 
S< 5S’, 


which is only possible with 
S = 8’. 


The sum of the double series (23) can be obtained even if we take as C,, 
step-lines formed from segments of straight lines (Fig. 158): 
4 = const., k = const. 
This gives us a summation ‘“‘by squares’’: 
S == Uyy + (Uyy HH Ugg + Ugy) + 0 + 
+ (ig + Meg + eee Man + Un, nea ee) Um) + +e: 
Summation ‘‘by diagonals’ gives us: 
S = Uy, + (Ue + Ug) Hb (Ugg + Ugg $ Ug) + oe. + 
+b (Uin + Ua, nea toe) Um) + eee (25) 


We prove formula (24) by first of all noting that the sum of any number 
of terms of table (22) is less than S, and hence the sum of the terms in any 
given row, or in any given column, is also always less than S, whence follows 
the convergence of each of the series 


© co 
Dy Min = 8, SY tin = 
k=1 t=1 
We have in addition, for any finite m and n: 
m ) 
a + sin= 3 by us| <8, 


(26) 
n o 
stat... ta= D> [3 vu] <8. 
k=1 \i=1 


We shall take, in fact, only the first m rows of table (22). We evidently 
have, on taking from these the elements of the first p columns: 


a (m 
a (2 us] < S. 
1 V=1 


We have by the rule for addition of series [119]: 


pym 
= lim BH un] <8, 
Pro kel ‘i=l 


Cy m 
titi ten= 3 (3 um 


k=1 i=l 


since the expression under the limit sign is not greater than S. 
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The proof of the second of inequalities (26) is similar. 
Inequalities (26) show that both the series: 


ao 


K=1 k=1 \i=1 
are convergent, and have sums not exceeding S, i.e. 
o’ <S and o’ <8. 


Obviously, on the other hand, for any choice of the system of curves 
C,, all the terms that appear in the sum S, appear in both the sums 


Bate. 8m, Set... Hom 
with sufficiently large m, i.e. 
S,<atagt..-+em<o’, S,<af+...+8n<o", 
and in the limit, therefore, 


S= lim 8,<o’ and S<o’, 


lo 


Since 0’ < S and o” < S, we can only have 
g = o” = 9 é 


which it was required to prove. 

As regards double series with terms of any sign (positive and negative), 
we only stop to consider absolutely convergent series, i.e. those for which the 
double series consisting of absolute values: 


is convergent. 
We can use an argument similar to that of [124] to show that the sum : 


s= lim 8, = a uy = PH ( ui (27) 
N-» © i=1 \k=1 k=1 Vi=l1 


exists for such series, being independent of the method of summation, and 
being obtainable, in particular, by summation by rows and by columns. 

Remark. Many properties of absolutely convergent simple series can be 
extended to absolitely convergent double series; in particular, the remark 
of [124] becomes: ¢f the terms of a double series do not exceed in absolute value 
the terms of a convergent double series with positive terms, the given series is 
absolutely convergent. 

Property (2) of [120] can be similarly extended. 

Examples. 1. The series 


(28) 
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142] 
is convergent for a > 1, 6 > 1, since summation by squares gives: 
n S 1 nl < 1 
s,= ( a eal | all a) < 4B, 
7 Pa ey okP a a Ney bP 


where A, B denote the sums of the series 

o ] o | 

Daas ee 

im * A ke 
which are convergent for a > 1, B > 1 [122]. 

2. The series 
oo ] 
oe (29) 

wha (t+ k)* 


is convergent for a > 2, and divergent for a < 2, since summation by diago- 


nals gives us: 
2a. io 
Caer +2+—-+...4+(n—1) ec 
1 1 1 1 
nfm eli 3) 
whence we find, by replacing (1 — 1/n), firstly by the smaller number 1/2 
secondly by the larger number 1: 
] J 1 | 1 1 
ras tees | a as ec eT 


Our proposition now follows from the convergence of ne} for 
n=1 


a <2 and its divergence for a < 2. 
3. If a and ¢ are positive, and b* — ac < 0, the series 
: 30 
£4 (ait + Dbik fF okt)? (30) 


as convergent for p > 1 and divergent for p < 1. 
We first take 6 > 0. Let A, denote the least of the numbers a and c, 


and A, the greatest of a, b, c; since obviously, 
P+ kh? > Wk, 


we have: 
2A tk < ai? + 2bik + ck? < A,(e + k)?, 


whence we find, on confining our interest to the case p > 0: 
Sees See ae ee eae: 
AB (i+k)?P = (ai? + 2bik + ch®)P = (2A,)?  iPkP 
noting that the factors 1/AP and 1/(2A,)? are independent of ¢ and &, this gives 
us convergence for p > 1 and divergence for p < 1, by Examples 1 and 2 


and the remark made above. 
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Now take b < 0. Letting A, denote the greatest of a, c, |6|, we have 
by the obvious inequality (Vai)? + (Vck)? > 2Vacik: 


2(b -+ Vac) tk < ad? + 2bék + ch? < A,(é + b)?, 


where b + Yac > 0, since |b| <Yyac by hypothesis. The rest of the proof 
follows the same lines as for 6 > 0. 


143. Series with variable terms. Uniformly convergent series. Taylor’s and 
Maclaurin’s formulae are examples of series, the terms of which depend on 
a variable 2. In the second part of this course, we shall become familiar with 
the extremely important trigonometric series of the form: 


> (a, 008 nx + b, sin nx), 
tel 
the terms of which also depend on a variable x, as well as on n. 
We now give a general discussion of series with terms that depend on an 
independent variable x. 
Suppose we have an infinite sequence of functions: 


U(x), Upl(@), . 66, Un(*), 0, (31) 


defined in an interval (a, 6). If the infinite series 


Uy(x) + t,(@) + 0. + Uy (2) +... (32) 


ts convergent for all values of x in this interval, i.e. fora<a< b, we say 
that it is convergent in the interval (a, b). 

The sum of the first n terms of series (32) is obviously a function of 2, 
and similarly for the sum of the complete series and its remainder; we denote 
these respectively by 

Sn{X), 8(€), T(x) 5 
so that 
8(%) = lim 8,(a), rp(&) = 8(a) — 8,(x). (33) 
no 

If (32) is convergent in (a, b) and has the sum s(az), this means that, for 
any given x of (a, 6), given any positive number e, a number N can be found, 
such that 

lt(v)| <e forall n>JN, 


with N obviously dependent on the choice of e. But it must be noted that 
N will in general also depend on the x chosen, i.e. it can have different values 
for a single assigned e« and different values of x from (a, b); we indicate this 
by writing N(x). If for any given positive e an N can be found, independent 
of x, such that for any x of (a, b) we have the inequality 


ltnlx)| <e (34) 


for all n> N, series (32) ts said to be uniformly convergent in the interval 
(a, 5). 
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We take as an example the series 


i} ] 1 
atl (@+))(@+2) °° @+2)(e@+3) ~ 
1 
“eee ea (35) 


where x varies in the interval (0,a) and a is any given positive number. 
It can easily be seen that the series can be written as: 


sar - (ler - sz) - [ 1 __1} 
e+] e+l «+2 e+2 spa}- 


—{ I ii\_ 
ctn—Il sia aes 


so that in this case 


1 ; ] 
atl Ser #(t) = lim &, (7) =0, aaa Ta 

and if we want to make 

[rq (2)|=—-— <e (36) 

fn a ctn ’ 
it is sufficient to take 

1 
n>——a@=N(2). (37) 


If we now want to satisfy (36) for all # of (0, a), given that n > N where 
N is independent of the x taken, we need only put N = l/e> N(x), since 
(37), and therefore (36), will then be satisfied for n > N for all x of (0, a). 
Series (35) is thus uniformly convergent in the interval (0, a). 

Not every series has the property of uniform convergence, since it is 
not possible to find an N independent of x for every series, such that it is 
not less than all N(x) in interval (a, b). 

Take, for instance, the series 


2 -+ ae —1)ta(e—1p-t... tale — I+... (38) 


in the interval 0 < # < 1. 
The sum of its first » terms is: 


8,(%) == & + (x? — a) + (49 — a?) +... + (ao? — a3), 
i.e. 


and hence [26]: 


8 (x)= lim s, (v7) =90 for 0<2<1 
n-o 
and 
r,(@) = s(x) — s,(4) = —x2" for O<a@<l. 
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For z = 1, substitution of 2 = 1] in (38) gives us the series 


1+0+0-+4..., 
i.e. 
&,(z) = 1, 8 (x) = lim s, (x) =1, 
fl @ 


Tp(z) = a(x) — 8,(%) = 0, 


for «= 1 and any n. Series (38) is convergent throughout the interval 
0 < x < 1, but its convergence is not uniform in the interval. In fact, since 
r(x) = —2" for 0 < x < 1, if we want to satisfy inequality (34), | 7,(z) | < e, 
we must have 


w<e, ie. nloga <loge, 
or, dividing by the negative number log wz: 


log € : 


n> 
log x 


In this case, therefore, N (x) = loge/log x and cannot be replaced by a 
smaller number. 

Asx approaches unity, log x > 0, and the function N(x) increases indefinitely ; 
so that it is impossible to find an N, such that inequality (34) is satisfied 
for n > N in the whole of (0,1). A consequence of this fact is that, whilst 
(38) is convergent throughout (0,1), including «= 1, its convergence be- 
comes slower as 2 approaches unity; the nearer x is to unity, the more 
terms of the series have to be taken in order to approach its sum. Yet it is 
to be noted that the series simply breaks off at the second term when, in 
fact, 2 = 1. 

We now give a second definition of uniform convergence, equivalent to 
the first. We formulated above [125] a necessary and sufficient condition 
for the convergence of a series. This now becomes: a necessary and sufficient 
condition for the convergence of series (32) in the interval (a, b) is that, for 
any given positive ¢ and for any x of (a,b), there exists an N, such that 


| Unir () + Unie (2) ee H Unip (x)|<e (39) 


for n > N and any positive integer p. For a given e, this N can still depend 
on the choice of x. If for any given positive e there exists the same N for all 
x of (a,b), such that (39) is satisfied for n > N and any positive integer p, 
series (32) ts said to be uniformly convergent in the interval (a, b). 

We have to show that this new definition of uniform convergence is equi- 
valent to the first, i.e. if a series is uniformly convergent in the first sense, 
it is uniformly convergent in the new sense, and vice versa. To start with, 
let the series be uniformly convergent in the first sense, i.e. | r_(z)| < € 
forn > N, where 2 is any x of (a, b) and N does not depend on x. We evidently 
have: 

Unsr (LZ) + Une (Z) + eee + Un-p (&) = Tp (©) — Trip (x) (40) 


and therefore: 


| Unser (©) + Uggs (%) +... + Unsy (2) | < [ty (#)| +1 tnep @) | - 
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which gives, form > N, andson+yp> WN: 
| Unser (%) + Upye (©) -b +++ + Uni (2) | < 2e. (41) 


In view of the arbitrary choice of ¢, we see that the series is uniformly 
convergent in the new sense. We now start from the assumption that the 
series is uniformly convergent in the new sense, i.e. that (39) is satisfied 
for n > N, where N is independent of x, for any positive integer p and for 
any « of (a, 6). Noting that 

Ty (©) = Unis (©) + Unie (@) + 0 = ae [ener (0) +--+. + Unip (z)] 
we obtain in the limit, as p + co in (39): 
| tn(z) |< «€ 
for > N, i.e. since ¢ is arbitrary, the first definition of uniform convergence 
follows from the new definition. The equivalence of the two definitions is 
thus proved. 

We remark that 7,,(x) was used in the first definition (34) of uniform con- 

vergence and, at the same time, the additional assumption was made that 


the series was convergent; whereas, the fact of the convergence of theseries 
is contained in the new definition of uniform convergence, of (39). 


144. Uniformly convergent sequences of functions. The sequence of func- 
tions: 
81(), 8{%), ..., Sx{@), ..-, (42) 


which we considered above, was defined with the aid of series (32); 8,,(a) 
denoted the sum of the first n terms of the series. But sequence (42) can be 
taken as given and can be considered on its own account, and a series con- 
structed from it, the sum of the first n terms of which is the nth term of 
the sequence s,(#). The terms of this series are obviously defined by: 


U(x) = 8,{x), Ua(%) = $,(x) — 81(x), ..., Un(X) = 8,(@) — 8,_,(x),... (43) 


Sequence (42) is often simpler than (43), as was the case in the examples 
considered. 

We arrive in this way at the concepts of convergence and uniform con- 
vergence of sequences of functions: 

If a sequence of functions (42): 


81(%), 8,(%), ..., &(%),..., 
ts defined in an interval (a, b), and if for any x of this interval the limit exists: 
. 3(%) = lim 8, (2), (44) 
n—-> oo 
sequence (42) is said to be convergent in the interval (a, b), whilst s(a) ts called 
the limit function of sequence (42).. 


If, in addition, for any previously assigned positive e there exists a number N, 
endependent of x, such that the inequality 


| (a) —~ 8n(x)| <e (45) 
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4a valid for every n > N throughout (a, 6), sequence (42) is said to be uniformly 
convergent in the interval (a, b). Condition (45) may be replaced by the equivalent 


| 8m(%) — 8p(@) | < € (46) 
for m and n> N. 
The condition for uniform convergence of sequence (42) is equivalent to the 
condition for uniform convergence of the series 


Uy(a) + Ua(%) + we. + Une) + ---, (47) 
where (43) 


u(x) = 8,(x), up(w) = 8,(%) — 84(%), ..., Upn(%) = 8,(@) — 8, _(%), -.- 


The proof of the equivalence of conditions (45) and (46) in the study of 
the uniform convergence of sequences is similar to that of the equivalence 
of conditions (35) and (36) for infinite series. We also note that the uniform 
convergence of s,(x) in any part of (a, 6) follows at once from its uniform 
convergence in (a, b). 

The uniform convergence of sequences can be interpreted geometrically. 
If s(x) and ¢,(x) are illustrated graphically for different values of n, uniform 
convergence of the sequence implies that the piece of ordinate, comprised 
between the curves s,(z) and s(x), 
must tend to zero as n— oo, for Y 
all x of (a,b); this condition is not  /0F S()=/ 
fulfilled with non-uniform conver- 
gence of the sequence. 


/ 
Y= y5H 50 OO 


0 10 20 08 
y= S(x)=0 Y25(X) = O(x <1) 
Fre. 159 Fie. 160 


The situation can be seen by inspection of Figs. 159 and 160, drawn for 
the examples that were discussed above: 


a(t) = sae S(t) 2". t 


f Different scales are used in Figs. 159 and 160 for x and y, for greater 
clarity. 
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In the case of Fig. 160, the limit function s(z) is represented graphically 
by the segment (0,1) of axis OX, excluding the point 1, and by the isolated 
point with coordinates (1,1). 

Admittedly, the limit function s(x) in the last example is not continuous; 
but an example can easily be found of a sequence which, whilst having a con- 
tinuous limit function, is never- 
theless non-uniformly convergent. Y 

The sequence (Fig. 161): 


AX 
Y = Ty qb ae * Sn 0) 


&n(@) = 7 arr O<@ <a) (48) 


has this property. We evidently 
have, for x # 0: 


; x 
1 . 0p 05 10 15 20 
= ° , - 161 
1 + na? n 4 4a Fic. 16 


and as n — oo, the first factor on the right, 1/n > 0, whilst the second tends 
to i/x, i.e. 8,(z) > 0 for 40. Obviously, for « = 0, 8,(0) = 0 for all n 
and we therefore have, for all x of (0, a), where a is a given positive number: 


8 (vz) = lim s, (x) =0. 


But the maximum piece of ordinate between curves s,,(x) and s(x), which 
simply reduces in the present case to the ordinate of s,(x), since s(x) = 0, 
is 1/2 (corresponding to x = 1/n). Since it does not tend to zero as n > oo, 
sequence (48) is not uniformly convergent in (0, a). In fact, if we want to 
have: 


|# (2) — &9 (@) |= >> ee < © 


solving the second degree inequality: 
Oo<1— = n -+- x?n? 
for n, and taking e sufficiently small, we get: 


n> — (Vi — 4e?) = N(x). 

This function increases indefinitely as x > 0, which accounts for the non- 
uniform convergence of the sequence. 

We remark finally that Figs. 160 and 161 also show that the sequence 
x" is uniformly convergent in an interval (0, qg), where gq is any positive 
number less than unity, whilst the sequence nz/(1 -++ n*z*) is uniformly conver- 
gent in (¢g,a), where 0 <q <a; a direct proof also of these statements 
may also easily be given. 
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145. Properties of uniformly convergent sequences. 1. The limit function 
of a sequence of continuous functions, uniformly convergent in an interval 
(a, 6), 7s also continuous. Let 


8,(@), 8,(%), ..., 8, (x), . 


be the given sequence of functions, all of which are continuous in (a, b), 


and let 
s(x) = lim 8, (x) 
Nc 


be the limit function. We have to show that, for any previously assigned 
small positive «, a 6 can be found, such that [35]: 


| s(x + h) — s(x) | <e (49) 
if 
[h| <6, 

assuming that both « and x + h lie in (a, b). We can write for any n: 
| s(@ + h) — (a) | = 
= | [s(% +h) — saz + h)] + [an(e + h) — an(x)] + [an(z) — a(2)] | < 
< | 8(@ + h) — 8,(@ + h) | + | 8%) — 8p(a) | + | ale + h) — 8,(2) |. 

By the definition of uniform convergence, we can select a suitably large 
n so that, throughout (a, b), including the points # and « + h: 


|s(e+h)—sq(@+h)|<—, |8(z)—4,(2)|<—- 


Having fixed such an n, by the continuity of s,(x) [35], we can find a 
6 such that 


[8_(e +h) —s_(@)|<-, if [hb] <6. 


We combine all these inequalities, to obtain inequality (49). 

If the sequence of functions is non-uniformly convergent, the possibility 
arises of the limit function not being continuous; the sequence 2” in the 
interval (0,1) can be quoted as an instance of this. 

The converse does not hold, however: the limit function of a non- 
uniformly convergent sequence may be continuous, as, for instance, in the 
case of the sequence: 

ne 
1 + n*z? 
2. If 
81(%), 8(%), .-., &(%), - 
ts a uniformly convergent sequence of functions, continuous in the interval 
(a, b), and (a, B) is any interval lying in (a, b), 


B p 
f 8, (@) de> { s(a) da (50) 
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or alternatively, 


8 F 
lim { 8, (x) de = { lim s, (x) da. (51) 
N-» co a 


a n- 


If the limits of integration are variable, e.g., B = x, the sequence of functions 


x 


f 8, (t) de (n = 1, 2,3, ...) (52) 


a 


1s also uniformly convergent in the interval (a, b). (This process is referred 
to as passing to the limit under the integral sign.) 

We note, first of all, that the limit function s(x) is also continuous, by 
property (1). We now take the difference: 


B B B 
J 8 (a) dx — { 8, (#) da | [s (a) — 8, (a)] de. 


Given e, in view of the uniform convergence, we can find an N such that, 
for all n > N, we have throughout (a, 5): 


| s(z) — 8,(z)| <e, 
and hence [95] (10,): 


B B F 
J [8 (@) — 8, (@)] de| < J | (2) — 8, (2) |da< | eda =2(f —a)<e(b—a). 


We therefore have, for any interval (a, 8) contained in (a, b): 


B B 
J s(x) dx — (8, (2) dx <e(b—a) for n>N. 


a 


The right-hand side of this inequality is independent of a and # and tends 
to zero if e-> 0. In view of the arbitrariness of e, we can state the result thus: 
for any given positive e, there exists an N, independent of a and f, such 
that 

B 


s 


a 


B 
s(x) dx — | 8, (x) de] <e, 


for n> N. Formula (50) immediately follows from this. Putting # = z, 
and remembering that N is independent of 8, we see that sequence (52) is 
uniformly convergent for all x of (a, 6). 

The theorem can be proved false for a non-uniformly convergent sequence. 
For instance, let: 


8, (@) = nze™ (0<2<1) 
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(Fig. 162). It can easily be shown, taking the cases x > 0 and x = 0 separa- 
tely, that 


8,{x) > 0 as N-> co 


for all x of (0,1), so that here, s(z) = 0. The sequence cannot be uniformly 
convergent, however, since the greatest ordinate of the curve y = 8,(x) 
or, what is the same thing, the greatest difference s,(x) — a(#), which is 
obtained with « = 1/V/2n, increa- 
a ses indefinitely as n -> oo. 
On the other hand, we have: 


ae az=n { eM de = 


0 0 
oe a eee eee 
pe es 0 2 (1 e loss 


and at the same time: 


1 
{8 (e)de=0. 
0 


3. If the functions of a sequence : 


8,(), 89(X), .- +, 8 (%), « 


have continuous derivatives : 


Fia. 162 


81(2), 8,(2), ». +) 8p(), - 


in an interval (a,b), and if the sequence s)(x) is uniformly convergent to the 
limit function a(x), and sequence s,(x) convergent to s(x), 8,(x) is then also uni- 
formly convergent and: 


o(z) = 22) (53) 
or alternatively : 
a li 
de,,(x) aa ea(®) 


lim 


ede ae os 


This process is called passing to the limit under the differentiation sign. 
Let a be variable in the interval (a, b) and a be any constant. We have 


by property (2): 
x x 
lim { 84 (x) da = ( o (2) de. 
N+o g a 
But 


{ 8n(a) de = 8, (@) — 8, (a) + 8 (x) —8 (a), 
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and therefore the previous formula gives: 


x 
8 (2) —8(a)= ( o(a) de. 
Differentiating this equation and using a familiar property of definite 
integrals (property VII) [95], we have: 


which it was required to prove. It remains to prove the uniform convergence 
of sequence s,(x). We have: 


x 
8y(@) = 8,(4) + | sa(z) de. 
: x 

Sequence s,,(a) is convergent, and it does not contain x. Sequence , 87,(c) da 

@ 
is uniformly convergent by property 2. Hence follows the uniform convergence 
of s,(x), since it is a direct result of the definition of uniform convergence 
that the sum of two uniformly convergent sequences is also a uniformly 
convergent sequence. Of course, every convergent sequence, the terms of 
which do not contain z, as for instance, s,(a), falls under the definition of 
uniformly convergent sequence. 

We also notice that use has only been made of the uniform convergence 
of s,(z) and of the convergence of s,,(a) in order to prove the uniform con- 
vergence of g,(z) throughout (a, b); it is thus sufficient to demand the con- 
vergence of s,,(x) at a single point x = a when formulating the last property. 
The uniform convergence of s,(x) throughout (a, 6) follows from this, as we 
have already said. 


146. Properties of uniformly convergent series. If wo take s,(r) in the 
above propositions as the sum of the first n terms of a given series 


Uy() + Ue(w) +... fF Up(e) + ---, 


and s(x) as the sum of the whole series, we at once obtain analogous proposi- 
tions for series with variable terms. 


1. If the terme of the series 
U;(L) + Uy(%) +... + Up(%) + --- (55) 


are continuous in the interval (a,b), and the series is uniformly convergent, 
its sum (x) is also continuous in (a, b). 


2. If the termes of series (55) are continuous functions in the interval (a, b) 
and the series is uniformly convergent, it can be integrated term by term between 
any desired limits a, B, lying in (a, b), i.e. 


B ce o 8 
f Py tty (adem F { uy (@) de. (56) 
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If the limits of integration are variable, e.g. B = x, the series obtained by 
term-by-term integration : 


x 


fu, (w)da + [uz (@)da-+...+ fug(z)de+..., (57) 


a 


is also uniformly convergent in the interval (a, b). 


3. If the series (55) 1s convergent in the interval (a, b) and the derivatives of its 
terms, Uj(2), Ug(%), ..., Up(L), ..., are continuous in (a,b), the series formed 
by the derivatives 


uy(v) +... + uy(e) +... 


being uniformly convergent in (a,b), the given series (55) is uniformly con- 
vergent, and can be differentiated term by term, i.e. 


d 2 2d 
ae 2 e= 5 ae (68) 


It need only be borne in mind, in order to deduce these propositions from 
the theorem of {145], that, as we know already, the properties indicated in 
the propositions are valid in the case of a finite number of terms. For instance, 
af the terms u,(x) of the series are continuous, the function 


8, (L) = Uy(%) + up(w) ++... + Up(e) 
ts continuous for any n [34]. 
147. Tests for uniform convergence. We state sufficient conditions for 
uniform convergence. A series of functions, defined in an interval (a, b): 
U(x) + U(x) +... + Une) +... 


1s uniformly convergent in (a, b) if one of the following conditions is satisfied: 
(A) A sequence of positive constants can be found, 


M,, My, ..., My, ... 
such that 
| up(2) |< M, in (a, 6) . (59) 
and the series 
M,+M,+...4+M,4... (60) 


ts convergent (Weierstrass’s test). 
(B) The functions u,(x) can be put in the form : 


Up(%) = AnUp(x) , (61) 

Where Q, Ay, ..+,@n, -.. are constants, such that the series 
a,+a,+...ta,+... (62) 
as convergent, and functions v,(%), ...,Up)(x),... are all non-negative and 


less than a positive constant M, and satisfy for all x of (a, 6) : 


0, (x) > %, (2) >... Dy (2) >... 5 Og (%) <M (63) 
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(Abel’s test). 
Proof (A). Since series (60) is convergent, given ¢, an N can be found 
such that, for all m > N and for all p [125}: 


Mart Mant: + Map <3 
and using (59): 


| Uns (2) + ee + Unip (@) | << Mart --- + Map <e, 


whence follows [143] the uniform convergence of series (55). 
Proof (B). We put: 


Op = Ani1 + Ona +--+ + Onep (p= 1,2) 00%) 5 
which gives us at once: 
Ona = 0, And Gnyp = OK — Thy (k > 1). 
We find: 
Unsr (©) + Unve (@) + oes + Unip (x) = 
= Ony1 Unser (©) + Gnre Unee (©) + e+ + Onip Untp (x). 


We substitute here for a,,, in terms of o;, and collect terms in the same 
O;, giving: 
Ont Uner (©) + Anse Oneg (©) + +++ + Ons Unip (2) = 
= oy Oner (®) + (G3 — 93) Unig (®) +--+ (op = op—1) Unip (7) = 
= 01 [Pas @) — Onye (®)] +--+ + 
+ Op—y [Unip-1 (&) — Ynip (x)] + op Onip (2). 


Recalling that v,,,(z) and all the differences v,44_3(%) — U,44{(%) are 
non-negative by hypothesis, we can write: 


| naa (@) + +++ +b Unep (®) |< [07 | [ener ©) — Pnea @)] + +. + 
+ | Opa | [nsp-a (@) — Pnep @)] +1 op | ensp (2) 
or, letting o’ denote the greatest of the absolute values | g; |, | 3 |, .--,| 95], 
| nia (@) +... + Upp (2) | < 
<0’ {lenses (©) — Unre (®)) + ~~. + [epepaa (®) — Unip (@)] + Pnip (x)} 
which gives after cancelling: 
| Unis (@) + +. + Unep (©) | <9 Mga (2). (64) 


It follows from the definition of a; and the convergence of series (62) 
that, for any given positive «, there exists an N such that 


é€ 


| o|< iM 


for n > N and any k; and hence: 


<M 
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Bearing in mind that also, 0 < v,,,(%) < M, by hypothesis, wo get 
from (64): 
| Unsr (@) eee + Upnip (2) | <8 
for n > N and any p. Since N does not depend on 2, the uniform convergence 
of series (55) in (a, 6) follows from this. 


Examples. 
1. The series 


2 cos n@ © sinner 
a I 65 
Py nP wey nP (p > ) ( ) 


are uniformly convergent in any interval, since we have for any z: 


eo, <r 
n nP 


sin nx 


n? 


1 
and the series Dagar is convergent for p > 1 [122] (Weierstrass’s test). 
n 
2. If 3 a,is convergent, the series 
n=l 
© an 
= 66) 
Ant ( 
is uniformly convergent in the interval (0 < 2 < 1) for any I, since, on sub- 
stituting here 
v (x) = ss 
n ae 
all the conditions of Abel’s test are satisfied. 


148. Power series. Radius of convergence. One of the most important 
applications of the above theory of series with variable terms is the power 
series, i.e. the series of the form: 


Ay + ax + aga? +... + ana™ + ..., (67) 


already encountered by us in the discussion of Maclaurin’s formula. The 
detailed study of the properties of these series belongs to the theory of func- 
tions of a complex variable, so that we only indicate here the most funda- 
mental properties. 

ABEL’s First THEOREM. If the power series (67) is convergent for a certain 
value of x = &, it is absolutely convergent for all x satisfying 


Jal <j] éf. (68) 
Conversely, if it is divergent for x = £, it is also divergent for all x satisfying 


je|>|éf=r. (69) 
Firstly, let the series 


Bo + 4,8 + a2.67 +... + ane? +... 
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be convergent. Since the general term of a convergent series must tend to 
zero, 
a," + 0 as n>o, 


and hence a constant M can be found, such that for all n: 


Ja,é"?" |< M. 
We now assign to x any value satisfying (68), and put 
I= | is | <i. 
We obviously have: 
|ay2"| =|a, 6" =| =|, 8"| Al < Mq", 


i.e. the absolute value of the general term of (67), for the x in question, does 
not exceed the general term of an infinite decreasing geometrical progression. 
Series (67) is therefore absolutely convergent [124]. 

The second part of the theorem is obvious, since if (67) were convergent 
for some & satisfying (69), by what has just been proved, it would have to 
be convergent for any ¢ satisfying | | < ||, which contradicts what is 
given. 

CoroLtaRy. There exists a fully defined number R, called the radius of 
convergence of series (67), and having the following properties: 


series (67) 18 absolutely convergent for |x| <R, 
» (87) ts divergent for |x| > R. 


In particular, it may happen that FR = 0, in which case series (67) is divergent 
for all x differing from zero; or that R = co, in which case (67) is convergent 
for all x. 

We dismiss the first case, and consider a positive value of x = ¢, for which 
(67) is convergent. Such a value certainly exists, if there exist in general 
values of «0 for which (67) is convergent. If we increase the number 
é, only two cases can arise: either (67) always remains convergent for x7 = &, 
even when ¢ increases indefinitely, in which case we obviously have R = «; 
or else there exists some constant A, with the property that, however close 
€ approaches A, whilst remaining less than A, series (67) is always con- 
vergent, yet when ¢ is greater than A, the series becomes divergent. 

The existence of such an A is quite obvious on intuitive-geometric grounds, 
since, on the basis of Abel’s first theorem, if the series is divergent for any 
given value é, it will also be divergent for all greater values. The existence 
of A can be proved rigorously from the theory of irrational numbers. This 
number A is obviously the radius of convergence F of series (67). 

We give the proof of the existence of R. We divide all real numbers into 
two classes as follows: we put in the first class all negative numbers, zero, 
and the positive ¢ for which (67) is convergent with |x| == &, and we put. 
in the second class all the remaining real numbers. By the theorem proved, 
any number of the first class is less than any number of the second class, 
i.e. we have made a section in the domain of real numbers. There is therefore 
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either a greatest number in the first class, or a least number in the second 
class [40]. It is easily seen that this number is the radius of convergence R 
of the series. If every number falls into the first class, we have to take 
R == 0, 


149. Abel’s second theorem. If FR is the radius of convergence of series (67), 
the series is uniformly, as well as absolutely, convergent in any interval (a, b), 
lying wholly within the interval (—R, +28), i.e. for which 


—-R<a<bd<R. 


If the series is also convergent for x = R or for x = —R, tt will be uniformly 
convergent in (a, R) or (—R, b), 

We note, first of all, that we can take R = 1 without loss of generality, 
by taking a new independent variable ¢ instead of x, defined by 


x= Rt. 


Series (67) now becomes a power series in ¢, and the interval (—R, +#) 
becomes (—1, 1). 

If R= 1, it follows from the definition of radius of convergence that 
(67) is absolutely convergent for any « = £, where | &| <1. We now take 
any interval (a, b) inside (—F#, 2), so that 


—l<a<b<l. 


We choose for § any number lying inside (—1, 1), but greater in absolute 
value than | a| and | 6 |. We have for every x in (a, b): 


| ane" | <|ané" |, 
and since the series 


agtafta’+...t+a,é"4+... 


is absolutely convergent and its terms are independent of 2, it follows by 
Weierstrass’s test that (67) is uniformly convergent in (a, b). 
We now suppose that (67) is also convergent for x = 1, i.e. that 


Gy +a, + ag + ... +a, t oe. 


is convergent. Putting 
Un (2) = a” ? 


we can apply Abel’s test to series (67), showing that (67) is uniformly con- 
vergent throughout an interval (a, 1), where @ is any number greater than 
—1. 

The case of (67) converging for « = —1 follows from the above on sub- 
stituting (—2) for x. 

Let f(z) denote the sum of series (67). It only exists, of course, for the « 
for which the series converges. Let R be the radius of convergence of the 
series. Bearing in mind the uniform convergence of the series in any interval 
{a, b), for which 

—-R<a<b<R, (70) 
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and also property 1 of [146], we can assert that the sum f(x) of the series is 
continuous in any of the above intervals (a, b). In other words, f(x) ts continuous 
inside (—R, -+-R). We also see that this function has every type of derivative 
inside (—R, +). If series (67) also converges for « = R, it follows from 
the uniform convergence proved for any interval (a, R), where a> —R, 
that f(x) is continuous in this interval, and in particular, f(R) is the limit. 
of f(z) on x tending to #& from the left [35]: 


f(R)= lim f(z). (71) 
x+R-0 
Similarly for the convergence of the series for x = —R. 
We saw above that Newton’s binomial expansion [131]: 
“m(m—I) 


(1 ay" =14+ 772+ att... 


2] 


has a radius of convergence # = 1, and converges in certain cases for x = 
= +1. We are able to say, by what has just been proved, that if the series 
converges for « = 1, for instance, its sum will then be: 


lim (1-4 2)™ = 2™, 


x+1—0 


150. Differentiation and integration of power series. Let R be the radius 
of convergence of the series 


a,taata@ewtt... taav"+... (72) 


We get two further power series by integrating (72) term by term from 
0 to x, and by differentiating it: 


a; On ntl 
cel aa ray ad eee (73) 
a, + 2a,e + 8a,2? +... + nage... (74) 


We show that these have the same radius of convergence #. We have to 
show, for this, that they are convergent if |#|< R. 

Series (72) is uniformly convergent in any interval (—R,, +,), where 
0 < R, < R, by what has been proved; and by property 2 of [146] it can 
be integrated term by term from 0 to x in this interval, i.e. we can say that 
series (73) is convergent for any x, for which |a|< R, and that the sum 
of (73) is then 


x 
caves, 


where f(x) is the sum of series (72). We now show that series (74) is also con- 
vergent if |2|< R. We take such an 2, then choose a {, lying between 
|| and R, i.e. 

[a ee mE (75) 
and put 


ae! 
C=: <i. 
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We now have for the terms of series (74): 


| na,v"~*| =| na, 


and by the above: 
= oy ih 
| maya" | < ng"? | ane” |. 


It is easy to show, by applying d’Alembert’s test to the series XY ng”—1, 
that it is convergent for 0 <q < 1, and hence [119]: 


ng?t+0 as noo, (76) 


so that, for all sufficiently large n: 
| na,a"—* | < | a,é"|. 


But by (75), the series 2a," is absolutely convergent, and therefore 
series (74) is absolutely convergent for the x taken. Both series (73) and (74) 
are thus convergent if |x| < R, i.e. the radius of convergence of a power 
series is not decreased by term by term integration or differentiation. But it 
immediately follows from this that it can also not increase. Suppose, for 
instance, that the radius of convergence of series (73) were R’, where R’ > R, 
then differentiation of series (73) would give us series (72), and its radius 
of convergence would not be less than R’, by what has just been proved; 
but in fact it is R, where R < R’. Thus, series (73) and (74) have the same 
radius of convergence F as series (72). Differentiating (74) a second time gives 
us & power series 


2a, + 3-2a,0 + 4-30, 074... + n(n — lha,zt 4+... 


with the same radius of convergence R, by what has been proved; and so 
on. All these power series are uniformly convergent in any interval (a, b) 
for which (70) is true; and the same applies for repeated term by term integra- 
tion. Recalling properties 2 and 3 of [146], we can finally state the follow- 
ing result: 

The power series 


a,tae+aart... +a ew™+..., (77) 


the radius of convergence of which is equal to R, is a continuous function of 
x inside the interval (—R, R). 

The series may be differentiated and integrated term by term any number 
of times, if x lies inside (—~R, R), the power series obtained in this way having 
the same radius of convergence R. The sums of these latter series are equal to 
the corresponding derivatives and integrals of the sum of series (77). 

Putting 


F(v) =a, + ay + awt+... tay +..., (78) 
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we obtain in this way: 
f(z) =a, + 2ae +... + natin . 
f’(v) = 2a, + Bayz +... + n(n — l)agwt t+ ..., 
fe) =nlagt(ntl)n...3+anyet..., 


which give with x = 0: 


i’ (0 (0 (0 
a, =f(0), a, =H), a, £00) ee ae, a 
Substituting these expressions for @, @,, @:, ...,@, in (78), we obtain: 
7 ae n ,{n) 
fpsy oye Oe Oe yO a oe meal, 


nf} 


i.e. @ power series coincides with the expansion of its sum by Maclaurin’s 
formula. 

The theory of power series given above is easily extended to power series 
of the form: 


ay + a,(¢ — a) + az —a)?-+... + an(a — a)? +... (79) 


The role of x is played everywhere by (a — a). The radius of convergence 
R of series (79) is defined by the condition that the series converges for 
|2—a|< R, and diverges for |x —a|> R. If f(x) denotes the sum of 
(79) in the interval 


—R<a-—-a<cR, (80) 
we obtain the expressions for the coefficients a,: 
i'(a) _ £@) 
a, =f (a), od ass Fs, Gg ts eens 


i.e. series (79) coincides in the interval (80) with the expansion of its sum into 
a Taylor series. 

We return to the theory of power series in the third volume, when dealing 
with the theory of functions of a complex variable. 

We propose as examples that the expansions of log (1 + 2), arc tan z, 
and arc sin 2 be deduced from the theory of power series, noticing that 


x 
dz 
log (1 + a@) = beat 
0 


x 


dz 
1+ 2?’ 


arc tan 2 = J 
0 


dx 


x 
arc sin v7 = |=: 
F yl — a 


the domains of application of the expansions obtained should also be inves- 
tigated. 
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EXERCISES ON CHAPTER IV 


Write down the formula for the nth term of each of the series 1-10: 


Lit+geetas+.... Be Hetete... 
2 3 4 ] 1 1 
a ee Oe ee 
3 4 5 6 2 4 6 8 
2444 Fe. GPSS... 


1 1 1 1 1 1 

arg a ho ap a 
1-3 1-3°5 1-3°5:7 

oe oa © eae beatae © 

9% 1—14+1—141—14.... 
1 1 1 

10. Lo er a gee ee 

Examine for convergence the series 11-21 using the comparison test: 


Wath i laa, 
a PetPets. tt gle. 


2n-+1 ‘i 
1 1 1 (—1)"*? 
14, —— Ss ++ a 
10 /oSOVt0 Hic 
eee eee 1 
15. or ge et ae a rae eres 
6 tap t+art tact 
Tr ar Tar: nfl 


ey Leo, 


y1-2 2-3 \3-4 Yn(n +1) 
2 3 n 
182-54 274...424.... 
1 1 1 
19, 1 a bees ca oye 
Tag Boa 
1 1 1 1 


3 3 

V2 V3 
3/2 + 4/3 rg (n-+1)V¥n aoe 
With the help of d’Alembert’s test investigate the convergence of the 
series 22-23: 


I 
21. a 


1 3 5 2n —- 2 
22, toto t tae te 
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2-5-8 2-5-8... (3n — 1) 
3. i +igtipet ties t ... 


With the help of Cauchy’s test investigate the convergence of the 
series 24-25: 


24, +(3 ) +(S) 4... +(e)’ Bea 
3. +(S)+(G)t...+(g hy +... 


5 


Investigate the convergence of the pee 26—54: 


1 1 
26.1+3;+art-- a ara he 
o7, 243 1 1 
sere pe eee ee ee Be dahed 
1 1 1 l 
28. ta tata tee + (8n — 2) (8n + 1) +. 
29, 144 4 n? 
tg tot ig be Pape Te 
i 2 3 n 
30.5 +5 typ ts bagi te F 
3 5 a Qn+1 
31. oa tage tae tee + @Plimpoy t:: 


3 6 \? 9 \3 3n n 
82. + (7) + bao) + es ie 
1 3 1 
3\2 , 5 7 \2 Qn +1)2” 
83. (Z)'+74 Go) +--+ (Geer) + 
1, 8 , 27 n 
34. oe cha aad owe Tae oF eee 
2 gn-1 
35. A ee ae 
36. S aresinn 2. 37. > sin (n-*). 
n=} n=t 
38. 8 1) 3. ¥ wl 
8. S log (1+ -). 9 > log (1+ 7] 
40. > (log n)— 41. ¥ (nlogn)- 
n=l n=1 
() =: _ ao l 
42. 2 1 (log n)-?. 43, 2, n-logn-loglogn * 
oo oOo. 1 
44, > (n? — 2). 45. > [n (n+ 1)] ?. 
n=1 n=l 
a 1 es 1 
46. 2 eer Nee) 2, AT, = Seatieen: 


1 = nis 


a Pa nls — nile - 49. 2 (2n — 1) (6n1/s — 1) * 


394 SERIES. APPLICATIONS TO APPROXIMATE EVALUATIONS 


! — 2" nI 
50. > (1— cos 2). 5. yt. a e 


n=] n=l % 
o co 
53. 3" n-" a! 54, a> enn! 
n=! n=! 


Investigate the convergence of the series 55-66. In the case of con- 
vergent series state whether the series is absolutely or conditionally 
convergent. 


1 ] (~1)""? 
Bas ap ae ata Page A 
1 1 (~— 1)" 
56. Pe tae geen See . ee 
Soh Seige 
1 J (— 1)#-* 
Oe ar a a ar eels a 


2 3 
58. LS ag ek ee 


3 i) 7 \n-y 2n+1 
90: ig eg eg tee ok (Sy ay +. . 


n(n +1) 
6p, 22434 8 (yee oy. 
(lear aes a oe 
HM paper * 
62. —2+(F} — Go) +. +(— 0 GeRy'+ «.. 
63, 2 B34 BRE 


1 3°5-7... (n+ 1) 


t(— 1)" see. @n-1) tee: 
1 14 1:47 
64. — ap + ee CAE 


n—y 1:4°7 ... (8n — 2) 
+(—1) * Fe: Ga LB) nh eet 


5. esa ; 66. = (a 1)" logn : 
An (log 10) vot ” 
Investigate the convergence of the series 67-73 with complex terms: 
67. > 204, a, See). 
n=! n=! 3 
- 1 ae i 
69. ———., 70. — Th 
aa, n(3+7)" z n >in st 
a 1 1 


78 


72. ¥+—__-. 73. , 
= (n-+i)\n nai Ln -+ (2n — 1) i}? 
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74. Construct two series with the property that their sum is con- 
vergent while their difference is divergent. 


75. Construct the product of the series S$ 2~*", S2-"t! Ts this 
n=] n=l 
product convergent ? 


oo 2 
76. Construct the series |S ar and consider its convergence. 
n=l 


77. Given the series > (—1)"/n! Estimate the error involved in 


n=l 


taking the sum of the series to be given by the sum of the first 
four terms. Estimate it also when the sum of the first five terms 
is taken. What is it possible to say about the signs of these errors ? 


78. Estimate the error in replacing the series > (5) * by the sum 
n=! 
of its first n terms. 


79. Estimate the error in replacing the series > a by the sum of 
n=1 
its first n terms. In particular estimate the error corresponding 


to n= 10. 
Find the interval of convergence of the following series 80-93 and 
investigate the convergence at the end-points of the interval. 
80. Sat. BL Santa" et, BA Sa 1(2n — 1). 

n=] n=1 


n=l 


18 


83, S (4n—3)-22"1a—1 BA, (— 1) tet, 


n=1 


3 
i 


ao 


85. S (m+ 1saM|(2n-+1). 86. S(— 1)" (@n +1) 2", 
n=0 n=0 
87. Sa'fn! 8B. Slat, 89% Samar. 
n=0 n=1 n= 
0. oy nm an—1 ne 91. ou gn? gn? 
2 2 ( Qn+1 - = 
eae a ~ Snln“at 
92 >So) 93 Pa Ve 
Determine the circle of convergence for the series 94-100: 
94. > an zn 95. > (1 + ni) 2” 
n=0 n=0 
© (2 — 2)" pat 
96. > a 7% > a 


x 
i 
—_ 
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(14 2 + (1+ 28) (84+ 224+ ...4 
+ (1+ 24)(3 + 24)... (Qn +14 2¢)2%4, 


Zz 22 
22) oe ae Tot) aoe ack 


ci =a eser Seem 6 oP 
loo, NV (14 2nt)* on 
pi n+ 21) = 
Prove the uniform convergence of the series 101-103 in the intervals 
stated: 
101. S n~’ 2x" in the closed interval [—1, 1}. 102. ($ 2~” sin na on 
n=1 


n=1 


the whole real line. 103. x (— 1)" na" in the closed in- 
=1 


terval [0, 1]. 
Applying term-by-term differentiation or integration find the sums 
of the series 104-110: 


104, of S44 eS. 


it 
105. 2 FFF. FIM +. 
a8 es gen 
106. a a a ir i Tope ee +... 
2n—1 
107. a .. $(-171S— + 
108.1 + Qn + 8274+ ...4+ (m+ la"+... 
109. 1—3a? + 5at — ... + (—1)"* (Qn — 1) a? + 


120.1-24 2-374 3-4? +... +n(n+ lhe"? 4+... 
Find the sums of a — ones 


lil. =o a pat hes age ate 
4n~3 
We e+ F4+S +. oo 
113. 1 pe fs (ot aes 
: eae Beet “Tip, 


1 3° 5 2n — ] 
Me -t+otot.. tt... 
115. Expand the polynomial 2° — 2a? — 5a — 2 in powers of w+ 4. 
116. If f(x) = 52° — 4a? — 324-2, write f(a +h) as a series of 
powers of h. 
117. Expand log z as a series in x — 1. 
118. Expand 1/z as a series in x — 1. 
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119. Expand 1/2? as a series inw + 1. 

120. Expand e* as a series of powers of x + 2. 

121. Expand //z as a series of powers of x — 4. 

122. Expand cos x as a series of powers of (x — 2/2). 

Expand the functions 123-126 as power series in x, stating the interval 
of convergence: 


8 
123. sin? x cos? x. 124. (1 + 2) e*. 125. (1 + e*)3. 126. V8 + a. 


CHAPTER V 


FUNCTIONS OF SEVERAL VARIABLES 


§ 15. Derivatives and differentials 


151. Basie concepts. We began the study of functions of two 
variables in § 6 of Chapter II by explaining the basic concepts regarding 
these functions. We shall now discuss functions of several variables, 
and also deal in more detail with the concept of limit. 

We shall assume that the function f(x, y) is defined either in the 
whole plane or in a certain domain. A definite value f(x, y) thus 
corresponds to every point (x, y) of this domain. If interior points only 
of the domain are considered, the domain is said to be open. If the 
domain includes its boundary, it is said to be closed. 

Similarly, if we take a rectangular system of Cartesian coordinates 
OX, OY, OZ in space, we are able to talk of a point M of space with 
coordinates (x,y,z), instead of talking of a set of three numbers 
(x, y, z). We shall assume that the function f(z, y, 2) is defined through- 
out all space, or insomedomain of space that may be either open or 
closed. The boundaries of the domain (there may be several) will be 
surfaces in the simplest cases. For instance, the inequalities: 


Kea; db<y chic cz2<ce 


defines a closed rectangular parallelepiped, the edges of which are 
parallel to the coordinate axes. The inequalities: 


a4<%<a;b6,<y¥ <b 4, <z<e 
define an open parallelepiped. The inequality: 
(@ — a)? + (y — db + eo <r? 


defines a closed sphere with centre (a, 6, c) and radius r. If the equality 
sign is omitted, leaving only the sign <, an open sphere is obtained. 
Limit and continuity are defined for functions of three variables in 
exactly the same way as in [67] for two variables. 
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Geometrical terminology is often preserved in the case of functions 
f(%1; %, ..+, Ln) of several variables, where n > 3, although the space 
can no longer be visualized geometrically. A sequence of n real num- 
bers (x, 2%, ...,%n) is called a point. The totality of such points 
forms an n-dimensional space. A domain of the space is defined by 
inequalities. For instance, the inequalities: 


(4%, Sd Samy < dy ..-3 On << In < dy 


define an n-dimensional parallelepiped, or, as we sometimes say, 
an n-dimensional interval. The inequality 


n 


DX (%— a)? <7? 
k= 


defines an n-dimensional sphere. The set of points defined by the 
last inequality with a certain choice of r, or by the inequalities 
| &% — a, |< o(k = 1, 2,...,), where gis a certain positive number, 
is called a neighbourhood of the point (a,, d,, ..., Gn). 


If the function f(x,, 7, ..., %,) is defined at, and in a certain neigh- 
bourhood of, the point (a;, a, ...,@,), we say that f(x,, 2%, ..., %n) 
tends to a limit A, or that the point M(x,, 2, ...,%,) tends to the 
point M,(a,, a, ...,@,), and we write: 

lim 7 (21, %,...,%,) = A or lim f (2, %g, ...;%,) = A, 

XE Oy M->M, 


if for any given positive number « there exists a positive 7, such that 
|A — f(xy, %, ...,%n) |< €, provided only that | a, — x, | < » with 


k= 1,2,...,n, the point M(x,, x, ...,%,) being assumed distinct 
from M,(a,, a, ...,@,). The continuity of f(x, %, ...,%n) at the 
point M,(a,, a,, ...,@,) is defined by the equation: 

lim f (a, gq, .. +, Up) = f (dy, Ag, ..- 5 Gp). 

Xe OE 


The properties indicated in [67], for functions continuous in a 
closed domain, still hold. 

The continuity of a sum, product and quotient of continuous func- 
tions can be justified, as in [34] for functions of a single variable. 
In the case of a quotient, the denominator is assumed to differ from 
zero at the point (a), a, ..., Gn). 
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152. Passing to a limit. We dwell in more detail on the concept of limit, 
confining ourselves to the case of a function of two variables. If the limit 
exists, 

lim a,y)= A, 

te ew) (i) 

yb 
‘we shall say that a limit exists with respect to both variables. This means, as we 
know [67], that f(z, y) tends to a limit A as the point M(x, y) tends to M ,(a, b) 
in any prescribed manner. In particular: 


lim f(2,b)=A and lim f(4,y) =A. (2) 
xa yr 


Point M(x,y) tends to M,(a,6) along a line parallel to OX in the first case, 
and along a line parallel to OY in the second case. We remark that the 
existence of limit (1) does not follow, however, from the existence of limits 
(2) and their equality. We take as an example the function f(a, y) = xy/(x? + 
-+ y’), and we take a = 0 and 6 = 0. We have: 


0 
lim f(#,0)=lim ——_ = lim 0 =0 and lim f (0, y) =0, 

x0 i ) x40 2? +- 0? 5 20 i ¥) 

whereas limit (1) does not exist in this case. In fact, putting y/x = tana, 
we can re-write our formula as: 


_ wy  _—sitama : . 
eat Pa tanke == sin a cos a (3) 


f(@y) = 


If M(x, y) tends to M(0, 0) along a line passing through the origin and making 
an angle a, with OX, f(x, y), as given by (3), remains constant and its magni- 
tude depends on the choice of a,, whence it follows that limit (1) does not 
exist in the example considered. We note that formula (3) does not define 
the function at the point M(0,0) itself. 

Instead of the limit (1), we can consider an iterated limit; here, we first 
pass to the limit with respect to x, with y constant and differing from 6, 
then pass to the limit with respect to y, or vice versa: 

lim [lim f (a, y)] or lim [lim f(@,y)]. (4) 
x-a yb yb xa 
It can happen that both the iterated limits exist but are different. For 
instance, taking the function 


oF a? tae ys 


f (a, y) a ge + y? , 
it is easy to show that: 
lim [lim f (a, y)] = 1; lim flim f(z, y)] = — 1. 
x+0 y-0 yr7O0 x0 


The following theorem holds, however: 
THEOREM. If the limit with respect to both variables (1) exists, and if for 
every x, sufficiently near to, but differing from, a, there exists the limit 


lim f/ (x, y) = @ (2), (5) 
yb 


152] PASSING TO A LIMIT 401 


the first iterated limit (4) exists and is equal to A, i.e. 
lim 9 (7) = A. (6) 
xa 


It follows from the existence of limit (1) [67], that for any given positive 
e there exists a positive 7, such that 


| A — fiw, y)| <e for|xe#—a|<yand|y—b| <n, (7) 


(x, y) being assumed not to coincide with (a, 6b). We fix x, different from a, 
so that |2—a|< 7. Taking (5) into account, and passing to the limit 
in inequality (7), we get: 


|. A — g(x)| < ¢ for |w~a| <n andxfa, 
from which, in view of the arbitrariness of ¢, equation (6) follows. 


Note. Similarly, if we presuppose the existence of limit (1) and that, 
for every y sufficiently near, and differing from, b, the limit exists: 


lim f (2, y) = 9 (y), 
xd 
the second iterated limit (4) exists and is equal to A, i.e. 
lim y(y) = A. 
yo) 


If limit (1) exists and is equal to f(a, 6), ie. A = f(a, b), f(x, y) is conti- 
nuous at the point (a,b), or, as we say, is continuous with respect to both 
variables at (a, b). Here, by (2): 


aes f (a, b) =f (a, d); a f (a, y) = f (a, b), 


i.e. the function is continuous with respect to each individual variable at (a, 6); 
this was discussed earlier [67]. Continuity with respect to both variables does 
not follow, on the other hand, from continuity with respect to each variable. 
Suppose, in fact, that a function is defined by (3) except at the origin, and 
that we put f(0,0) = 0. We have here, as mentioned above: 


lim f (2, 0) =0 and lim f (0, y) = 90, 

x0 y>0 
i.e. the function is continuous with respect to each variable at (0,0). But it is 
not continuous with respect to both variables, since, as we have seen, f(x, y) 
has no definite limit as M(x, y) tends to M,(0,0). 


If f(z, y) has partial derivatives in a certain domain containing (2, y) as 
an interior point, the formula is valid, as we have shown [68]: 


f(a + Aa, y + Ay) — fla, y) = fy(@ + 04a, y + dy) de 4- 
+ fey + 8,4y)4y (0 < 8, 6, <1). 


We assume that the partial derivatives are bounded in the domain con- 
cerned, i.e. their absolute values do not exceed some number M. The formula 
written gives in this case: 


| fle + de, y + dy) —fla,y)| < M(| 4e| + | Ay |), 
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and the right-hand side of this inequality tends to zero as dx —> 0 and 
Ay > 0, whence it follows: 


Him f (+ 4a, y + 4y) =f (ey), 
4y+0 
i.e. if f(x, y) has bounded partial derivatives inside a certain domain, it is contin- 
uous in this domain. 
Given the additional condition f(0,0) = 0, function (3) is zero on the whole 
of OX and the whole of OY, and it evidently has partial derivatives equal 
to zero at M,(0,0). It also has an derivatives at the remaining points 


fx({z,y) = tapi h(ny)= iy’ 


i.e. the function concerned has partial derivatives over all the plane. In 
spite of this, it does not possess continuity at the point (0,0), as we have seen. 
This is explained by the fact that the partial derivatives can take values as 
large as desired in absolute magnitude as the points (x, y) approach the 
origin. 

153. Partial derivatives, and total differential of the first order. 
The concepts of the partial derivatives and the total differential of a 
function of two variables were introduced in [68]. These concepts can 
be extended to the case of functions of any number of variables. We 
take a function of four variables as an example: 


w = f(x, y, 2, t). 
The partial derivative of this function with respect to x is defined as 
the limit 


tim LE bry et) — Fy 2 A) 
a0 h 


if it exists; it is denoted by one of the symbols: 
fe (@,Y, 2, t), or Sah , or oe j 
The partial derivatives with respect to the other variables are similarly 
defined. 
The total differential of a function is defined as the sum of its partial 
differentials: 


dw = Fo de + Fe dy + de + Feat 
where dz, dy, dz, dé are the differentials of the independent variables 


{arbitrary magnitudes, independent of z, y, z, t). 
The differential is the principal part of the increment of the function: 


Aw = f(x + da, y + dy, z + dz, t + dé) — f(x,y, zt), 
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and in fact (cf. [68]): 


Aw = dw -+ e,da + edy + e,dz + e,dé , 


where &, &, &, €, tend to zero if dz, dy, dz, dt tend to zero, w being 
assumed to have continuous partial derivatives within a certain 
domain containing (x, y, 2, #) as an interior point. 

The rule for differentiating functions of a function can similarly 
be generalized. Suppose, for instance, that x, y, z are not independent 
variables, but functions of the independent variable ¢. In this case, 
w will depend on ¢ both directly, and via x, y, z, and the total deriva- 
tive of w with respect to ¢ will have the form: 


dw Ow da Ow dy Ow dz 
“dt =F ace Sn dt + By de + Oe ae" (8) 


We do not dwell on the proof of this rule, since it consists of a word 
for word repetition of that discussed in [69]. If z, y, z depend on other 
independent variables besides t, we must write the partial derivatives 
dx/Ot, dy/dt, dz/dt, instead of dz/dt, dy/dt, dz/dé on the right-hand side 
of (8). Function w will depend in this case on the other independent vari- 
ables as well as on ¢, and we must also replace dw/dt by dw/dt on the 
left-hand side of (8). But this latter partial derivative differs from the 
partial derivative Ow/dt appearing on the right-hand side of (8), 
the evaluation of which only takes account of the direct dependence of 
w on t; brackets are sometimes used to distinguish this latter partial 
derivative, so that equation (8) takes the form here: 


Ow w Ox Ow Ow dz 
e-(Steataet at” (9) 
We saw that, in the case of a function of a single variable, the expres- 
sion for its first differential does not depend on the choice of the indepen- 
dent variable [50]. We show that this property remains valid in the case 
of a function of several variables. 
We take for clarity a function of two variables: 


z= p(x, y) . 
We suppose that x and y are functions of the independent variables 
u and v. We have, in accordance with the rule for differentiation of 
functions of a function: 


— Oz Ox z Oy dz dz Or Oz Oy 


-hetEee en aa G0 Oy Oe" 
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The total differential of the function is by definition: 

Oz Oz 
We obtain on substituting the expressions for the partial derivatives: 
__ Oz ( Ox Ox Oz Oy 
dz = mlagdut 5, 0] += ay lan du + ge de). 

But the expressions in curved brackets are the total differentials 

of x and y, and we can write: 
dz = ode x +sdy, 


i.e. the differential of a Pes of a function has the same form as it 
would have if the variables were independent. 

This property allows the rules for finding the differential of a sum, 
product and quotient to be extended to the case of functions of 
several variables: 


d(u + v) =du+t dv, d(uv) = vdu+ udy, d* = 


vdu — udv 
ye 


bf 


where uw and v are functions of several independent variables. For 
instance, we can use the property proved to write: 


d(uv) = oH?) dan +22") av = vdu + ude. 


154, Euler’s theorem. 4 function of any number of variables is callep 
a homogeneous function of degree m of these variables if multiplication 
of all the variables by an arbitrary magnitude t results in multiplication 
of the function by t”™. 

We confine ourselves for the sake of clarity to the case of a function 
of two variables; we can say that f(x,y) is called a homogeneous 
function of degree m if it satisfies the identity: 


Sf (tx, ty) = #" f(a, y). (10) 
Suppose, for instance, that f(z, y) is the expression for a certain 
volume, that x and y are the lengths of certain lines, and that, apart 
from these lengths, only abstract numbers appear in the expression. 
Multiplication of x and y by ¢ is equivalent to decreasing the scale ¢ 
times, and it is clear that the number expressing the volume must now 
be multiplied by #, i.e. f(z, y) will in this case be a homogeneous 
function of the third degree.t 


+ For instance, the volume of a cone is expressed in terms of the radius 
r of its base and its height h by the formula: V = + zr°h. 
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Differentiation of identity (10) with respect to ¢, using the rule for 
differentiation of a function of a function for the left-hand side, gives 
us the identity: 


afy(u, v) + yfo(u, v) = met™™ fla, y) , 


where u = tx and v = ty. We find on substituting t = 1 in this iden- 
tity: 
xfelx, y) + yfya, y) = mf(x ,a) , (11) 


which is the expression for Huler’s theorem : 

The sum of the products of the partial derivatives of a homogeneous 
function and the corresponding variables, is equal to the function itself 
multiplied by its degree of homogeneity. 

If m = 0, we get, on putting ¢ = 1/x in (10): 


f(y) =F (1,4), 


i.e. a homogeneous function of degree zero is a function of the ratios of 
all the variables to one of them. The sum of the products of the partial 
derivatives with the corresponding variables must be equal to zero 
for such a function. A homogeneous function of degree zero is often 
called simply homogeneous. 


155. Partial derivatives of higher orders. The partial derivatives of 
a function of several variables are in turn functions of these variables, 
and we can in turn find their partial derivatives. We thus obtain partial 
derivatives of the second order of the original function, and these are 
again functions of the same variables; differentiation of them leads 
to partial derivatives of the third order of the original function, and 
so on. For instance, in the case of the function of two variables, 
u == f(x,y), further differentiation of each of the partial derivatives 
du/ax and du/oy with respect to x and y leads to four second order 
derivatives, denoted by: 


x2 (x, y); Ty (x, y), yx (x, y), fia (x, y) 


or 
Of (x, y) 0? (x, y) Of (a, y) o?/ (x, y) 
Ox? 7”) Ox Oy 7? Oyu” Oy?” 
or finally, 
Ou, Ou Cui du 


Ox? =OxOy’ Oy Ox’ Dy? © 


The derivatives fy,(z, y) and f},(z,y) only differ in the order of 
differentiation. In the first case, differentiation is first with respect 
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to x, then with respect to y, and in the reverse order in the second 
case. We show that these two derivatives are identical, i.e. the order 
of differentiation does not affect the result. 

We take the expression: 


o=fiethytkh —fa@thy) —fayth +fla,y). 


Setting 
plu, y) = fle +h, y) —fa,y) » 


we can write w in the form: 
o = [fe +h,y+k) —feyth]—-fet+hy) —fey)= 
= (x, y + k) — ole, y). 
Applying Lagrange’s formula twice [63], we get: 
o = k pila, y + Ok) = [fiw + h, y + Ok) — fila, y + 9,k)] = 
= khf}.(a + Oh, y + 4k). 


The letter 6 with either subscript denotes a number lying between 
0 and 1. We denote by the symbol fj(z +h, y + 0,k) the partial 
derivative of f(x, y) with respect to its second argument y after sub- 
stitution of x + h and y + 6,k for z and y respectively. An analogous 
notation is used for the other partial derivatives. 

Similarly, putting: 


we can write: 

o=[f«@+hyt+kh) —fet+hy)—fey+h) —fe,yl= 
= y(e +h, y) — ole, y) = hoya + Oh, y) = 
= hkf. yx (2 + O3h,y + A,k) . 


We have on comparing these two expressions for w: 


hkfy.(a + Oh, y + O,k) = hkfgy(x + 04h, y + 6,k) 
or 


foAe + 6,h, y + 0k) = fry(z + Osh, y + 04k). 


155] PARTIAL DERIVATIVES OF HIGHER ORDERS 407 


Letting h and k tend to zero, we obtain on the assumption that 
the second order derivatives written are continuous: 


yx(, y) za feX y) . 


This discussion leads to the following theorem: 

THEOREM. If f(x, y) has continuous derivatives fy,(x, y) and fz,(x, y) 
inside a certain domain, these derivatives are equal at all interior points 
of the domain. 

We now consider two third order derivatives: 


xty (#,y) and frye (2, Y), 


differing only in the order of differentiation. Noting that twice repeated 
differentiation is independent of the order of differentiation, in accor- 
dance with the result proved, we can write: 


ent od % ’ Ox oT ees 
faay (23 y) — a = are = ek y) ame 


= fyxx (@,Y) = fyxa (29), 

i.e. in this case also, the result is not affected by the order of differen- 
tiation. This property can easily be generalized for derivatives of any 
order, and for functions of any number of variables, and we can state 
the general theorem: the result of differentiation does not depend on the 
order in which the differentiations are carried out. 

We remark that use was made in the proof, not only of the existence 
of the derivatives, but also of their continuity inside a certain domain. 

In future, we shall always assume the continuity of the derivatives 
that we discuss, and by the theorem just stated, it will only be necessary 
to indicate, for derivatives of higher orders, the order n of the deri- 
vative, the variables with respect to which differentiation is carried 
out, and the number of differentiations. 

For instance, in the case of w = f(z, y, z, t), the following notation 
is used: 


Of (a, y, 2, t) Ow 


a 6=n” ’ 
Ox Oy? Oz? Bt° x Ox" By® dy” Or? ee a ) 


indicating that the nth order derivative is taken, with differentiation 
carried out a times with respect to x, 8 times with respect to y, y times 
with respect to z, and 6 times with respect to #. 
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156. Differentials of higher orders. The total differential du of a 
function of several variables is in turn a function of these variables, 
and we can define the total differential of this second function. We thus 
get the second order differential d?w of the original function uw, and 
again, this will be a function of the same variables and its total 
differential will bring us to the third order differential d°u of the origi- 
nal function, and so on. 

We consider in detail the function of two variables u = f(x, y), 
where x and y will be assumed to be independent variables. By defi- 
nition, 

du = EM) da + Ae dy. (12) 


When obtaining d?u, we take into account the fact that the differ- 
entials dz and dy of the independent variables are to be regarded as 
constants, so that they can be taken outside the differentiation sign: 


dtu = a [ME az] + ate Yay] = 


= dad UO + aya Nes Y) 


Oy 
0? ’ 7 ? 
= dz- [--a8. Ke ) da + oe dy| + 
f(x, , 
4 dy[ te dat ++ te dy| = 
aad Y) 


ae d at + 9 OMe. y) She da dy + © fae - dy. 
We obtain du in exactly the same way: 


d3y —= Hew) da + 3 03/(zx, y) da? dy + 


01? Oy 
+3260 dx dyt + SEEM ays. 


These expressions for d°u and d°w lead us to the following symbolic 
formula for the differential of any order : 


du = (3: dx + ay ay)"f. (13) 


The formula implies that the sum in brackets is to be worked out by 
Newton’s binomial formula for degree n, then the various exponents 
of the powers of 6/dx and 0/dy are to be taken as indicating the orders 
of the derivatives of the function f with respect to # and y. 
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We have seen that (13) is justified for n equal to 1, 2, and 3. The full 
proof requires the use of the usual method, of assuming that the for- 
mula is true for n and proving that it is then true for (n + 1). Thus 
we find the differential of order (m + 1): 


d'tty == d (d"u) = AC da +. ee dy = ( Q 


Ox 


a n 
dz + dy) d"u , 
where the symbol of the general form 


7] rs) 
(Ge de + gy) 9 
denotes 
Op Oy 


Noting that formula (13) for d"u is assumed proved, we can 

write: 
) ) 0 0 n 
aru = (ade +7 dy) | (ge oe + Gy A)" f] = 
=(gede+ gay) s, 
i.e. the formula is proved for d"*?u. 

Formula (13) is easily generalized for the case of a function of any 
number of independent variables. As we know [153], (13) is true, not 
merely when x and y are independent variables. When deducing the 
expression for d®x, however, it was essential to assume that dz 
and dy are constants, and (13) is only true when da and dy can be 
regarded as constants. 

This is the case when x and y are in fact independent variables. 
We now suppose that x and y are linear functions of the independent 
variables z and ¢: 

ex=azt+bi+te y=az+6+4+¢,, 


where the coefficients and the absolute terms are constants. We ob- 
tain for dx and dy: 


da = adz + bdt, dy = a,dz + b,dt. 


But dz and dé are differentials of independent variables, and must 
be considered as constants; the same can therefore be said in this case 
as regards dx and dy. We can thus assert that symbolic formula (13) 
is valid both when x and y are independent variables, and when they are 
linear functions (integral polynomials of the first order) of the indepen- 
dent variables. 
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If dz and dy cannot be regarded as constants, (13) is no longer true. 
We find the expression for d?u in this general case. We are no longer 
justified in taking dz and dy outside the differentiation sign, as was 
done above, when finding 


a(2EY da} and a(-2Ow ay). 


and the formula for differentiating a product has to be used [153]. 
We thus get: 
of(z, of(z, Of(x, Of (a, 
The sum of the first two terms on the right-hand side of this equation 
gives us the expression that we had above for d’u, and we finally 
get: 


2 


dy = SH 9) eu) da? +- 2 da dy + ee ¥) dy? + 


Of (zx, Of(z, 
+ EE diy 4 NEW) ary, (14) 


i.e. in the general case, the expression for d?u contains additional 
terms, depending on d*x and d’y. 


157. Implicit functions. We now indicate a rule for differentiating 
functions that are given implicitly. We shall assume here, that the 
equations written down in fact define a certain function, having the 
corresponding derivatives. We prove this for certain conditions in[159]. 
If y is an implicit function of 2: 


F(x, y) = 0. (15) 
the first derivative y’ of this function is defined, as we know, by the 


equation [69]: 


We derived (16) by assuming that y is a function of x in (15) and 
differentiating both sides of (15) with respect to x. By dealing with (16) 
in the same way, we get an equation for the second derivative y’: 


Fre, y) + 2Fy(a, y) y’ + Fix, y) y? + Fy(a, y) y” = 0. (17) 


On differentiating this equation with respect to x, we get an equa- 
tion for the third derivative y”, and so on. 
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We note the fact that, in the equations thus obtained, the coeffi- 
cients of the required derivatives of the implicit function are all the 
same, viz., F(x, y), and hence, if this coefficient differs from zero for 
certain values of x and y satisfying (15), the above method will give, 
for these values, completely defined values for the derivatives of any 
order of the implicit function. The existence of the partial derivatives 
on the left-hand side of (15) is assumed here, of course. 

We take the equation with three variables: 


D(x, y, z) = 0. 


This type of equation defines z as an implicit function of the inde- 
pendent variables x and y, and if z were to be replaced on the left- 
hand side of this equation by the function of x and y that it represents, 
the left-hand side would become identically equal to zero. Thus, assum- 
ing that z is a function of the independent variables x and y, we must 
get zero on differentiating the left-hand side of the equation with 
respect to x, and with respect to y: 


D(x, y, z) + Oa, y, 2) % = 0 
Dy(x, y, Z) + Ox, y, 2) zy = 0. 


bf 


The partial derivatives of the first order z, and z, are found from 
these equations. If we differentiate the first of the relationships written 
a second time with respect to x, we obtain an equation for the partial 
derivative z:, and so on. The coefficient of the required derivative 
will be O(a, y, z) in all the equations obtained. We now consider the 
system of equations: 


g(x, y, z) = 0, p(x, y, z) = 0. 


We shall assume that this system defines y and z as implicit func- 
tions of x. Differentiation of both equations of the system with respect 
to x, on the assumption that y and z are functions of z, gives us a 
system of equations of the first degree, defining the derivatives y’ 
and z’ of y and z with respect to 2: 


Px, Ys z) = py(x, Yy; z) 7 y’ i 2 ¥y; 2) 2" = 0 ? 
pila, ys 2) + pia, yz) + y’ + ple, y, 2) + 2° = 0. 


Differentiation of these relationships once more with respect to x 
gives us a system of equations defining the second derivatives y” 
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and z”. Further differentiation with respect to x gives a system of 
equations defining y’” and z’”, and so on. 

The nth order derivatives y” and 2” will be defined here by a 
system of the form: | 


p(x, y, 2) y+ pia, y,z) 2 4+A=0, (17,) 
pila, y, 2) yO + pla, y,2) 204 B=0, 


where A and B are expressions containing derivatives of orders lower 
than n. By elementary algebra, such a system will give a unique 
solution if the condition is satisfied: 


P(x, Y, 2) + wx, ¥, Zz) — PA, Y, Zz) > py(%, Y, 2) #O. 


The method described above leads to fully defined values of the 
derivatives for all x, y, z for which this condition is fulfilled, and which 
satisfy system (17,). 

If a system of m equations in (m + n) variables is given, the system 
generally speaking defines m variables as implicit functions of the 
remaining n variables, and the derivatives of these implicit functions 
can be obtained by the above method as a result of differentiation of 
the equations with respect to the independent variables. 


158. Example. We take as an example the equation 
ax? + by? + cz = 1, (18) 


which defines z as a function of « and y. We get on differentiating with 
respect to 2: 
ax -+cz-2,=0, (19) 


and similarly, differentiating with respect to y: 


by fez -2,=0, (19,) 
whence 
Be 5 Bears Mle 


We obtain on differentiating (19) with respect to #, and with respect 
to y, and (19,) with respect to y: 


72, wo to oo 72 we. 
@ + c2z"5 + c2 + Zy2 = 0, C2, 2, + C2 + 2yy == 0, b +- 62") +} C2 + a = 0 
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whence: 
atx? 
, a ¢-——— 
a a + cz2 c2z? acz? + arg? 
.=_ = = TS 
2 Cz e223 . 
, 
2 x Ry abay 
*y 2 e223 ” 
72 
ee b + czy _ __ beat + by? 
y Cz c7z3 


We now give a second method of finding the partial derivatives, using 
the expression for the total differential of a function. We first prove an auxiliary 
theorem. Suppose we are asked to find an expression for the total differential 
dz of a function of two independent variables x and y in the form: 


dz = pdx + qdy. 
We already know that 
dz = 2, dx + 2, dy. 


We find, on comparing these two equations: 
pdx + qdy = z,dax + 2, dy. 


But dz and dy are constants, being the differentials of the independent 
variables. We put dz = 1 and dy = 0, or dx = 0 and dy = 1, and find 


c 


p=%z and q=2, 


Thus, ¢f the total differential of a function z of two independent variables 
x and y can be put in the form : 


dz = pdx + qdy , 
we have p = 2, and q = 24, 
This theorem is valid for a function of any number of independent variables. 
It can be shown similarly that, if the second order differential can be put in 
the form : 


d?z = rda? + 2sdady + tdy?, 


we have r = zy2,8 = zy and t = Zye- 

We now return to our example. Instead of finding the derivatives of the 
left-hand side of (18) with respect to x and y, we find its differential, whilst 
recalling that the expression for the first differential is independent of the 
choice of independent variables [153]: 


axdx + bydy + cede = 0, (20) 
whence 
ioe pe ay, 
cz Cz 
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and therefore, by the theorem just proved: 


ax b 
= and gas eee 
Cz Cz 


We now find the differential of the left-hand side of (20), remembering 
that dz and dy have to be regarded as constants here: 


ada? + bdy? + cdz? + czd? z= 0 


or 
gt co Os ae ts ga as ay 
cz cz z cy cz 
1 (ax by 2s aezt?-+ata® . abxy __ bez? + bey? , 

ae (= dx zt ay] =~ SESE dat — 2 2 dady — EEE aye, 
and therefore: | 

- acz® +. aa? * abay Bra bez? + b?y? 

rn” rh a. nr” is ca.” 


Thus, having found the differential of a certain order, we can obtain all 
the partial derivatives of the corresponding order. 


159. Existence of implicit functions. Our discussions have been of a formal 
kind, since we have presupposed in every case that the equation or system 
of equations implicitly defines a certain function that possesses derivatives. 
We now prove the basic existence theorem for implicit functions. 

We take the equation 

F(z, y) = 0 (21) 


and indicate under what conditions it uniquely defines y as a continuous 
function of 2 that possesses derivatives. 
THEOREM. Let x = x, and y = y, be solutions of equation (21), i.e. 


F(x, Yo) = 0; (22) 


let F(x, y) and its partial derivatives of the first order with respect to x and y 
be continuous for all x, y sufficiently close to &o, Yo, and finally, let the partial 
derivative Fy (2, y) differ from zero for x = Xo, Y = Yo. In these circumstances, 
there exists a uniquely defined function y(x) for all x sufficiently close to x5, 
which satisfies equation (21), is continuous, possesses a derivative and satisfies 
the condition : y(%o) = Yo. 

We take for clarity, F’(z, y) > 0 at x = x, y = ¥,. Since this derivative 
is continuous by hypothesis, it will also be positive for all 2, y sufficiently 
near Xo, Yy, i.e. there exists a positive number 7 such that F(a, y) and its 
partial derivatives are continuous, and 


Fy(z,y)>0, (23) 
for all w, y, satisfying the condition: 


|}e—x|<1ly—y |<. (24) 
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Moreover, by (22), function F(#,, y) of the single variable y vanishes for 
Y = Yo, whilst by (23) and (24), it is an increasing function of y in the interval 
(Yo —1,4Y, +2). The numbers F(a), y, —2) and (x,y, +2) thus have 
different signs: the former is negative, the latter positive. We can assert, 
on taking into account the continuity of F(x, y) [67], that F(x, y,—V 
will be negative, and F(z, y, +2) positive, for all x sufficiently near 25, 
i.e. there exists a positive number 1,, such that 


F(a, yy —1) <0 and Fla, y,+1)>0 (25) 


for |z— #y| < 1,. Let m denote the smaller of 1, 1,. We can say, from (24) 
and (25), that inequalities (23) and (25) are satisfied if x and y satisfy the 
inequalities: 

|%—al<m, |y—yo|<l. (26) 


If we take any definite xz, lying in the interval (1, —_m,2, +m), ie. 
satisfying the first of inequalities (26), we can see by (23) that F(x, y), con- 
sidered as a function of y, will be increasing in the interval (y, —l,y, + 0), 
and by (25), it will have different signs at the ends of this interval. It will 
therefore vanish for a uniquely defined value of y in the interval. In parti- 
cular, if « = a, this value of y will be y = y», by (22). We have thus proved 
the existence of a definite function y(~) in the interval (x, — m, x, + m), 
representing a solution of equation (21) and satisfying the condition y(x,) = 
= y,. In other words, it follows from the foregoing arguments that equation 
(21) has a unique root, inside the interval (y, — 1, y, +1), for every fixed 
zw from the interval (7%, — m, 2, + m). 

We now show that the function obtained, y(z), is continuous at 7 = 2). 
In fact, given any small positive e, the numbers F(x», y, — ¢) and F(x, 
Yo + €) will have different signs, by (25): so that a positive 7 will exist, 
such that F(x, y, — ¢) and F(a”, y, + «) have different signs, provided only 
that |x — 2x,| < 7. Thus, given |z —2,| < 7, the root of equation (21), 
i.e. the value of our function y(x), satisfies | y — y,| < e, which proves 
the continuity of y(x) at w = x». 

We now prove the existence of the derivative y’(z) at «= x). Let x — 
— x, = 4x, and let the corresponding increment of y be dy = y — Yp. 
Hence, «= a2, + Av and y=y,-+ Ay satisfy (21), ie. we have F(a, + 
+ Ax, Yo + Jy) = 0, and we can write, by (22): 


Faq + Ax, Yo + Ay) ~ F(%o, Yo) = 0. 


We can use the continuity of the partial derivatives to rewrite this equation 
as [68]: 
[Py,(%o, Yo) - &] 4% + [Fy,(Zo Yo) + &] dy =0, (27) 


where ¢, and e, > 0 if Je and Ay - 0, and where Fy, (2%, yo) and Fy, (x, Yo) 
denote the values of the partial derivatives at x= x, y = Yo. It follows 
from the continuity proved above that 4y > 0 if da —> 0. 

Equation (27) gives us: 


Ay Pro (@o Yo) +4 s 
Az Fy, (2g; Yo) + €2 
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we pass to the limit as da > 0, and get: 


Fx, (0; Yo) . 
Fy, (Xo. Yo) 


We have proved the continuity of y(#), and the existence of its derivative, 
only for x = a). On taking any other value of x from the interval (x, — 
—m,x, +m), and the corresponding value of y from the interval (y, — 
—l,y, +1), representing the root of (21), all the conditions of our theorem 
are again satisfied for this pair of values of « and y, and by what has been 
proved, y(x) will be continuous and will have a derivative for the value of 
x concerned. 

We can state and prove, in exactly the same way, a theorem regarding 
the existence of the implicit function z(@, y), defined by the equation: 


y’ (%) = — 


D(x, y,z) = 0. 
We now consider the system: 


G(x, y; z) cas 0 > (a, Y) z) = 0 3 (28) 
defining y and z as functions of z. 

The following theorem holds in this case: 

THEOREM. Let c= Xo, Y= Yo, 2 = 2% be solutions of system (28); ler 
g(x, Y, 2), v(%, y, 2) and their first order partial derivatives be continuous func- 
tions of (x,y, 2) for all values of these variables sufficiently near (Xo; Yur 2o)3 
and let the expression 


P(X Y, 2) PA, Y, 2) — FAM, Y, 2) Vy, Y, 2) 


differ from zero for x = Xo, Y = Yo, 2% = 2. In these circumstances, there 
exists for all x sufficiently near x, a uniquely defined system of two functions 
y(z), 2(x), that satisfies equations (28); these functions are continuous, have 
first order derivatives, and satisfy the conditions: y(a,) = Yo, 2%) = Zo. 

We shall not dwell on the proof of this theorem. The general case of any 
number of functions with any number of variables is considered in the 
third volume. 


160. Curves in space and surfaces. We know from analytic geometry 
that, generally speaking, for every equation with three variables 
F(x, y,2) = 0, (29) 

or explicitly, 
there is a corresponding surface in space, relative to rectangular axes 

OX, OY, OZ. 
A line in space can be considered as the intersection of two surfaces, 
and can therefore be defined by a combination of two equations: 


Pau; y, 2) == 0, Bie, 4, 2) =. (31) 
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Alternatively, a curve can be defined by parametric equations: 


«= pt), y= pt), z= off). (32) 


The length of arc of a curve is defined, as in the case of a plane curve, 
as the limit of the perimeter of a series of joined chords inscribed in 
the arc, on indefinite decrease of the length of each chord. We omit 
the proof, since it follows exactly the same lines as in [103] for the 
case of a plane curve, that the length of arc is expressed by the definite 
integral: 


=f V((day? + (dy) + (dit = Sie 2) + w® (jdt, (33) 


where #, and é, are the values of the parameter ¢ corresponding to the 
ends M, and M, of the arc, and the differential of the arc has the 
expression: 


ds = V/ (da)? + (dy)? + (dz)?. (34) 


If the role of parameter ¢ is played by the length of are s, measured 
from some given point of the arc, it can be shown, by an exactly 
similar method to that used in the case of a plane curve [70], that the 
derivatives dz/ds, dy/ds, dz/ds are equal to the direction cosines of the 
tangent to the curve, i.e. are equal to the cosines of the angles formed. 
by the positive direction of the tangent with the coordinate axes. 
Thus, the direction cosines of the tangent to the curve at the point (x, y, 2) 
of the curve, i.e. the cosines of the angles formed by the direction of the 
tangent with the coordinate axes, are proportional to da, dy and dz, 
and the equation of the tangent can be written in the form: 

A—«ew@  Y-y 4-2 


dx dy ~— dz’ 


(35) 


or 


tO ae ~ w(t) 


We now introduce a new concept, that of the tangent plane to the 


surface: 
F(x, y, 2) = 0. (37) 


Let M(x, y, 2) be a point of the surface, and let ZL be a line on 
the surface passing through the point M. The coordinates of points 
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of the line are functions of some parameter ¢, whilst the functions 
satisfy equation (37), since the line Z lies on the surface. Equation 
(37) must be satisfied along the whole of line J, i.e. for all values of 1, 
and we can write here, on differentiating the left-hand side of (37): 


Fy{x, y, z) dx + Fy (a, y, 2) dy + Fx, y, 2) dz = 0. (38) 


We assume that F(x, y,z) has continuous partial derivatives 
Fy, Fy, Fz, at least one of which is non-zero. 
But we know from analytic geometry that an equation of the form 


aa, + bb, + cc, = 0 


is the condition for two straight lines, one with direction cosines 
proportional to a, b,c, and the other with direction cosines propor- 
tional to a,, b,,¢,, to be perpendicular. As we have seen, da, dy, dz 
are proportional to the direction-cosines of the tangent to the line L at 
the point M. Equation (38) thus shows that the tangent to the line L at 
the point M is perpendicular to some specific direction, independent of 
L, the direction, cosines of which are proportional to Fy(x,y,z), Fy (x,y,z), 
and Fix, y, 2). We see that the tangents to every line L, lying on the 
surface (37), and passing through the point M, lie in the same plane 


A(X —2) + BY —y) + 0U—2) =0, (39) 


which is referred to as the tangent plane to the surface at the point M. 

We know from analytic geometry that the coefficients A, B,C 
in the equation of the plane are proportional to the direction cosines 
of the normal to the plane, i.e. proportional to F;(x, y, z), F4(x, y, 2), 
F(x, y, 2) in the present case; so that the equation of the tangent 
plane can finally be written as: 


Fy(a, y, 2) (X — x) +- Fix, y, 2) (¥ —y) + Fix, y, 2) (4 — 2) = 0, 
(40) 


where X, Y, Z are the current coordinates of the tangent plane and 
x,y, z are the coordinates of the point of contact M. 

The normal to the tangent plane, passing through the point of contact M, 
ts called the normal to the surface. Its direction cosines are proportional 
to the partial derivatives F(x, y, z), F}(x, y, 2), Fix, y, 2), as we have 
just seen, and its equation is therefore: 

xX —2 _ Y-y _ Z—z 
Pe(eys2) Fy (eye) Fe (eyz) 


(41) 
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If the surface is given by the explicit equation: z = f(x, y), equation 
(37) takes the form: 


F(x, y, 2) = f(x, y) —2z2=0, 
and therefore: 


F(x, Y; z) == fr(x, y), Py(x, y; z) == fy(z, y)> F(a, y, z) == —I, 


If we adopt the usual notation of p for fi(z, y), and q for fy(z, y), 
we obtain for the equation of the tangent plane: 


WX —2z)+q¥ —y)-(4—2z) =0 (42) 
and for the normal to the surface: 
an SS ee (43) 
In the case of the ellipsoid 
x2 y? 22 
a te te =) 
the equation of the tangent plane at any given point of (#, y, z) is: 


2 2. 
(Xa) +h -y + G-D=0 


or 
eX yY 2Z x y? 22 
= GRUues ie mer ae ear 


(a a* 
The right-hand side of this equation is simply equal to unity, since the 


coordinates (x, y, z) of the point of contact must satisfy the equation of the 
ellipsoid; thus the equation of the tangent plane is finally: 


wx yY 2Z 
a zi 2 a mm) =I. 


§ 16. Taylor’s formula. Maxima and minima 
of functions of several variables 


161. Extension of Taylor’s formula to functions of several independent 
variables. We confine ourselves to the function f(x, y) of two independent 
variables, so as to simplify the writing. Taylor's formula gives the 
expansion of f(a + h,b-+- k) in powers of the increments h and k 
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of the independent variables [127]. We introduce a new independent 
variable t by putting: 


x=a+ht, y=b+ kt. (1) 
This gives us a function of the single independent variable t: 


p(t) = f(x, y) = fla + ht, b + kt), 
where 


p(0) = f(a, b) and (1) = fla + h,b + &). (2) 


We can write, using Maclaurin’s formula with Lagrange’s remainder 
term [127]: 


7(0 “(0 
p(t) = (0) + BP 4S + + 
e™ (0), o@*9 (0) 


al tAmppr <9 <2). (3) 


We now express the derivatives p®(0) and p*”(6) in terms of 
the function f(z, y). 
From (1), x and y are linear functions of the independent variable t, 
and 
da = hdt, dy = kdt. 


We can thus use our symbolic formula for finding the differential 
of any order of function p(t) [156]: 


) (P) 7) (Pp) 
a(t) = (sede + fay) f(x,y) = (AS +hE)" fleyae, 


whence 


oO) = P20 Ae 4 ee)? 
A () = SEO (hee Fe 9. 


We have, fort = 0, x =a and y= b, and fort=0,%7=a+O6h 
and y = b+ 60k, and hence: 


(Pp) 
9 (0) =(ha- +k) F(a,d), 


(n+1) 


grtD (9) = (t ae es ke) f(a 4- 0h, b+ Ok). 
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We substitute these expressions in (3), and make use of (2) again, 
and finally obtain Taylor’s formula: 


f(a+h,b+k) =f (a,b) + (he + hz) f (a,b) + 


] Gs) @ \@) 1 7] 8 \() 
tor (hae thge) (OO)+... +a (he teg) 1G + 


I Ce] @ \(n+1) : 

If we replace a and 6 by x and y respectively in this formula, denote 

the increments h and & of the independent variables by dx and dy, 

and denote the increment of the function, i.e. f(z + da, y + dy) — 
— f(x,y), by Af(x, y), we can write the formula as follows: 


2 n n+ 
Af (a, y) = Af (ey) + Pew) 4, 4 Sew) 5 | Ley) 


n} (n-+ 1)! Jx+odx’ 
y+6 dy 


The right-hand side of this formula contains the differentials of 
various orders of f(x, y), whilst the values that have to be substituted 
for the independent variables in the (n + 1)th order derivative are 
indicated for the last term. As in the case of a function of a single 
independent variable, we can deduce Maclaurin’s formula, giving an 
expansion of f(x, y) in powers of x and y, by setting in Taylor’s for- 
mula (4): 

@=0;6= 0; 42, k= y. 


We assumed, when obtaining (4), that f(z, y) has continuous partial 
derivatives up to order (n + 1) in some open domain that contains 
the straight line joining points (a, 0) and (a + h, b + k). The point 
z=a+tht, y=6-+ kt, describes this line as ¢ varies from zero to 
unity. We obtain the formula for finite increments, with n = 0: 


fla + h,b +k) — fla, b) = fla + Oh, b + 6k) + 
+ kfifa + 6h,b +64). 


It immediately follows from this, as in [63], that if the first order 
partial derivatives are everywhere zero in a certain domain, the function 
maintains a constant value in the domain. 


162. Necessary conditions for maxima and minima of functions. Let 
function f(x,y) be continuous at, and in some neighbourhood of, 
the point (a, b). We shall say, by analogy with the case of a single 
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independent variable, that the function f(x, y) of two independent 
variables attains a maximum at the point (a, b), of f(a, b) is not less than 
all adjacent values of the function, i.e. of 


Af =fla+h,b+h —fla,b) <0, (5) 


for all h and k that are sufficiently small in absolute value. 
Similarly, we say that f(x, y) attains a minimum at x = a, y = b, if 


Af=fa+th,b-+k) —f(a,b) >0 (5,) 


for all h and k sufficiently small in absolute value. 

Now, let x =a, y= b be values of the independent variables for 
which function f(z, y) attains a maximum or minimum. We consider 
the function of a single independent variable f(x, b). By hypothesis, 
it must attain a maximum or minimum for x = a, so that its deriva- 
tive with respect to x must either vanish or not exist at x = a [58]. 
Using the same argument, we see that the derivative of f(a, y) with 
respect to y must either vanish or not exist at y = b. This leads us 
to the following necessary condition for a maximum or minimum: 
the function of two independent variables f(x,y) can only attain a 
maximum or minimum at values of x and y for which the first order 
derivatives of (x, y)/Oa and Of (x, y)/ay either vanish or do not exist. 

Similarly, letting either only x or only y vary, we can assert by 
what was said in [58] that, given the existence of the second order 
derivatives, a necessary condition for a maximum is given by 
0? f(x,y) /ox? < 0 and 6? f(x, y)/ey? < 0, and a necessary condition for 
a minimum by 6? f(x, y)/oz? > 0 and 0? f(z, y)/ay? > 0. 

The above reasoning remains applicable for functions of any number 
of independent variables. We can thus state the following general 
rule: 

A function of several independent variables can atiain a maximum 
or minimum only for those values of the independent variables for which 
the first order derivatives either vanish or do not exist. We shall in future 
limit ourselves to considering cases when the partial derivatives 
mentioned exist. 

The first order differential is equal to the sum of the products of 
the partial derivatives with respect to the independent variables and 
the differentials of the corresponding independent variables [153], so 
that we can say that the first order differential of a function must 
vanish at the values of the independent variables for which the function 
has a maximum or minimum. This form of necessary condition is con- 
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venient, since the expression for the first differential does not depend 
on the choice of variables [153]. By equating the first order partial 
derivatives to zero, we get a system of equations, defining the values 
of the independent variables for which the function can attain maxima 
or minima. A complete solution requires further investigation to find 
out if the function in fact attains maxima or minima at the values 
obtained of the independent variables, and if it does, to say which 
of the two it attains, a maximum or a minimum. We indicate in the 
next section how the investigation proceeds for a function of two 
independent variables. 


163. Investigation of the maxima and minima of a function of two 
independent variables. Let the system of equations 


Of(@,y) _ Of(@,y) __ 
Sage ee gg a (6) 


expressing the necessary condition for a maximum or minimum, give 
us the values x = a, y = b, that are to be investigated. We assume 
that f(z, y) has continuous partial derivatives of the second order at 
and in some neighbourhood of the point (a, 6). 

We can write, in accordance with Taylor’s formula (4), with n = 2: 


of - of Gib 


f(a+h, b+) =f (a,b) + LO) py Ee) pp 


1 [| f(z, y) Of (x, y) Of (x, y) 
oF ol ou? he + 2 02 0y hk - Oy? il 


We use the fact that 2 = a, y = b represents a solution of system (6), 
in order to rewrite the above equation as: 


Af =f (a-+h,b+k) —f (a,b) = 
a [ae +92 0?/ (x, y) hk + Of (x, Y) ke 


2! Oa Oy dy? eee 
y=bt+ek 


(7) 


We put: 
r=|/R+R, h=rcosa, k=rsina. 


When # and & are small in absolute value, r is also small, and vice 
versa; the condition that 4 and k— 0, and the condition that r— 0, 
are thus equivalent. 
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We now have for (7): 


Af = oy [oe cosa + 2 FEY cos a sina + 


We can say by the continuity of the second order derivatives, on 
taking A and k, or what comes to the same thing, 7, as infinitesimals, 
that evaluation of the derivatives on the right-hand side of (8) for 
a+6@h,6+6k, which differ infinitesimally from a, b, gives results 
that themselves differ infinitesimally from the numbers: 

07} (a, b 0?f (a, b 07} (ab : 
CG =A, snob =e om =, 


the coefficients of cos? a, cos a sin a, and sin? a in the square brackets 
in (8) can therefore be replaced by: 


A+ 6,2B+ 0,0 + & 
respectively, where ¢,, €,, and ¢, are infinitesimals along with h and k& 
(or r). 
We can now write (8) in the form: 


Af = +, [Acos*a + 2Bsina cosa+ Csin?a-+ e]. (9) 
where 


é = €, cos’?a + 22, cosasina + & sin’? a 


is an infinitesimal along with h and k (or 7). 

It follows from the definition of a maximum or minimum that, if the 
right-hand side of (9) preserves a (—) sign for all sufficiently small r, 
the values = a and y = b give a maximum of f(z, y); whilst they 
give a minimum if the (++) sign is preserved. Finally, if the right-hand 
side of (9) can have both a (+) and a (—) sign for arbitrarily small 
values of r, x = a and y = 6 give neither a maximum nor a minimum 
of the function. 

There are four possible cases when investigating the sign of the 
right-hand side of (9): 

I. If the expression 


A cos? a + 2B sin a cosa + C sin* a (10) 


does not vanish for any value of a, it preserves the same sign, since it 
is a continuous function of a [55]. Let the sign preserved be (+). 
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It must attain a least (positive) value in the interval (0, 27), say m, 
which will hold for any a, due to the periodicity of sina and cosa. 
We shall have | ¢ | less than m for all sufficiently small 7, and the sign 
of the right-hand side of (9) in this case will be given by the sign of (10), 
i.e. will be (+). We thus have a minimum in this case. 

II. Now let (10) preserve the (—) sign, whilst not vanishing for 
any a. Let m be the greatest (negative) value of (10), for a varying 
in the interval (0, 2). We have | ¢ | less than m for sufficiently small r, 
in which case the sign of the right-hand side of (9) remains (—), 
i.e. we have a maximum here. 

III. We now suppose that (10) changes sign. Let it be equal to the 
positive number -++-m, for a = a,, and equal to the negative number 
—m, for a = a,. We shall have | ¢ | less than m, and m, for all suffi- 
ciently small r, and with these r, and a = a, or a,, the sign of the 
right-hand side of (9) is determined by the sign of (10), i.e. is (+) 
for a = a, and (—) for a = a,. It follows that the sign of the right 
of (9) can here be both (+) and (—) for arbitrarily small r, i.e. we 
have neither a maximum nor a minimum in this case. 

IV. We finally suppose that (10), whilst preserving an invariable 
sign, can vanish for several values of a. Further investigation would 
be needed into the sign of ¢, for us to be able to draw any conclusions 
regarding the sign of the right-hand side of (9); sothat this case remains 
doubtful in our present study. 

All the above leads to investigation of the sign of (10) as a varies, 
and we indicate some simple tests that enable us to decide with which 
of the four cases we are concerned. 

1. We take A # 0 to start with. We can write (10) in the form: 


(A cosa -+ B sin ve (AC — B?) sin? a : (11) 

If AC — B? > 0, the numerator of fraction (11) consists of the sum 
of two positive terms, which cannot vanish simultaneously. The 
second term vanishes, in fact, only when sina = 0, in which case 
cosa = +1, and the first term becomes A? # 0. The sign of (11) is 
thus the same as the sign of A in the present case, so that we have 
case (I) with A > 0, i.e. a minimum, and case (II) with A < 0, 
i.e. a Maximum. 

2. We take 4 #0 as before, and suppose that AC — B* < 0. 
The numerator of (11) will have the (+) sign with sina = 0, and 
the (—) sign with cot a = — B/A, so that we obtain case (III) in these 
circumstances, i.e. neither a maximum nor a minimum. 
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3. If we take AC — B? = 0, with A #0, the numerator of (11) 
reduces to the first term; it retains the invariable (+-) sign, whilst 
vanishing at cot a = —(A/B), i.e. we have here the doubtful case (IV). 

4. We take A = 0, B¥ 0. The expression (10) now has the form: 
sina (2Bcosa-+Csina). The expression in brackets preserves an 
invariable sign for a close to zero, which is the same as the sign of B; 
whereas the first factor, sin a, has different signs depending on whether 
a is greater or less than zero. We thus have case (III) here: neither a 
maximum nor a minimum. 

5. We finally take A = B= 0. Expression (10) now reduces to 
the single term C sin? a. It can therefore vanish, whilst not changing 
sign, i.e. we have the doubtful case. 

Noticing that AC — B* < 0 in case 4 above, whilst AC — B? = 0 
in case 5, we are able to state the following rule: 

The procedure for finding the maxima and minima of a function 
f(x, y) of two independent variables x and y is to obtain the partial deri- 
vatives fr(x, y) and fi(x, y) and solve the system of equations : 


fx(a, y,) = 0, Fila, y) = 0. 
Let x =a, y=b be a solution of this system. We put 


ms Of (a,b) __ tf (a,b) __ 
Ae gaa = ae 


and investigate the solution in accordance with the following arrange- 
ment : 


ACG— B | + | s | 0 
} 
oe : 
A no min. doubtful 
no max, case 


164. Examples. 1. We consider the surface z= f(x, y). The equation of 
the tangent plane to it is [160]: 


p(X —«#)+a(Y —y) -—-(2—2z)=0, 


where p and q denote the partial derivatives f,(2, y), fila, y). 

If z attains a maximum or minimum for certain values =a, y = b, 
the corresponding point is called a vertex of the surface; the tangent plane at 
such a point must be parallel to the XY plane, i.e. the partial derivatives 
p and g must vanish, and the surface must be situated on one side of the 
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tangent plane near the point of contact (Fig. 163). It may happen, however, 
that p and g vanish at a certain point, i.e. the tangent plane is parallel to 
the XY plane, yet the the surface is situated on both sides of the tangent 
plane in the neighbourhood of the point; in this case, z attains neither a 
maximum nor a minimum for the x, y concerned. 

We mention the further possibility, that comes under our heading of a “‘doubt 
ful case”. We suppose that the tangent plane is parallel to the XY plane at 
c=a, y=, and that the surface, whilst lying on one side of the tan- 
gent plane, has a line in common with it, 
passing through the point of contact. Here, 
although the difference 


f(a + h,b + k) — f(a, 6) 


does not change sign for h and k that are suf- 
ficiently small in absolute value, it vanishes 
for non-zero h or k. This case is easily obtain- 
ed, as, for instance, with a circular cylinder, 
the axis of which is parallel to the XY plane. 
The function f(x, y) is also spoken of here as 
having a maximum or a minimum at x = a, 
y= 0b. ; 
The surface Fig. 163 


ae y? 
cae ein 7 


is a hyperbolic paraboloid. Equating to zero the partial derivatives of z 
with respect to x and y gives us x = y = 0, and the tangent-plane to the 
surface at the origin coincides with the XY plane. We obtain the second 
order partial derivatives: 


oz 1 ez ez 1. 
Or? a?’ «txdy  ”~—Oy?—s«i 
and therefore, 
] 
AO — BP = — ~7 <0, 


ic. 2 attains neither a maximum nor a minimum at 7= y= 0, and the 
surface is situated on both sides of the tangent plane near the origin (Fig. 
164). 

2. We are given n points M,(a;,b;) (¢ = 1,2, ...,”) on a plane. The 
problem is to find the point M, such that the sum of the products of certain 
given numbers m, and the squares of the distances MM, is a minimum. 

Let (x, y) be the coordinates of the point M. The sum referred to is: 


w= SY mie — a)? + (y — 8). 


Equating the partial derivatives w’, and Wy to zero gives: 


MA, + Mg, + oe. + My __ mb, + Moby toe + Mada | (12) 
m+m,+...+m, ’ M, Met ose +My 


C= 
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It is easily shown that A and AC — B? are greater than zero here, so that 
the values found for # and y in fact give a minimum of w. This minimum is 
the least value of w in the (x, y) plane, since w — oo as the point (x, y) moves 
to an infinite distance. 

If M; are material particles, of masses m,, formula (12) defines the coordinates 
of the centre of gravity of the system of particles M,. 


165. Additional remarks on finding the maxima and minima of a function. 
The above discussion can be extended to the case of a larger number of 
independent variables. For instance, let a function f(x, y, z) of three indepen- 
dent variables be given. The values of the independent variables, for which 
this function attains a maximum or a minimum, are found by solving the 
system of three equations with three unknowns [162]: 


F(a, Y, z) = 0, fie, y, 2) == 0, FAs: y, 2) = 0. (13) 


Let « = a,y = b, z = c be one of the solutions of this system. We indicate 
briefly the way to investigate these values. Taylor’s formula gives the incre- 
ment of the function as a sum of homogeneous polynomials, arranged in 
powers of the increments of the independent variables: 


__ 2 Of (a,b,c) of (a, , c) of (a, b, c) 
Oe ag Oa abe = ges ae 


) 


] 0 Ce) 0 \@) 
+o (hge tha tle) PAG; 0,6) eng a 


/ (a+ 6h, b + 6k, ¢ + 61) 


V4] re] re) (n4+1) 
gar rere Ty (hae te ge tig) 


(0<@<1). (14) 
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Since «7 = a, y = b, z = ¢ satisfy equations (13), we have 


of (a, b, ye) 


Of (a, b, ot , of . ha c) 
a 0a an gs Be 


If the combination of terms to the second power in h, k, l, 


1 2) 
sr (* ote tie} 1 (a,b,c) (15) 


does not vanish, the sign of the right-hand side of (14) is the same as that of 
expression (15) for h, k, 1 sufficiently small in absolute value, and if the 
sign is (+), f(a, b,c) is a minimum of f(x, y, z), and if (—), a maximum. 
If (15) can have different signs, f(a, 6, c) is neither a maximum nor a minimum. 
If, finally, (15) keeps its sign, but vanishes for some values of h, k, l, the case 
is a doubtful one, and further study is needed of the terms on the right- 
hand side of equation (14) that contain h, k, l, to higher powers than the 
second. 

We carry out a full investigation of a doubtful case for a particular example 
of a function of two independent variables: 


UU = 2 — 2ay + y? + 2 + y?, 


The partial derivatives 0u/dxz and du/dy vanish for «= y = 0. We have 
further: 
Oru Otu Ou 


— => —_— =—? \ Cc = = ’ 
=0 eas dx Oy | x=0 dy? | x=-0 2 
=0 0 =0 


AC—B=0, 


i.e. we are concerned with a doubtful case. It is a characteristic of this case 
that the combination of terms of the second degree in the expression for 
u consists of a perfect square, and we can write in this particular example: 


u= (« — y) + (28 + y?%). 
When x =y=0, wu also vanishes. We introduce polar coordinates: 
x=rcosa,y=rsina, 


in order to investigate the sign of u for x and y near zero. 
Substitution gives us: 


u = 7r?[(cos a — sin a)? + r(cos? a + sin? a)]. 
For any a, except n/4 and 52/4, in the interval (0,27), 
cosa — sina#<0, 


so that we can choose, for such an a, a positive number 7, such that the sign 
of the expression in square brackets is (+) for r < 79. The sign is likewise 
(+) for a = 2/4, but we get a (—) sign for a = 52/4, and wu has therefore 
neither @ maximum nor a minimum at z = y = 0. 


430 FUNCTIONS OF SEVERAL VARIABLES (166 


We also consider the function 
ua (y — a)? — a5, 


It is easily shown that the partial derivatives 0u/dx and Qu/dy vanish 
at x = y = 0, and that we have a doubtful case. We find, on taking x arbit- 
rarily small and putting y = 2, that w becomes (—<25), so that its sign depends 
on the sign of z, i.e. u has neither a maximum nor a minimum for x = y = 0. 
Introducing polar coordinates would have given: 


u = (sin? a — 2r cos? a sin a + 7? cos4 a — 73 cos® a) , 


and it is evident from this expression that a positive number r, can be found 
for any a, not excluding a = 0 and z, such that u > 0 for r < ro, i.e. uw has 
a (+) sign near the origin on any radius vector through the origin. But, as 


Fig. 165 Fia. 166 


we have seen, this does not in itself imply a minimum at the origin, where 
u = 0, since it is impossible to find an r, that is the same for all values 
of a. 

We plotted the curve (y — 2’)? — 25 = 0 in [76], and saw that it has a 
cusp of the second kind at the origin, whilst the left-hand side of this equa- 
tion has a (—) sign near the origin, if its value is considered at points lying 
inside the shaded region between the two branches of the curve (Fig. 165). 


166. The greatest and least values of a function. Suppose that we wish 
to find the greatest value (absolute maximum) of some function f(z, y), given 
in a certain domain. The procedure of [163] enables us to find all the maxima 
of the function within this domain, i.e. all the points inside the domain where 
the value of the function is greater than at neighbouring points. Finding 
the greatest value of a function involves taking into account its values on 
the boundary (contour) of the given domain, and comparing these values with 
the maxima inside the domain. The greatest of these values is the greatest 
value of the function in the given domain. The process is similar for finding 
the least value (absolute minimum) of a function in a given domain. The above 
remarks may be better understood with the aid of an example. 

A triangle OAB (Fig. 166) is formed on a plane by the axes OX, OY, and 
the line 

ety—-1=0. (16) 
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The problem is to find the point in the triangle, for which the sum of the 
squares of tts distances from the vertices is a minimum. 

On noting that the vertices A and B have coordinates (1,0) and (0,1), 
we can write down an expression for the above sum of the squares of the dis- 
tances of a variable point (x, y) from the vertices of the triangle: 


z= Qa? + Qy? + (w@ — 1)? + Y — 1). 


Equating to zero the first order partial derivatives gives 2 = y = 1/3, 
and these values are easily shown to give a minimum, with z = 4/3. We now 
consider z on the contour of the triangle. Taking z on the side OA implies 
putting y = 0: 

@== 2a? + (aw — 1)? +1, 


where x can vary in the interval (0,1). We apply the method of [60] to find 
that z has a least value, z= 5/3, at the point O on the side OA, where «= 1/3. 
Similarly, z is found to have the least value 5/3 at the point D on side OB 
where y = 1/3. We investigate the value of z on side AB by putting y = 1 — 2, 
in accordance with equation (16), in the expression for z: 


z= 327 + 3(2 — 1)?, 


where x varies in the interval (0,1). The least value of z here is z=3/2, occur- 
ring at the point Z, where « = y= 1/2. We thus obtain the following table 
of possible least values of the function: 


| 
1 si I 1 1 i 
Bed) 4) epoca |i. eae | Ose I pais 


; 4 5 5 3 
a a 3 2. 


We see from the table that the least value of z, z=4/3, is obtained at 
the point (1/3, 1/3). A solution of this problem can be obtained for any tri- 
angle, the required point being the centre of gravity of the triangle. 


167. Conditional maxima and minima. We have so far considered 
the maxima and minima of a function, on the assumption that the 
variables concerned are independent variables. We now turn to 
functions in which the variables are connected by certain relationships, 
in which case, the maxima and minima are referred to as conditional. 

Let it be required to find the maxima and minima of the function 


Teuton es Cie Cas oes Saw) 
of (m + n) variables x;, connected by x relationships: 


GiD Bes 452 yp Ode oe en) a s-  ED) 
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We shorten the writing in future by omitting the arguments of the 
functions. By solving the n relationships (17) with respect to n vari- 
ables, say 


Xm+1s Um4+2> ++ +1 Umtns 


we can express these in terms of the remaining m independent vari- 
ables 


OEE Ren ee 


on substitution in the function f, we now get a function of m independ- 
ent variables, i.e. the problem has been reduced to that of finding 
the ordinary maxima and minima. The proposed solution of system (17) 
is often laborious or indeed impossible in practice, and we indicate 
an alternative approach to the problem, the method of Lagrange multi- 
pliers. 

Let the function f attain a conditional maximum, or a conditional 
minimum, at the point M(x, x, ...,2%min). Having assumed the 
existence of the derivatives at the point M, we can say that the total 
differential of f must vanish at M [162]: 


an) 
S ae it, = 0. (18) 


On the other hand, we obtain the following n equations at the same 
point M on differentiating relationships (17): 


m+n 


3 Gy; 
=0 (j= 1, 2, ee n). 


We multiply these latter equations by the factors 
Ais Ags Sees Bas 


that are so far undefined, and add all these term by term to relation- 
ship (18): 


2 
s 0a, 


INS 0 OF op de. op 
S(geth jp + A Bt. + dn get) da, = 0. (19) 


We define these n factors so that each coefficient of the n differen- 
tials 


dim+1> dim+-2, ears cae eee 
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of the dependent variables vanishes; in other words, /,, A, ..., An 
are defined by the n equations: 


or 2 8 
Ge ths iP x aaa iad oe ity (20) 


(s==m+1,m+2...,m+n). 


The left-hand side of (19) now only includes terms that contain the 
differentials of the independent variables: 


OG ATi yome5 Oy 5 
i.e. 


of Oy oy x) os 
2G + Ay get + deg a both An ge dz, = 0. (21) 
But the differentials dz,, dx,, ..., dz, of the independent variables 
are arbitrary magnitudes. We can put one of these equal to unity, 
and the rest zero, and it is now seen to follow from (21) that all the 
coefficients in the equation are zero [158], i.e. 


of oo, dy OPn __ 5 
gay tA ge tage te $4, gt = (22) 


1 62, 


(9.1, 2, 255g MM): 


In all the above formulae, starting with (18), the variables x, must 
be assumed to be replaced by the coordinates of the point M, at 
which, by hypothesis, f attains a conditional maximum or minimum. 
This applies in particular to equations (20), from which 4,, A,, ..., An 
have to be determined. 

Equations (22) and (17) thus express the necessary conditions for 
a conditional maximum or minimum to be obtained at the point 
(i Pans 14 Baa) 

Equations (22) and (17) give us (m+ 2n) equations for finding the 
(m + n) variables x, and the the n factors A;. 

It is clear from system (22) that the values of x, for which the function f 
attains a conditional maximum or minimum are to be found by equating 
to zero the partial derivatives with respect to all x, of the function ®, 
defined by : 


D=f+tAgy tA Gy+ --. +4AnGns 


where 4,,4,.-.,4n are considered as constanis, and by taking in 
addition the n equations (17). 
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We deal briefly with the problem of sufficient conditions in the 
next section. 

It is to be noted that, in deducing the above rule, we have assumed 
not only the existence of the derivatives of functions f and ¢;, but also 
the possibility of determining the factors 2,, A,, ... A, from equations 
(20). As a matter of fact, our rule cannot give us certain values 
(2%, X, .--,2%m4n), for which a conditional maximum or minimum is 
obtained. This will now be explained in more detail, and the theory 
made more precise. 


168. Supplementary remarks. Suppose that we are examining the conditional 
maxima and minima of a function f(x,y) with the auxiliary condition: 


p(x, y) = 0, (23) 


and suppose that, for instance, a conditional maximum is found at the point 
(%o, Yo), 80 that 9(%, Yo) = 0. Let (x, y) have continuous first order deriva- 
tives at, and in the neighbourhood of, (xo, ¥,), and suppose further that 


Pyy(Xos Yo) #0. (24) 


Equation (23) now uniquely defines in the neighbourhood of x = 2, a func- 
tion y = w(x), which is continuous, has a continuous derivative, and satis- 
fies yy = w(x) [157]. We can say, on substituting y = w(a) in the function 
S(x, y), that the function f[z, w(x)] of a single variable x must have a maximum 
at x = xy, and its total differential with respect to x must therefore vanish 
at © = 2p, i. 

Fgl@o Yo) + Fyq(tos Yo) © (to) = 0. 


Substituting y = w(x) in (23) and differentiating with respect to x gives 
us at (%, Yo) [69]: 


Phg( Lor Yo) + Pyg(or Yo) (eg) = 0. 


We obtain, on multiplying the second equation by 4 and adding term by 
term to the first: 


(fig + AP xq) + (fog + AP }y) ©” (#9) = 0. 


On defining 4 by the condition cae + Py, = 0, as is possible by (24), we get 
Sg + Px, = 0, ie. we arrive at the two equations: 


fey + Wig =93 yy t Avy, = 0; (25) 


with which the equation (2), ¥)) = 0 is to be associated; this in fact verifies 
the multiplier method. If condition (24) is not satisfied, i.e. Py, (os Yo) = 0, 
but on the other hand Px, (Lo, ¥o) # O, all the above argument can be repeated, 
with the roles of x and y interchanged. If we have at (xo, ¥,): 


Px,(% o> Yo) = 0 and Pyp(Xo» Yo) = 0, (26) 
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we cannot prove that the point (xy, y,) is obtained by means of the method 
of multipliers. 

Equations (26) show that (x), ¥)) is a singular point of curve (23) [76]. 
We now give an example of a problem in which condition (26) holds at a 
conditional minimum. 

Let it be required to find the shortest distance from the point (—1, 0) 
to points lying on the semi-cubical parabola y*? — x3 = 0, illustrated in Fig. 
87 [76]. The minimum is thus required of the function f = (x + 1)? + y?, 
with the additional condition g= y? — #§=0. Itis clear geometrically that the 
minimum is found at the point (0,0) of the parabola, which is a singular point 
of the curve. The method of multipliers leads us to the following two equations: 


2(a + 1) — 3Av* = 0, 2y + QAy = 0. 


On substituting x = 0, y = 0, the first equation leads to the absurdity 

= 0, whilst the second is satisfied for all A. The method of multipliers does 
not lead us in this case to the point (0,0) at which the conditional minimum is 
reached. It can be shown similarly that, if a function has a maximum or a 
minimum at a point (xy, Y9,2%), where there is the additional condition 
y(%, ¥, 2) == 0, and where at least one of the first order partial derivatives 
of » differs from zero at (%, Yo, 2,), this point can now be obtained by the 
method of multipliers. 

Similar arguments apply in more general cases; but we have now reached 
the point of referring to the theorem on the existence of implicit functions 
for a system of equations, which we mentioned in [157]. Let the function 
f(x, y, 2), for example, have a conditional maximum at the point (2, Yo, Zo); 
with the two additional conditions 


P(%, y, 2) = 0, p(w, y, 2) = 0, (27) 


and with the usual assumptions regarding the existence and continuity of 
the derivatives; and let us also have 


Py(%o, Yo Zo) Yz,(% os Yo: Zo) as 2,(%os Yo Zo) Pyq(Vo» Yo Zo) # 0. (28) 


Equations (27) now uniquely define the functions: y = @,(x), z= w,{z), 
such that y, = @,(% 9); 2) = @,(%,). Substitution of these functions in f gives 
us a function of 2 only, with a maximum at # = x,, whence: 


Fixg(%o» Yor %o) + Fyy(®os Y os %) @4(%o) + fz(Co Yor %o) Hy(%o) = 0. 


On substituting the same functions in (27) and differentiating with respect 
to x at the point (2, Yo, Zo), we get: 


Pye Pyg1 (®o) T+ P62 (Zo) = 93 xy Pygi (o) + P22 (%) = 0. 
We multiply these equations by 1,, 4, and add to the previous equation: 
(fx oF AP, ci Asx.) P (fy, as AP, ae Ay,) atk (fz, + A%:, “Ff A%;,) =0. (29) 


We can assert, on taking (28) into account, that A, and A, can be defined from 
the two equations 


fy + he), + 4a), = 03 fh, + Aes, + avs, = 9, (30) 
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after which, (29) reduces to 
fey + Ax, + AaPx, = 9; (31) 


which verifies the method of multipliers in the present case. We must also 
take, in addition to equations (30) and (31): 


P(Xo, Yor %o) = O and (Xo, Yo, Zo) = O. 


We might have replaced (28) by a similar condition, obtained by differen- 
tiating with respect to x, and y, or x, and Z, instead of with respect to yo 
and z,. But if the expression on the left of (28) is zero, and the analogous 
expressions, obtained by differentiating with respect to w, and y, or x, 
and Z,, are also zero, we are unable to justify the method of multipliers for the 
point (%, Yo, Z,)- It can be shown that this special case cannot arise in any of 
the examples of the next section. For example, we have one auxiliary condi- 
tion (32) in example 1, and at least one of the numbers A, B and C differs 
from zero on the left-hand side of the condition. If C # 0, for instance, the 
derivative of the left of (32) with respect to z is equal to C, and therefore 
differs from zero at every point (x, y, z). This indicates that an answer must 
be obtainable here by the method of multipliers. 

We now briefly discuss the sufficient conditions for a conditional maximum 
or minimum, whilst confining ourselves to the case of two independent variab- 
les. Let us look for the conditional maxima and minima of a function f(z,y,z), 
with the condition g(x, y, z) = 0. We form a new function © = f + dp. 
We equate the first order partial derivatives with respect to x, y, z to zero 
and solve the equations with the added condition, and we thus obtain, say, 
L = Lo, Y = Yo, 2 = Zp, A= Ay. We have to investigate the values obtained, 
i.e. find the sign of the difference f(x, y, z) — f(®o, Yo. Zo) for all (x, y, z) 
sufficiently near (xo, Yo, 29) and satisfying our condition g(x, y, z) = 0. We 
introduce the function p(z, y, z) = f(a, y, 2) + Ao oa, y, 2). It follows immedi- 
ately from the equation of the condition that we can take the difference 
p(x, Y, Z) — p(Xo, Yo Zy), and investigate its sign, instead of taking f(a, y, z) — 
— fo, Yo, 29). The first order partial derivatives of y vanish at (79, Yo, Zo) 
by hypothesis. On expanding the latter difference by Taylor’s formula and 
confining ourselves to the second derivatives, we get an expression of the form 
ef. 165]: 


Y(%, Y, Z) — P(%o, Yor Zo) = Ayy AX? + gq dy? + Ga, dz? + 2a,, dady + 
+ 2a,a, dadz + 2a,,dydz+..., 


where a; denote the values of the corresponding second order partial deri- 
vatives of y(x, y, z) at (2%, Yo, Zo), and da,dy, dz denote the increments of 
the variables. We take 97,(%o, Yo, Zo) #0, so that the equation of the condi- 
tion defines z = w(x, y), where 2, = (x, Y,). We get from the equation 
of the condition : 


P(x, y; z) da aie Py(x, y 2) dy at p(x, 7] 2) dz = 0. 
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On substituting here x= x), Y = Yo, 2 = %, We can express dz in terms 
of dx and dy: 


Abe Pro (Lor Yor Zo) FR (Zor Yor Zo) dn. 
Pay (Lp Yor 20) 2» (Lor Yor 20) 


We substitute the expression for dz in the previous formula and collect 
similar terms, and obtain: 


V(@, ¥, 2) — P(®o, Yo. Zo) = Adx* -+ 2Bdxdy + Cdy? + ... 


We can now use the test for maxima and minima of [163]. For instance, 
if AC — B’>0 and A>0, f(z, y, z) has a conditional minimum at (Xp, Yo, Z9)- 
It immediately follows from the discussion of [163] that a sufficient basis 
for the rule concerned is the assumption that f(z, y, z) and (x, y, z) have 
continuous derivatives up to the second order at, and in the neighbourhood 
of, the point (xp, Yo, Zo)- 

We shall not dwell further on the question of sufficient conditions for con- 
ditional maxima and minima. The essential points in the above argument were 
the replacement of the difference f(x, y, z) — f(%o, Yo. 2%) by v(x, y,2z) — 
—~ (Xo, Yo. Zo), the first order derivatives of which vanish at (2X, Yo, 20), 
and the fact that the differential dz of the dependent variable was defined 
in terms of the differentials dz, dy of the independent variables by an equation 
of the first degree. A similar approach must be used when considering the 
sufficient conditions for any other number of variables and conditions. 


169. Examples. 1. We are required to find the shortest distance from the 
point (a,b, c) to the plane 
Az+ ByiCz+D=0. (32) 


The square of the distance from the point (a,b,c) to the variable point 
(x, y, 2) is given by 


r= (w — a)? + (y — bt + (2 —e)?. (33) 


The coordinates (x,y,z) must here satisfy equation (32) (the point must 
lie on the plane). We find the minimum of expression (33), with the condition 
(32). We form the function: 


@ = (uv ~ a)? + (y — b) + (@ — 0)? + A(Aw + By + Cz + D). 


Equating to zero its partial derivatives with respect to x, y, 2 gives: 


1 1 1 
t=a——~4A, y=b— SAB, z=e— 40. (34) 
We can find 4, by substituting these expressions in (32): 
_ 2(Aa+ Bb+Cc + D) 
Ay vie A? +. B24 0? (35) 


We have obtained unique values for the variables, and these must give 
the required least value, since this necessarily exists. Substitution of the 


438 FUNCTIONS OF SEVERAL VARIABLES {169 


values of (34) in (33) gives us the expression for the square of the distance 
from the point to the plane: 


[74 (A? + Bt +04), 


2 
To = 


=| 


where A, is defined by (35). 


2. To express a positive number a as the sum of three positive terms x, y, Z, 
so as to obtain the greatest value of 


emyleP (36) 


(m,n, p are given positive numbers). We have to find the maximum of expres- 
sion (36) with the condition 


ety+t2z=a. (37) 


Instead of looking for the maximum of (36), we can look for the maximum 
of its logarithm 


mlogzx + nlogy + plogz. 
We form the function: 
@=miogz+nilogy + plogze+iA(a@ty+z—a). 


We obtain, on equating the partial derivatives to zero: 


sl eee alan pone de 
x Ay 5] y= Ay ’ z Ay > 
and (37) now gives: 
: min+p 
1 3 
a 
i.e. 
ma na pa 


mente’ "minty? *~menpp’ ©) 


the values obtained for the variables being positive numbers. It can be shown 
that (36) must have a greatest value with the conditions postulated, and the 
uniqueness of the result shows, as in Example 1, that this greatest value must 
in fact be given by the values obtained for the variables. 

It can be seen from (38) that @ has to be split into components proportional 
to the exponents m, n, p, to obtain the solution of the problem. 

We suggest that the reader carry out an investigation of the sufficient 
conditions in the last two examples, by the method outlined in the previous 
section. 

3. A conductor of length 1, branches at one end into k separate conductors 
of lengths 1, (8 = 1, 2,...,k), the corresponding currents in the individual 
conductors being %o,%,,...,%%. The problem is to choose the cross-sectional 
Areas Fo, U1) ++, Ty Of the conductors so as to employ the least quantity of material 
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V for a given potential difference over the circuita (ly, 1,), (Lp, Ie), «++ (Los Uy) 
(Fig. 167) 
Let ¢ denote the resistance of a wire of the given material, of unit length 
and unit cross-sectional area. 
We require the least value of the function V of variables qo, q,, .--, {xs 
given by 
Ve=logathdat..- +4: 


Fie. 167 


We can use the given potential difference # to write down & relationships: 


pe (t 4-H) _B=0 =), 26655 0): (39) 
qo qs 
We form the function: 
: Igto Istg 
D = (1oQq Hy + + eae) + 4c (2 + £4) - 3). 
s=4 Yo qs 


We equate to zero the partial derivatives of © with respect to qo, G1, «+ +5 Uye 


cli, 
Iy ~ —§% (Ay + Ag + --. + Ay) =0, 
95 
ae (40) 
I, -~<85=0 (8=1,2,..., h). 
qs 
We have from condition (39): 
Ha, Lyta Lig E_ gto , 
nh G hm © 
if we let g@ denote the common value of these ratios, we can write: 
g.= He (emJ1,2,...,k), gar ast (41) 


ce Jo . 


We obtain from equations (40): 
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On substituting these expressions for 4, in the first of equations (40), 
we get: 
4 . . . 
g= oe (18i, + Bi, +... + Thi), 
or 


__ Vig (Ui, Fi, Fe + Thi) 
- Elo. 
c %o 
whence finally: 


Qo = ~az [lato + Vig tis + is +--+ Tig - 


We substitute this expression for qg, in (41) and obtain for 1, q2, «++; Ux: 
a ~ Se ESR) mh 
E Vi, (34, + ii, +... + iy) 


The necessary conditions for a maximum or minimum of V are seen to 
give us a unique set of positive values for q,y, 41, ---,4,, and these must 
represent the solution of our problem, since it is evident from physical con- 
siderations that a minimum quantity of material must be obtained for a 
certain choice of the cross-sectional areas. 


EXERCISES ON CHAPTER V 


1, Find (1/2, 3), f(1, — 1) for f(x, y) = ty + aly. 


2. Find f(y, x), f(—a, —y), f(a@*, y~*), Uf(w,y) for f(a, y) = (=). 


3. Find the value of f(z, y) =1-+- 2 — yat points on the parabola 
y= 2. 

4, Find the value of z = (a* + 22% y? + y*)/(1 — a? — y?) at points 
on the circle 2? + y? = R?. 

5. Define f(z) if f(y/z) = y*(2? + y*)"?, y > 0. 

6. Find f(z, y) if f(@+y,*—y)=ay+y’. 

7. Let z= /y+f(/% — 1). Determine the functions f and z if 
z== x when y = I. 

8. Let z = af(y/x). Determine the functions f and z if z = (1 + y?) 
when x = 1. 

9. Find and represent the domains of existence of the following 
functions: 
(a) z= — a — y (0) ze = 1 + POH ys (0) 2 = logle-+y); 
(d) z= % + are cos y; (e) z = V(1 — 2?) + V(1 — 9); 
(f) 2 = aro sin (yz); (g) 2 = Vat? = 4) + VG =); 
(h) 2 = V[(a? + y? — a?) (2a? — a? — yj] (@ > 0); 
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(i) 2 = Y(yaing); (J) 2 <lowle + 9) 
(k) z = are tan Tea | 
(1) 2 == (a? + y)74; (m) 2 = (y — @h?)-2”; 


(n) 2 Sy +75 (0) 2 = Visin@ + ¥)} 


mee 
Find the partial derivatives of the functions 10-15: 

10. u = (zy)*. WL uv = 2.12. wu = 2 + y3 + 23 — Bayz. 

13. u == ay? t/(1 — 2). 14. w == r*, where r = (x? + y? + 2). 

15. w= aye|(e + y) (2 +1) 

16. Find f,, fy,f, at the point (1, 2,0) for the function f(x, y, z) = 


= log(ay + 2). 
17. Calculate the value of the determinant 
or 00 Op 
dy By oy 
Or 008 dp 
Oz Oz Oz 
dr 00 ap 


for the functions x=rcos pysin 0, y=rsin gsin 0, z=r cos 0. 
Verify Euler’s theorem (on homogeneous functions) for the functions 
18-23: 
18. 2 == ax? + 2hay + by? 19. 2 = a/(a? + y’). 
20. z = (2 + y) (22 + y%)"*. 21. z = log(y/z). 
22.2 = log(x + y) — log(a +2). 23. 2 = xy sin(z/y). 
24. Show that if z = log(2? + xy + y’), 


0z Oz 
BE ahs gee, 
"ee TY By 


25. Show that if z= xy + xe””™, 
0 0 
wan + ’ = ary + a 
26. Show that if wu = (x — y) (y — z) (e — 2), then 
ou Ou , du 
anv 7 ae Ue 
27. Show that if u = a + (« — y)/(y — 2), 
ou | Ou, du 


- 4 OZ dz. 
28. Find Gp ands if 2 == arctan “and ae 


» 7 OF dz. 
29. Find Se and 5— if z= 2” where y = (2). 
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30. Find & and ™ if g = f(u, v), where u = x2? — y*?, v = e*, 


i 
31. Find @ and @ if z= arctan 4, where 4 = usinv, y = wCcosv. 


32. Find 2 = = and jrifz = f(u), whereu = ry + y/2. 


33. Prove that if u= O(2?+ y?+ 2"), where x=rcosgsin 6, 
y =rsingsin 0, z—rcos@, then 


ou Ou 
0 (Op 
34. Prove that if z = f(x + ay), where f is a differentiable function, 
then 
0z 0z 
ay * oe 


35. Prove that the function w = f(u, v) where u = x + at,v=y + bt, 
satisfies the equation 


Ow Ow Ow 
re 
ez O82  O% . 
36. Find 5+ | an ie By ; aE if 2 = e(a?/a® + y2/b)!?. 
37. Rind 2, a log (x* + y). 


i 2? Ordy’ dy? 
38. Find = - ifz = /2ay + y?. 


Oz 072 
39. Prove that for the function z= are sin (x — y)/z, a3 Sy by Be 


2 02 
40. Prove that for the function z = 2’, tea ~~ Oy a 


41. Prove that for the function defined by the equation 
ed = { (2? — y?)/(x*+- y?) if (a, y) # (0, 0), 
ae 0 at (0, 0), 
fey (0, 0) = —1, fyx (0, 0) = + 1. 
42. Prove that the function w= log r, where r= /[(x — a)? + (y — b)?] 
satisfies the two-dimensional Laplace equation 
Ou Ou 
Gat Gyt 
43. Prove the function 
u(z, t) = Asin(Aat + D)sindz, 
where A, ©, a are constants, satisfies the one-dimensional wave 
equation 
Gu Ou 


oF =O ar 


oe 
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Investigate the maxima and minima of the functions 44-52: 
44, (x — 1)? + 2y?. 45. (« — 1)? — 2y?. 46. 2? + ay + y? — Qa — y. 
47, xy? (6 —x—y), «> 0,y> 0. 48. 24+ yt — 2a? + dary — 2y?. 
49. wy 1 — a2/a2 — 92/02. 50. 1 — (2? + 2), 
BL. (a? + y?) eo O99, 52, (1 + aw — y) (1+ a + wy)? 
53. Find the turning values of the functions defined by the equations 
(a) 2+ y + 2 — 2a 4+ 4y — 62 — 11 = 0; 
(6) 8 —y—324+4yt2+z2-—-8=0. 
Determine the conditional extrema of the functions 54—59: 
54.2 = zy witha +y=1.55.2=a4-4 2y with 224+ y= 5. 


56. z= 22+ y? with Se Sy=l. 


57. 2 = cos*z + cos*y with y—az= in, 

58. u = « — 2y 4+ 22 with oF + Yt e2= 9. 

59. u = att yt + 2with +45 =1,(a>b>e>0). 

60. From all rectangular parallelepipeds of prescribed volume V, 
find the one which has minimum surface area. 

61. If an open rectangular box has prescribed volume V, find the 
dimensions if its surface area is to be the least possible. 

62. Find the shape of the triangle with prescribed perimeter 2p 
enclosing the maximum area. 

63. Find the shape of the rectangular parallepiped of prescribed sur- 
face area S enclosing the maximum volume. 

64. Find the triangle of prescribed perimeter 2p, which when rotated 
about one of its sides generates a solid with the greatest possible 
volume. 

65. Masses of amount m,, m,., m, are placed at the points P,(x,, y,), 
P,(%, Ya), P3(%q, Ys). Find the position of the point P such that 
the moment of inertia of these masses relative to P is a minimum. 

66. Find the equation of the plane through the point (a, }, c) which 
together with the coordinate planes forms a tetrahedron of mini- 
mum. volume. 

67. Find the dimensions of the rectangular parallelepiped of maximum 
volume which can be inscribed in an ellipsoid. 


CHAPTER VI 


COMPLEX NUMBERS. 
THE FOUNDATIONS OF HIGHER ALGEBRA. 
INTEGRATION OF VARIOUS FUNCTIONS 


§ 17. Complex numbers 


170. Complex numbers. As we know, the operation of extracting 
a root is not always possible if we confine ourselves to real numbers; 
the root of even degree of a negative number has no meaning in the 
domain of real numbers; and moreover, a quadratic equation with 
real coefficients does not always possess real roots. This situation leads 
naturally to a broadening of the concept of number by means of the 
introduction of new numbers of a more general kind, with real numbers 
appearing as a particular case. These new numbers, and the operations 
on them, must be defined in such a way that all the basic arithmetical 
laws that are known for real numbers remain valid. The fact that 
such a definition is possible is established below. 

Apart from the impossibility just mentioned of extracting a root 
in certain cases, simple geometrical considerations also lead to a 
natural extension of the concept of number. It is the geometrical 
approach to the problem that we shall choose. 

We know that every real number can be represented graphically 
either by a segment, cut off from a given axis OX, or else by a point 
on this axis, if we agree to locate the initial point of all segments at 
the origin of coordinates. Conversely, a definite real number corres- 
ponds to every segment or point on the axis OX. 

If we now consider the whole plane, in reference to the coordinate 
axes OX, OY, instead of taking the single axis OX, suitable generali- 
zation of the concept of number will enable us to associate a certain 
number, which we call complex, with every vector, or with every point, 
lying on this plane. 

444 


170] COMPLEX NUMBERS 445 


If we agree not to distinguish between vectors of the same length 
and the same direction, a real number can be associated not only with 
every vector along OX, but with every vector in general that is parallel 
to OX. The real number one, in particular, corresponds to a vector 
of unit length in the positive direction of OX. 

We associate the symbol 1, called imaginary unity, with a vector 
of unit length in the positive direction of the axis OY. Every vector 
MN in the plane can be represented as the sum of two vectors MP 
and PN, parallel to the coordinate axes (Fig. 168). Some real number 
a corresponds to the vector MP, parallel to OX. Let the symbol bi 
correspond to the vector PN, parallel to OY, where 6 is a real number 
which is equal in absolute value to the length of PN, and which is 
positive or negative according as the direction of PN coincides with 
the positive or negative direction of OY. We now naturally associate 
with the vector MN a complex number, of the form 


at bi. 


We note the fact that the (++) sign in the expression written, a -++ bi, 
is not the sign of an operation. The expression is to be viewed as a 
single symbol for denoting the complex number. We shall give our 
attention to the sign after defining addition of complex numbers. 
The real numbers a and 6 evidently consist of the magnitudes of 
the projections of the vector MN on the coordinate axes. 
We mark off the vector OA from the origin of coordinates (Fig. 168), 


with the same length and direction as MN. The end A of the vector 
will have coordinates (a, 6), and we can associate the same complex 


number a -++ 61 with the point A as with vectors MN and OA. 

Thus, a definite complex number a +- bi corresponds to every vector 
in the plane (to every point of the plane). The real numbers a and b 
are equal to the projections of the vector on the coordinate axes (to the 
coordinates of the point). 

We obtain the set of complex numbers on assigning all possible 
real values to the symbols a and b in the expression a + bi. We call 
a the real part, and 6 the imaginary part, of the complex number. 

In the particular case of a vector parallel to OX, the complex 
number coincides with its real part: 


a+0¢=a. (1) 
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We look on the real number a as a particular case of a complex 
number, in accordance with formula (1). 

The concept of the equality of two complex numbers follows from 
the geometrical interpretation. Two vectors are looked on as equal 
if they have the same length and the same direction, i.e. if they have 
the same projections on the coordinate axes; hence, two complex 
numbers are considered to be equal when, and only when, their real parts 
and their imaginary parts are separately equal, the condition for equality 
of complex numbers being : 


a,+6,i=a,-+ 6,7 implies a, = a,, b, = by. (2) 


In particular, a + b1 = 0 implies a= 0, b= 0. 

Instead of defining the vector MN by its projections @ and 6 on 
the axes, we can use two other magni- 
tudes: its length r and the angle 9 that 


the direction MN makes with the posi- 
tive direction of OX (Fig. 168). If we 
take the complex number a+ bi as 
corresponding to the point with coordi- 
nates (a,b), r and are evidently the 
Fig. 168 polar coordinates of the point. We know 
that 


=rcosg; b=rsing; 


a cc agp: b : 
Ya? +B’ °= Jape’ | 


r=fa?+0b?; cosy= 
‘ (3) 
p = arctan —- | 


The positive number 7 is called the modulus, and 9 the amplitude, 
of the complex number a + bi. The amplitude is only defined to an 


accuracy of plus or minus a multiple of 27, since any vector MN 
remains unchanged on rotation any integral number of times in either 
direction about the point M. When r = 0, the complex number is 
equal to zero, and its amplitude is completely indeterminate. The 
condition for equality of two complex numbers evidently consists in 
the fact that their moduli must be equal, and their amplitudes must 
only differ by some multiple of 2x. 
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A real number has the amplitude 2kz if it is positive, and (2k+1) x 
if it is negative, where k& is any integer. If the real part of a complex 
number is zero, the complex number has the form bi and is said to be 
pure imaginary. The vector corresponding to such a number is if 
parallel to OY, whilst the amplitude of bi is equal to (2/2 + 2kz) 
b > 0, and (3/2 + 2kn) if b < 0. 

The modulus of a real number is the same as its absolute value. 
The modulus of the number a + bi is denoted by writing the number 
between two vertical strokes: 


|a ++ bt 


In future, we shall often denote a complex number by a single letter. 
If a is the complex number, its modulus is denoted by | a|. We can 
utilize expressions (3) for a and b to express a complex number in terms 
of its modulus and amplitude, in the form: 


—laepe. 


r(cos gy + isin 9). 


The complex number is said to be expressed in trigonometric form 
in this case. 


171. Addition and subtraction of complex numbers. A vector sum 
consists of the closing side of a polygon made up of the added vectors. 
Since the projection of the closing side is equal to the sum of the pro- 
jections of the components, we arrive at the following definition of 
addition of complex numbers : 


(a, + By t) + (ay + By t) +... + (Qn + Ont) = 
== (a, +a,+... +a,) + (0, +8, +... +0,) 7. (4) 


It is easily shown that a sum of complex numbers is independent of 
the order of the terms (law of transposition), and that the terms can 
be combined in groups (law of association), since these properties 
belong to the sums of the real numbers a, and b,. 

As was mentioned above, the complex number a + 02 is identical 
with the real number a. Similarly, the number 0 + 67 can simply 
be written as bi (a pure imaginary number). We can use the defini- 
tion of addition to assert that the complex number a + 067 is the 
sum of the real number a and the pure imaginary number 0i, i.e. 


a + bi = (a + 04) + (0 + Bi). 
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Subtraction is defined as the converse operation to addition, i.e. 
the difference 
a+ yt = (a, + 5,1) — (a, + by?) 
is defined by the condition 
(x + yt) + (a, + 6,4) = a, + By4, 
or, by (4) and (2): e+a,=a,; y+b,=), le. x =a, — a, 
y == b, — b,, which finally gives 
(a, + 6,74) — (a, + b, 2) = (a, — ay) + (0, — 34) 4. (5) 
Subtraction of the complex number (a,+ 0,7) from (a, + 6,7) is 
seen to be equivalent to addition to the latter of the complex number 


Ap (dz, 62) 


Fia. 169 Fia. 170 


(—a, — 6,7). This corresponds to the following: subtraction of a vector 
from a second vector is equivalent to the addition to the second vector of 
a vector of equal magnitude but opposite direction to the first. 

We consider the vector A, A , With its initial point A, corresponding 
to the complex number a, + 6,7 and its terminal point A, corre- 
sponding to a, + 6,4. This vector evidently consists of the difference 
of vectors OA, and OA, (Fig. 169), and its corresponding complex 
number is therefore 

(a, — a) + (b, — ,)7, 
equal to the difference between the complex numbers corresponding 
to its initial and terminal points. 

We now establish the properties of the moduli of the sum and 
difference of two complex numbers. Since the modulus of a complex 
number is equal to the length of the corresponding vector, whilst one 
side of a triangle is less than the sum of the other two sides, we have 
(Fig. 170): 

ja, +a,|<|a,]+ [oa], 
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where the sign of equality only occurs when the vectors corresponding 
to a, and a, have the same direction, i.e. when the numbers have 
amplitudes that are either equal or differ by a multiple of 27. This 
property is evidently valid for any number of terms: 


ja, ta,+...+a,|<l/a,[+ ja(+...+ lal, 


i.e. the modulus of a sum is less than or equal to the sum of the moduli 
of the terms, the sign of equality only occurring when the amplitudes of 
the terms are equal or differ by a multiple of 2x. 

Since one side of a triangle is greater than the difference of the two 
remaining sides, we can also write: 


Ja, + 4,| > |a,|— a2], 


i.e. the modulus of the sum of two terms is greater than or equal to the 
difference of the moduli of the terms. Equality will only occur when the 
corresponding vectors have opposite directions. 

The subtraction of vectors and complex numbers leads to an addi- 
tion, a8 we saw above, and we have for the modulus of the difference 
of two complex numbers, as for the modulus of the sum (Fig. 170): 


[a;|— |a,|<|a,—a,|<]a,{+ |e]. 


172. Multiplication of complex numbers. The definition of the 
product of two complex numbers is similar to the definition of the 
product of two real numbers, which is: the product is taken to be the 
number composed of the multiplicand, as the multiplier is composed 
of unity. The vector corresponding to the complex number with 
modulus r and amplitude » can be obtained from the unit vector, 
with unit length and directed in the positive direction of OX, by 
increasing its length r times and rotating it positively through an 
angle 9. 

The product of a vector a, and a vector a, is defined as the vector 
obtained by applying the same elongation and the same rotation 
to a, as are applied to the unit vector in order to obtain a,. The unit 
vector here obviously corresponds to real unity. 

If (71, 9,), (72, 2) are the moduli and amplitudes of the complex 
numbers corresponding to vectors a, and a,, the complex number 
corresponding to the product of these vectors will clearly have modulus 
r, 7, and amplitude (y, + 9,). We thus arrive at the following defini- 
tion of the product of complex numbers: 
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The product of two complex numbers is defined as the complex number 
the modulus of which is equal to the product of the moduli of the factors 
and the amplitude of which is the sum of the amplitudes of the factors. 

When the complex numbers are given in trigonometric form, 
we have: 


r,(cos p, + 7 sin g,) - 7,(cos py, + 7 sin y,) = 
= 1,7, [cos(p, + ,) + i sin(y, + @,)]- (6) 


We now deduce the rule for finding the product of two complex 
numbers that are not given in trigonometric form: 


(a, + by 4) (a, + 6,7) = a% + yt. 


We can write, using the above notation for the moduli and the 
amplitudes of the factors: 


A, = 1, COS Py; by = 17, SIN Py} Ay = 1, COS Py; by = 1, SiN Po 
and in accordance with the definition (6) of the product: 


© = 1%, COS(Py + P2)3 Y = 1, % SiN(Y, + HY.) , 
whence: 


L == f, 7,(Cos P, Cos PY, — sin Y, sin g,) = 
== 1 COS Y * 7, COS Y, — 7, SiN GP, * 7, SiN Y, = a, a, — 0, b,, 
y = 7, 7,(sin ~, Cos Pp, + Cos y, sin MY) = 
== 7, SIN Y, * 2, COS Y, + 7, COS GP, * 7, Sin P, = b, a, + a, b,, 
so that we finally get: 
(a, + byt) (a, + 6,7) = (a, a, — 6, b,) + (b, a, 4+ a, 6,)%. (7) 


When 6b, = b, = 0, the factors are the real numbers a, and a, 
and the product reduces to the product of these numbers. 
When a, = a, = 0, and b, = b, = 1, equation (7) gives: 


4a p= 1; 


i.e. the square of imaginary unity is equal to (—1). 
Evaluation of positive integral powers of 7 thus gives: 


P= 185 1,4 =1,8 =1,8 = —-1 


Seer 
and in general, for any positive integer k: 


A 4 os . ¢ 
i k ne | k+1 — 4k+2 —_ oO gikt3 _ 


> 0 a, 4 —t. 


173] DIVISION OF COMPLEX NUMBERS 461 


The multiplication rule expressed by (7) can be stated as: complex 
numbers are to be multiplied algebraically, taking 7 = —1. 

If a is the complex number a + bi, the complex number a — bi 
is called the conjugate of a, and is denoted by a. 

In accordance with (3): 


Ja ? == a? + B. 
But from (7): 
(a -+ bi) (a — bt) = a? + B, 
so that: 
|a P = (a + bi) (a — bi) = aa, 


i.e. the product of conjugate complex numbers is equal to the square of 
the modulus of each. 
We also note the obvious expressions: 


a+a= 2a; a—a = 2Qbi. (8) 


It immediately follows from (4) and (7) that addition and multi- 
plication of complex numbers obey the commutative law, i.e. a sum. 
is independent of the order of its terms, and a product is independent 
of the order of its factors. It is easy to verify the associative and 
distributive laws, expressed by the identities: 


(a, + a.) + ag = a; + (a, + ag); (a, ay) ag = a,(a, a); 
(a, + a,) B =a,8 +a, 8. 


We leave the proof to the reader. 

We remark finally that the product of several factors has a modulus 
equal to the product of the moduli of the factors, and an amplitude equal 
to the sum of the amplitudes of the factors. Also, a product is zero when. 
and only when at least one factor is zero. 


173. Division of complex numbers. Division is defined for complex 
numbers as the inverse operation to multiplication. It can easily 
be seen to follow that, if a complex number of modulus and amplitude 
(r1, ~;) is divided by a number of modulus and amplitude (r,, 9,), 
division yields a unique result if the divisor differs from zero, the 
modulus and amplitude of the quotient being r,/r, and (gp, — 9). 
We can write: 


r,(cosy,+zsing,) + sesate 
7, (COS Y, + 7 sin ae Me, ra [cos (Y, —o) + ¢sin (%) =: 2). (9) 
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Thus, the modulus of the quotient of two complex numbers is equal 
to the quotient of their moduli, whilst the amplitude of the quotient is 
equal to the difference of their amplitudes. If r, = 0, (9) becomes meaning- 
less. 

If the numbers are given as a, + 6,7 and a, + 6,1 instead of in the 
trigonometric form, their moduli and amplitudes can be expressed in 
terms of a,, a, 6,,b, and set in (9), and the following expression 
obtained for the quotient: 

A+, _ aa, + 5,b, ba, — a,b, i 

a, + byt aj + 03 a+ bf” 
This expression can also be obtained directly by considering 7 as irrational 
and multiplying numerator and denominator by the conjugate complex 
of the denominator, thus getting rid of irrationals in the denominator: 


a+ by (2, + yi) Gy — byt) (@yq + By) + (by, — 44) é 


a, + byt ag + 53 az -+ 63 , 
and finally: 


a, + by __ GG, + 5,5, ae 
Gps ab+oh ' af +83 


ba, —- a,b, . 


4. (10) 


We mentioned above [172] that the commutative, associative and 
distributive laws continue to be valid in the case of addition and mul- 
tiplication of complex numbers; and it follows that all the well-known 
transformations in regard to real numbers that follow from these 
laws, also hold for expressions containing complex numbers. We 
include here: the rules for enclosing in and removal of brackets, ele- 
mentary formulae, Newton’s binomial formula with positive integral 
exponent, formulae relating to progressions, etc. 

We note a further important property of expressions containing 
complex numbers, connected by the signs of the four primary opera- 
tions. The following proposition is obtained at once from (4), (5), (7) 
and (10): if all the numbers in a sum, product, difference or quotient are 
replaced by their conjugates, the result of the operations is also replaced 
by its conjugate. 

For example, on substituting (—b,) and (—b,) for b, and b, in (7), 
we get: 


(a, — 6, #) (a, — by 2) = (a, a, — 6, b,) — (b, a, + a, by) @. 


This property will evidently hold for any sort of expression that con- 
tains complex numbers, connected by the signs of the four primary oper- 
ations. 
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174. Raising to a power. We obtain the rule for raising a complex 
number to a positive integral power by applying (6) in the case of n 
equal factors: 


[r(cos m + isin g)]" = r"(cosng + isinng) , (11) 
i.e. a complex number is raised to a positive integral power by raising 
its modulus to the same power and multiplying its amplitude by the 


exponent of the power. 
We obtain de Moivre’s theorem on putting r = 1 in (11): 


(cos p + ising)" = cosng+isinng. (12) 


Examples. 1. If we expand the right-hand side of (12) by Newton’s 
binomial formula and equate real and imaginary parts in accordance with 
(2), we get expressions for cos np and sin np in powers of cos » and sin pf: 


cos np = cos" y — (3) cos" * y sin? g + 


“+ (3) cos’ ysintg +...+ (— 1)* (bx) cos™~* » sin™ » 4+. 
a 
(— 1)2 sin” (nm even) 
Sp en ete C n-1 (13) 
(—1) 2 neosgpsin™-'w (n odd) 


sin np = (3) cos"! » sin g — (3) cos"— 8 » sin? p + (8) cos "—5 @ sin’ g —...+ 


Aba He eit) cos? 2t~I gin +1 gy 44 


nn 
Al 1) 2 ncosgsin"™ 'y (n even) 
(— 1) 2 sin" (n odd). 


In the particular case of n = 3, (12) becomes, after removing the brackets: 
cos? g + 37 cos? g sin g — 3 cos g sin? gy — 7 sin * g = cos 3p + 78in 3p, 
whence 


cos 39 = cos? g — 3 cos g sin? g; sin 3p = 3 cos’ g sin g — sin’ ¢. 


+ The symbol (/,) denotes the number of combinations of n elements 
in groups of m, i.e. 


(*) = n(n—1)...(n—m+)) _ ni 


1-2...m mi (n — m)\’ 
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2. To sum the expressions: 


A, =1+reosy + rcos 2p + ... + 7" cos (n — 1) 7, 
B,=rsing + resin 2p +... 4+ 7? 1 sin (n — 1) o. 


We put: 
z= r(cos gp + 7sin ¢) 


and form the complex number: 
A, + B,t = 1+ r(cos y -++ ¢ sin y) + 
+ r(cos 2p + isin 2p) + ... + 7%—[cos(n — 1) p 4 tin (n — 1) 9]. 


Woe use equation (11) and the formula for the sum of a geometrical progres- 
sion: 
1—2" 1—r"(cosp+ising)” _ 


1—z l—r (cosp+ising) — 


Ant Byis=ltetet...pet t= 


_ (l—r" cos np) — ir” sin np 
~  (l—rcosg) —irsing 


On multiplying the numerator and denominator of the last fraction by 
(1 — rcos ¢) + ir sin gy, the conjugate of the denominator, we get: 


[1 — r" cos ng) — ir" sin np ][(l—rcos¢) +irsing] __ 


ne ee (1 — rcos ¢)? + r? sin? p 


_ (L—r"cos ng) (1 — r cos) + 1r°* sin ¢ sin np 
a r? — 2rcosg +1 


+- 


(1 — r" cos nq) r sin p — (1 — rcos ¢) r" sin np gol) 


as r? — 2rcosg + 1 


__ 1 cos (n — 1) 9 — r" cosny — reosy +1 


r? — 2rcosy +1 as 


rt sin (n — 1) p —r" sin ng + rsin ; 


oy r? — 2rcosg +1 


Equating real and imaginary parts in accordance with (2) gives: 


An=1+rcosy + 7% cos 2p +... +77? cos (n— lI p= 


_ rt1oos (n — 1) 9 — r" cos ny — reos@ +1 
7” r? — 2rcosp +1 


> 


B,=rsing +r?sin 2p +... + 7r77'sin(n—lhg= 


_ rttsin(n — 1) 9 — r" sin ny + rsin p 
a r? — 2rcosy+1 
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On taking the absolute value of the real number r as less than unity, and 
letting n increase indefinitely, we obtain in the limit the sum of the infinite 
series: 


1 — rcos 
1 troop +c08 2p + = eee TT” | 
r si i) 
: : n 
rsing +r? sin2g + ...= re ‘| 


If we set r = 1 in A, and B,, we get: 


cos (n — 1) y—cosnp—cosp-+1 _ 


1 + cos » + cos 29 + ... + cos(n — 1) ¢= 


2 (1 — cos 9) 
2sin$ (n~ 5] + Qsin? 2 sin ( ~5) + sin 2 
_ 2 2)” os OF ad 2 
int 2 ie 
4 sin; 5 2 sin 9 
sin cos move 
oe eg ce (15,) 
aaa 
We find similarly: 
sin 5? gin OP 
sing + sin2p +... + sin(n — 1) gp = -—-—______—___- - (15,) 
sin 


175. Extraction of roots. T'he n-th root of a complex number is defined 
as the complex number whose n-th power is the original number. 
The equation 


\7 (cos p + isin ¢) = @ (cosy + isin y) 
is thus equivalent to: 
o"(cos ny + isin n y) = r(cos p + isin g). 


But the moduli of equal complex numbers must be equal, and their 
amplitudes can only differ by a multiple of 27, i.e. 


=r, nyp=oy-+ 2kz, 
whence 


n 
2kz 
e=\r, y= 2, 


n 
where //r is the arithmetic value of the root, and k& is any integer. 
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We thus have: 


nt n 


\r (cos y + ising) = r (cos ot + isin 2) , (16) 


i.e. the root of a complex number is to be extracted by extracting the root 
of its modulus and dividing its amplitude by the exponent of the root. 

All possible positive integral values can be taken by & in (16); 
it can be shown, however, that there are only x different values of 
the root, corresponding to: 


k=0,1,2,...,(n—1). (17) 


We prove this by noting that the right-hand side of (16) has differ- 
ent values for two different values of k, k = k, and k = k,, when 


the amplitudes Pte and Pt ahr do not differ by a multiple 
of 22, whilst they are the same if the amplitudes do differ by a 
multiple of 2z. 

But the absolute value of the difference of two numbers (k, — k,) 
in the series (17) is less than n, and therefore the difference 


Pte ethan ky —ky 


cannot be a multiple of 27, i.e. the m different values of k of series 
(17) correspond to the n different values of the root. Now let k, be 
an integer not included in series (17). We can divide by » and write 
it in the form: 


k,= qn + k,, 
where q is an integer and k, is one of the numbers of (17), and hence 


P+ 2kx p+ 2kyn 
n age eed 


i.e. the same value of the root corresponds to hk, as to k,, belonging 
to (17). Thus, the n-th root of a complex number has n different values. 
The only exception to this rule is the case of the number under 


the root being zero, i.e. r = 0, when all the above mentioned values 
of the root are zero. 
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3 
Examples. 1. We find all the values of yi. The modulus of 7 is unity and 
its amplitude is 1/2, and hence: 


a ee - jt ka = 4 kn 
Vim |) cos % 4 isin 5 = cos — + isin -——5-— (k = 0, 1, 2). 


3 
We get the following three values for yi : 


mn ., «2 V3 1, 5a... Sa V3 1. 
cos ft tem SG ti COR gr SEN Re Soom pts 
3m, . , 3H : 

cos ~~ + ¢ sin ~~ = — 7. 


n 
2. We consider all the values of V1, i.e. all the solutions of the equation 


a= 1, 
The modulus of unity is unity, and its amplitude is zero, so that 


n n 
JI = Vo0s0 F Fain 0 = cos +. i sin A (<0, i hy ee eee bo 


Let ¢ be the value obtained for the root with k = 1: 
27 .. 2 
&€= cos er Sa ar 


By de Moivre’s theorem: 


age eee 
n n 


i.e. all the roots of the equation z” = 1] have the form: 
e& (k= 0,1,2,....n—1), 


where we have to take «° = 1. 
We now consider an equation of the form 


aa, 


We introduce a new variable u in place of z, putting 


it 
z=ula> 
nr 
where //a is one of the values of the nth root of a. 
If we substitute this expression for z in the given equation, we get the 
equation for u: 
ut), 
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It is clear from this that all the roots of z” = a can be put in the form: 
a 
Jaek (k=0,1,2, ..., n—1), 
n 


where Va is one of the n values of this root and e* takes all the values of the 
nth root of unity. 


176. Exponential functions. We considered above the exponential 
function e* in the case of a real exponent x. We now generalize the 
concept of exponential function to include a complex exponent. 
With a real exponent, e* can be put in the form of a series [129]: 


2 rs 
S=l+.+5+at-- 


We define the exponential function with a pure imaginary exponent 
by means of an analogous series, i.e. we write : 


fs ye, YY? , YY 
Sas et aa gi 
Separating the real and imaginary terms gives: 
be (peta pia ee. aw! 
oe =(1 af at — eft +a a at at J, 
from which we deduce, on recalling the expansions of cosy and 
sin y [130]: 

e&' = cosy +isiny. (18) 
This formula also defines an exponential function with pure imagin- 


ary exponent. 
Substitution of (—y) for y gives: 


ee! — cosy — isin y. (19) 


Solution of (18) and (19) with respect to cos y and sin y gives us Euler’s 
formulae, expressing the trigonometric functions in terms of ex- 
ponential functions with pure imaginary exponents: 


oe! 4 97)! e! — 93! 


cos y = 5 ; siny= eee 


(20) 


We obtain from (18) a new exponential form of a complex number, 
of modulus ry and amplitude ¢: 


r(cos p + isin gy) = re”. 
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The exponential function with a complex exponent x 4- yi is defined 
by: 


xt+yi 


orto! _ 9*.e%! — e* (cosy + isin y), (21) 


i.e. the modulus of e**”! is taken as e*, and its amplitude as y. 

The rule for adding exponents when multiplying is easily generalized 
to include complex numbers. 

Let z=a@+ ty and z,=2,+ 9,1: 


e’-e! = e(cosy + isin y) -e (cosy, + isin y,), 
or, using the rule for multiplying complex numbers [172]: 
e* +e = e* [cosy + y,) + tainly + y,)]- 


But it follows from the definition of (21) that the expression on the 
right-hand side of this equation represents: 


ett Ory je. eft, 
The rule for subtracting exponents on division, 


= e*-*41 


e*t 


can be verified at once by multiplying the quotient by the denomi- 
nator. 
We have, for a positive integer n: 


(e”)" = e’e” ... ee? =e”, 


We can use Euler’s formula to express any positive integral power of 
sin g and cos g, or any product of such powers, as the sum of terms containing 
only the first powers of the sines or cosines of multiples of the angle: 


(ev! = ea Pym s Jeg = (e?! oe ma 


7m cs 
sin’ gy => gm,m > gin 


(22) 


We obtain the required expression on expanding the right-hand sides of 
these equations by Newton’s binomial formula, cross-multiplying, and replac- 
ing the exponential by the trigonometric functions in the expansions obtained. 

Hzamoples. 1. 

(ev! fe oe vy4 ete! 407%! 6 de 27! ete! 


4Qo— = —_——. — ———_—_- = 
ic 16 te + et ie + 767 + 46 


Ae ae oe Oe ge ee ee 1 
5 Pte 4 tp Baa + 5 c08 2 + F008 4p. 
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2. 
; = : _o ged i ay 
y (e* —e eye (e”! + e vy (077! —e age (e% —e vt) 
4 3 Te ee — en! 
Sin* ~ COS? © 16 8 128 


a (28? = 3024! + Ze 3vi = e 67) (eo?! Ps e~ #4) - 
~~ 128 _ 


ev 1 obvi a 3e3¢! 7 3e%! oi 3e— 9! = 3e7 sei —_ ew bt a ea iri 


7 128 


3 3 1 1 
ay 08 Ogg oe — |r 008 5p — Gy c08 7p. 

We remark here that any integral power of cos g and any even power 
of sin g represents an even function of y, i.e. one whose value remains 
unchanged when ¢ is replaced by (—g), and which contains only cosines 
of multiples of the angle. An odd function of gy, i.e. one which changes sign 
when 9 is replaced by (—¢), is obtained, for example, in the case of odd powers 
of sin gy; its expansion contains only sines of multiples of the angle, and the 
absolute term is entirely missing. All these details will be considered in more 
detail in our treatment of trigonometric series. 


177. Trigonometric and hyperbolic functions. We have so far con- 
sidered trigonometric functions only in the case of real arguments. 
We define these functions for any complex argument z by means of 
Euler’s formula: 


zi —2i zi ~2i 
e e : ev” —e 
ate ; sin 2 => 


CO8Z = 


where the expressions on the right have the meanings indicated in [176]. 

By using these formulae, together with the basic properties of ex- 
ponential functions, the trigonometric formulae are easily shown to 
hold for a complex argument. We propose the proof of the following 
relationships as an exercise to the reader: 


sin? z + cos*z = 1; 
sin(z + z,) = sin z cos z, + cosz sin 2,; 
cos(z + 2,) = cos z cos z, — sin z sin 2,; 


The functions tan z and cot z are defined by: 


. 4 2 a2t 

sin 2 1 e#—e J] e@_] 
ene er ee Nae a? 

cos z i e#+e% q oF 1] 

zi —2i 22i 

COS 2 e e e J 
cot = — = 2 r sis —s r} aa . 

sinz e#! — e 22 1 


We now introduce the hyperbolic functions. 
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Hyperbolic sin and cos are defined by: 


— 8 a 
2 i’ 2 : 
~ eoshze ef +e% oF 4)” 


cosh z e+e 7 e 4.) 
coth c= — >= ie ee ee =< < 
sinh z oe” — oe? e% — 1] 


The following relationships are easily shown to hold by using these 
formulae: 


cosh? z — sinh?z = 1; 


sinh (2, -+ 2.) = sinh z, cosh 2, -++ cosh 2, sinh 2; 


cosh (2, -- 2.) = cosh 2, cosh 2, -+ sinh 2, sinh 2, ; (23) 

sinh 22 = 2 sinh z cosh z, cosh 2z = cosh?z +- sinh?2; 
_._2tanhz __ 1+ coth?2z— 

tanh 22 = 1 tenhts” coth 22 = A 


The above relationships are analogous to the relationships in the 
ordinary trigonometry of angles, and give rise to hyperbolic trigono- 
metry. The formulae of this latter are obtained from the corresponding 
formulae of ordinary trigonometry by replacing sinz by ‘sinh z, 
and cosz by cosh z; this follows at once from the formulae defining 
the hyperbolic functions. 

By using the above principle, we easily obtain the following for- 
mulae for reducing the sums of hyperbolic functions to the logarithmic 
form: 


sinh 2, +- sinh z, = 2 sinh Att cosh “152 ; 


sinh z, — sinh z, = 2sinh Oak cosh tte ; 
(24) 


—2 
cosh 2, + cosh 2, = 2 cosh Ath cosh “1 "2 ; 


: 4 z . 247% 
cosh 2, — cosh 2, = 2 sinh sa sinh > - 


We now consider the hyperbolic functions with real values of the 
argument: 


x —x x w-X 
sinh 2 = = 5° : cosh a = © Fo 

ax | e* +1 
tanh x= — ; cothz = es . 

e* +1 e* — 1 
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The graph of y = cosh x is a catenary [78], which is dealt with in 
greater detail in [178]. 

The graphs of cosh x, sinh x, tanh x and coth 2 are illustrated in 
Fig. 171. 

Direct differentiation gives us the following expressions for the 
derivatives: 


dsinhz d cosh 2 
ie cosh ¢ ; en sinh x; 
dtanhz 1 . dcothe 1 
dz  cosh?a ’ dz sinh? x 


Fie. 171 


Hence we obtain the table of integrals: 
/ sinh x dz = cosha + C; j cosh dz = sinh x + C; 


{ Giga tanhe +O; { dee = —cothz+C. 


cosh? a sinh? x 


The name ‘hyperbolic functions’ is due to the fact that cosh t 
and sinhi play the same role in the parametric form of the rect- 
angular hyperbola 

e— y= a, 


as cost and sin t play as regards the circle 
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The parametric form of the circle is 
x=acost; y=asint, 
whilst that of the rectangular hyperbola is 
x= acosht; y= asinhi, 
as is easily seen on using the relationship: 
cosh? ¢ — sinh? ¢ = 1. 


The geometrical significance of the parameter ¢ is similar in both 
these cases. If S denotes the area of the sector AOM (Fig. 172), and 


aN 


Fia. 172 Fie. 173 


S, denotes the area of the circle (Sj) = 2a’), we evidently have 


8 
ian ge 


Let S now denote the area of the corresponding sector of the 
rectangular hyperbola (Fig. 173). We have: 


x 
S = area of OMN — area of AMN = yxy —[ydzr= 
a 


On evaluating the integral in accordance with the formula of [92], 
we find: 


Spelt ai — 5 [e/a — at — at log (e+ Ya? = @)Ja = 


1 Zz 
= tat tog (2 + JS —1). 
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If we now put 


Ss a 
t= 20-2 = log (2 + [= —1], 


where S, again denotes the area of the circle, we easily find: 


Cp at ie 

6. es : =. - IE 1 
x a2 a a - 
24 )%—1 
a a 


and on adding and multiplying the result by a/2 ; 


C= 5 (e+e) = acosht, 


y = |x? — a? = \'a* cosh? ¢ — a? = asinht, 


i.e. we obtain the parametric form of the rectangular hyperbola. 


178. The catenary. We investigate the curve in which a flexible cord of 
uniform density hangs when supported at its ends A, and A, (Fig. 174). 


2 


Ap (2 sbz) 


In tan (arda) 
A, (Q,5 4) 


Fie. 174 


We take the axis OX along the horizontal in the plane of the curve, and 
OY vertically upwards. We divide the cord into elements MM, = ds. The 
forces acting on each element are the tensions 7' and 7', from the remainder 
of the cord and the weight of the element. The tensions act along the tan- 
gents at the ends M and M, of the element (7' is in the negative direction 
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of the tangent, 7, in the positive direction). The weight of an element is 
proportional to its length: 
dp = eds, 


where ¢ is the linear density of the cord (the weight of unit length.) 

The necessary and sufficient conditions for equilibrium are that the 
sums of the horizontal and vertical components of the forces acting on the 
element are both zero. The horizontal component of the weight dp of the 
element is zero, so that the horizontal components of 7’ and 7, must be 
equal in magnitude and opposite in sign. Let 7’, denote the common magnitude 
of these horizontal components. 

The following expressions for the vertical components of the tensions are 
obtained from the figure: 


—T,tana= -—T,y’ and T, tan (a -+ da) = T,(y’ + dy’). 


Here, da denotes the increment of the angle a, formed by the tangen- 
with OX, when we pass from the point M to M,, and dy’ is the correspondt 
ing increment in the slope of the tangent, i.e. in tan a. 

We find, on equating to zero the components of 7, 7, and the weight 
ods along OY: 

Ty’ + dy’) — Toy’ — ede = 0, 
i.e. 
T, dy’ = eds, 
which can be written as: 
T, dy’ =eVl+y* da. (25) 
We now separate the variables [93]: 
dy’ ss dw 
vity? - 
it is to be noted that & is a constant, directly proportional to the horizontal 
component of the tension, and inversely proportional to the linear density 
of the cord. 
We integrate the equation obtained: 


;» where k = 5 


log (y+ Vite) = 2S, 


whence 
x+Cy 


ek sy’ +V¥ity’; 
then we find y’ by introducing the reciprocal: 


xtCy 


1 paneer 
GY Se eee ner 5 Oy ee 
y +¥l+y? 
We subttact this equation from the previous one; which gives 
1 x+Cy ae 
y= a rene 


466 COMPLEX NUMBERS, ALGEBRA, INTEGRATION (178 


On integrating a second time, we get the required equation for the curve 
of the cord: 
( x+Cy F) 


y+tC,= ek te & 


=F (26) 

The arbitrary constants C, and C, are found from the fact that the curve 
passes through the points A,(a,, 0,) and A,(a,, 6,). In practice, however, the 
main interest is not so much in the actual equation of the curve, i.e. in the 
constants C,,C,, as in the relationship between the horizontal and vertical 
distances between the points of suspension and the length of arc A, A. 

When studying the relationship between these three magnitudes, we can 
of course make a parallel displacement of the coordinate axes. We can put 
the origin at the point (—C,, —C,), in which case, from (26), C, = 0, = 0, 
and (26) can be written more simply: 


r(x 
(otleee t) = woosh ®, (26,) 


from which it is clear that the equation of the suspension is a catenary. 

Let the coordinates of A, and A,, with the above choice of axes, be 
(@,, 6,) and (a,, b,). Let 1, hk, s denote respectively the horizontal and vertical 
distances between the points of suspension, and the length of the cord; 
then 


l=a,—a,; h=b,—b, =k (cosh $2 — cosh 5) : 


a, Bis ie ee a, 
&= {Vi yy? dx «| iP + sinh? 5 de = [ cosh = dx =k (sinn $2 = sinh $1). 
a, a, a 
We find on using (24): 
_ «1 Ap+Q, . ) Ae—-Q op ee Og ty 
A = 2k sinh ay sinh 7 as 2k sinh Dk sinh ay ae) 


a «4 Gy — @, Agta, ae ee a, + a, 
8 = 2k sinh 3k cosh 7 ae 2k sinh 2k cosh Qk ; 


which gives us, on using the first of relationships (23): 


‘ l 

2. he — Az (ae 

8 h 4k? sinh ak? 

representing the required relationship between 1, h and s. 
This can also be written in the following form: 


sinh : on 
2k Va®— he? eis 
es ST ee 8 (2 7) 
ab 1 
2k 
If the points of suspension and the length of the cord are given, the 
magnitudes J, h and s are known, and we obtain an equation for the para- 
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meter k; if the linear density o@ of the cord is also known, (27) can be used to 
find the horizontal component of the tension 7’). 
For the sake of brevity, we put: 


ea 


Equation (27) becomes: 


Te (27,) 


The exponential function can be expanded into a power series [129], so that 
we can write 


oot ef 


sinhé e® —e7® ; 2 
= ce (eae bau 


g 26 


eis 


from which it is clear that, as ¢ increases from 0 to -+ o9, the ratio also in- 
creases steadily, from 1 to -++ oo, Accordingly, for every given ¢ > 1, (27;) 
has one positive root, which can be obtained from tables of hyperbolic func- 
tions. f 

The given magnitudes J, h, s must here satisfy the condition: 


2 ht 
ual? ; oe or 8? > h? + 7, 


which is also obvious geometrically, since yh? + 1? is the length of the chord 
A, A,, whilst s is the length of the catenary between these points. 
For example, let: 


s8=100m., /=50m., h=20m., o= 20 kg/m. 
We get: 

¢ = 0.02 Y10,000 — 400 = 0.8 76 = 1.96 
and we find the root of (27,) from the tables: 


I 
E= [TA 2.15, 
whence 
k 50 
0 as = = —4 . = 
T ke 5e e 2x25, 20 = 232 ke. 


Let the points of suspension be at the same height. We investigate the sag 
jof the cord (Fig. 175): 


+ The tables of Jahnke and Emde, for instance. 
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Expansion of the exponential functions gives us: 


i ait 1 7 
f= gorge taget: G8) 


We have in exactly the same way for s = arc A, A, [with h=0 in 


(27)}: 


1 B 1 2 


8 = 2k sinh 3 2. ket BP ake 


paul od 
— ble — @ 2} — 29 
oh k le e 1+ (29) 


We can find & approximately by confining ourselves to the first term of 
series (28): 
R 


h~ ae 


We preserve the first two terms of expansion (29) and substitute the 
expression found for k: 


Te 
i 


«| 00 


avlt 


Differentiation of this expression gives us the relationship between the 

increase in length of the cord and the increase in sag : 
16 fdf 31 
e~v-—-t, or Matas aed 

We obtained equation (25) on the assumption that the gravity force act- 
ing on each element of the cord was proportional to the length of the ele- 
ment. In certain cases, e.g. when considering the chains of suspension bridges, 
the gravity force must be reckoned proportional to the length of the projec- 
tion of the element on the horizontal axis. This happens when the loading 
due to the roadway of the bridge is large compared with the weight of the 


chains themselves, so that the latter can be neglected. We have now, instead 
of equation (25): 


1, dy’ = edz, 
whence 
0 
‘= —-a4+C,, 
y TP or 1 
and 


i.e. the curve of the suspension is a parabola. 

If we suppose that the ends A, and A, of the chain (or cord) are at the 
same level, whilst we locate the origin of coordinates at the vertex of the 
parabola (Fig. 176), its equation will be: 


== aa? eae) 
aos (2 a] 
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We find, as above, the length of the span J = A, A, and the sag f = OA. 
We get from the equation of the parabola: 


whence 


We calculate the length of arc A,Az2, 
which is twice the length of arc OA,: 


1/2 
gs 2{ Vi + datz? dz. 
0 


We have by Newton’s binomial formula: 
VI + 4a? a? = (1 + 40% a2)? = 1 4 Qat% at — Qatatt... 
and integration gives us the expansion for s: 
e=l4+ ea? — A ys 4 gee 
We substitute the expression found above for a: 
ait 3 (fy 1-2 (fy u4 oe =i1 + oe Bay Sal 


where ¢ = f/l. If we confine ourselves to the first two terms of this series, 
we obtain the approximate formula: 

8 f? 

eae is 

which is the same as the corresponding formula for the catenary. 


179. Logarithms, The natural logarithm of the complex number 
r(cos y + isin gy) ts defined as the power to which e must be raised to 
give the number. If we use Log to denote natural logarithms, we can 
say that the equation 


Log[r(cos » + isin g)] = «2+ yi 


is equivalent to: 


x+y! _ r(cos y + isin ¢). 


e 
The latter equation can be written: 


e*(cos y -+ isin y) = r(cos p + isin g), 
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whence we find, on equating moduli and amplitudes: 


=r, y =o + Qka (k= 0, +1, +2,...), 
i.e. 
x= logr and «+ yi = logr + (p + 2ka) 1 
and finally: 
Log[r(cos g + 7 sin g)] = logr + (gp + 2ka)7i, (30) 


i.e. the natural logarithm of a complex number is the complex number 
whose real part is the ordinary logarithm of the modulus and whose 
imaginary part is the product of i and one of the values of the amplitude. 

It follows that the natural logarithm of any number has an infinite 
set of values. The only exception is zero, the logarithm of which does 
not exist. If we make the amplitude obey the inequality 


—A<VpKR, 


we obtain the so-called principal values of the logarithm. The principal 
value of the logarithm is denoted by log instead of Log, to distinguish 
it from the general value, as given by (30); thus 


log[r(cos p + 7 sin g)] = logr + gi, (31) 
where 
—UROP KN. 


We define the complex power of a complex number with the aid of 
logarithms. If u and v are two complex numbers, where u # 0, we put: 
ur? fee e° Log a 

We note that Log w, and therefore u°, has in general an infinite set 
of values. 
Examples. 1. The modulus of 7 is unity and its amplitude is > 2, so that 
Log é = (57 ae 2ka| CS ei. 
2. We find @: 


1 
: : -(- 2k: 
ha eG) 041, 20-20); 


180. Sinusoidal quantities and vector diagrams. The application of complex 
quantities to the study of harmonic oscillations may be mentioned. We 
consider a variable current j, whose value at each instant is the same through- 
out the circuit, and is given by: 


j = jm sin (wt + 9), (32) 


where ¢ represents time, and j,,, w and ¢ are constants. 
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The constant j,,, reckoned positive, is called the amplitude, w is the 
frequency, connected with the period T by the formula 


pa 2H : 
@ 
and 9 is the phase of the alternating current. 
A current whose instantaneous value varies in accordance with (32) is 


said to be sinusoidal. What has been said also applies to a voltage: 


Vv = Up, 8in (wt + ¢,), (33) 


and our discussion below is concerned with sinusoidal currents and voltages, 
as given by (32) and (33). 


Fie. 177 


There is a simple method of representing geometrically sinusoidal quanti- 
ties of the same frequency. We take a radius vector through a fixed point 
O of the plane, and let it rotate clockwise with angular velocity w; this radius 
vector is referred to as the tume azis. 

Let the time axis coincide with axis OX initially, i.e. at t = 0. 

We draw a vector OA (Fig. 177) of length j,,, forming an angle g with 
the initial position of the time axis (recalling that angles are reckoned positive 
in the counter-clockwise direction). At time f, OA will form an angle (g + wt?) 
with the time axis, which has rotated through an angle wt. We clearly get 
the quantity j = j,, sin (wt + g) from the projection of OA on the perpendic- 
ular to the time axis, obtained by turning this latter counter-clockwise through 
an angle 2/2; or more briefly, j is obtained by dropping a perpendicular from 
the end of OA on to the time axis, and taking its length with the appropriate 
sign. 

Another sinusoidal quantity of the same period, 


jO) = jM sin (ot + Hy), 


must be represented by drawing a vector of length j@ at an angle to the 
first equal to 
p= F1— -- 
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Sinusoidal quantities of the same frequency can thus be represented by 
fixed vectors in a plane. The length of each vector gives the corresponding 
amplitude, whilst the angle between any two represents their phase dif- 
ference. This type of construction is called a vector diagram of the system of 
sinusoidal quantities of the same period. 

The sum of several such sinusoidal quantities is also sinusoidal and of 
the same period, being represented by the sum of the corresponding vectors 
on the diagram. 

The definition of multiplication given in [172] can be used to put operations 
with vector diagrams into a convenient analytic form. 

We shall in future denote vectors by letters in heavy type. 

We shall reckon the product of a vector j and a complex number re”! as the 
vector obtained by multiplying the length of j by r and turning its direction through 
an angle ¢, i.e. we multiply the complex number representing j by the com- 
plex number re” in accordance with the rule given in [172]. 

If re” is given in the form (a + bi), we can write the product as the sum 
of two vectors: 

(a + bi) j = aj + dij, 


the first term being a vector parallel to j, and the second a vector perpendi- 
cular to j. 

We can split any vector j, into two mutually perpendicular components, 
and write it in the form: 


ji = aj + bij = (a + 2) j. 


Here, | a + bi| evidently gives the ratio of j to j,, whilst the amplitude 
of (a + bz) represents the angle between the two vectors. This angle gives 
the phase difference of the quantities corresponding to the vectors. 

We bring in the concept of the mean square value, denoted by M(j*), 
of the sinusoidal quantity (32). This is defined by the equation: 


' T 
M (7) = 5 | ita. 
0 
We have: 
rae ee : 
P = jh sin? (wt + ¢) = 5 im — + jhroos 2 (or + ¢) 
and integration from 0 to T = 2n/w gives: 


a Be 


1 ieee ] : aries . 
M () == in — [qo isin 2 (ot + 9) |" = > jh. 


The square root of the mean square value is called the effective, or root 
mean square, value of the quantity: 


jae = VG) = 


In practice, each vector in a diagram is usually made equal in length to 
the effective value of the quantity, and not to its amplitude, i.e. the lengths 
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of the vectors are diminished in the ratio 1: f2 by comparison with the con- 
struction given above. 
We obtain by differentiating (32): 


dj 
=e 7 COS (wi + ~) = wf, sin (we +o+ +}: 


i.e. the derivative dj/dt only differs from j in that its amplitude is multiplied 
by , and its phase increased by 2/2. 
The relationship deduced becomes in vector notation: 


aj is 
Fac (34) 
Integration of (32) gives us: 
jdt = “7 os (wt + yas sin (ot + = 
fi = — [Jim cos ( P) = 7% Im e~ya), 


where the arbitrary constant has to be neglected if we want to obtain a 
quantity that is also sinusoidal; and it follows from this that: 


fi dt = —j. (35) 


181. Examples. 1. We consider an alternating current circuit consisting 
of a resistance FR in series with an inductance L and a capacity C. If v de- 
notes voltage and 7 denotes current, we know from physics that 


eee: eee ee 


We confine ourselves for the present to the steady state conditions, and 
to the case when the voltage and current are sinusoidal quantities of the 
same period. The above equation can be written in vector form, with v and 
j replaced by the vectors of voltage and current, v and j: 


v= Rj+L—— D+ fia; 


We find from this on recalling (34) and (35): 


- 1, ae . 
v= Rj + oLij + Gaz i= (B+ ut)j = oj, (36) 
where 
1 P 
t= Oba and €¢=R+ wi, (37) 


The relationship obtained between the voltage and current vectors has 
the ordinary form of Ohm’s law, except for the fact that the ohmic resistance 
is here replaced by a complex factor, called the impedance of the 


t The symbol dj/dt denotes the vector corresponding to the sinusoidal 
quantity dj/dt, whilst f jdt denotes the vector corresponding to { jdt. 
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circuit, and made up of three “impedances”: an ohmic resistance R, an in- 
ductive impedance (wLi) and a capacitative impedance (1/@C%). 

We also get from (36) the resolution of vector v into two components: 
Rj in the direction of j, and wij perpendicular to j. The first is called the 
real, and the second is called the wattless, component of the voltage. These 
terms become clear if we calculate the mean power W in our circuit, which 
we define as the arithmetic mean over a full period of the instantaneous 
power v7: 

T oe 
W= a fei dt = me [ sin (cot +- y,) sin (wt + —,) dé; 
8 0 


here, ¢, denotes the phase of the voltage, and y, the phase of the current, 
so that 


U= Um SIN (OL + 9)3 7 = jm sin (wt + Q,). 


We easily find: 


T 
W= “adm | [cos (1, — G2) — cos (2mt + y, + Y,)] dt 


0 
= aye COS (P, — 2) = Veff Jeff COS (Y, —- P2)- (38) 

The greatest absolute value of mean power is thus obtained when the phases 
of the voltage and current either coincide or differ by 2, whilst the least, 
zero, power is found when the phases differ by 2/2. 

The wattless component wij of the vector v gives a mean power of zero 
when put into this expression for W, since uij is perpendicular to j, i.e. 
cos (y, — 9.) = 0 in this case; thus, all the mean power that passes into 
Joule heat is provided by the real component alone. 

We can write (36) as: 


or 
jugv + hiv. 


The complex factor 7 is called the admittance of the circuit, and is 
equal to the reciprocal of the tmpedance This last formula expresses the 
current vector as the sum of a real component in the direction of v, and 
a wattless component perpendicular to v. 

2. The basic rules, derived from Ohm’s and Kirchhoff’s laws, for finding the 
resistance of a direct current circuit that includes several resistances in series 
or parallel, can also be used for steady sinusoidal alternating current circuits, 
provided we agree to replace the instantaneous values of voltage and current 
by the corresponding vectors, and the ohmic resistances by the impedances. 

Thus, if the circuit includes the impedances in series: 


€é,.=R, + 4,0; & = R, + 404; ...,; 
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the voltage and current vectors will be connected by: 


v= C'j, where Vr li.i+ad+..., (39) 


j.e. impedances are added in a series circuit. 
If the same impedances are in parallel, we have on the other hand: 


wns : | ee 1 
v= 0’j, where pe a eee (40) 

i.e. the admitiances are added in a parallel circuit. 
The total impedances in the case of series connection of impedances 
Cy ¢s, ..-, is found geometrically by the simple process of constructing 
the geometrical sum of the vectors representing these complex numbers. 


Fie. 178 Fie. 179 


We indicate the construction in the case of two apparent resistances C, 
and ¢,, connected in parallel. We have by the above rule: 


a ae nie fc. 
oe a ie 
ey te 
If we put: 
£” = ge%, a= e,0%! 3 Ops o,0%! >; &+o,= 00%, 
we have: 
om 12, 90,4 0,—%. 
Qo 


This leads us to the following geometrical construction (Fig. 178). 
We first find the sum ¢,-+ ¢, = OC; then we draw 4 AOD, similar to 
ACOB, by turning 4 COB to the position C’OB’ and drawing AD||C’B’. 
We deduce from the fact that the triangles are similar that: 
a ee OR.: 0,8. 
OD=O0A ==, Le. == EE, §@=0,—6, (6, =0), 
OC ae’ a aa 
which is what we wanted to show. 
3. We consider the coupled oscillations in two magnetically coupled 
circuits (Fig. 179). Let v,, 7, denote the external electromotive force and 


+ We have simplified the figure by taking the axis OX along the vector 
£,, amounting to the assumption that 6, = 0. In the general case, it is suf- 
ficient to turn OX clockwise through an angle 6,. 
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the current in circuit I, and j, the current in circuit IT (with no external 
electro-motive force); let R,, R,, L,,L.,C,, Cz be respectively the resistances, 
inductances and capacities in the circuits, and M the mutual inductance 
between the circuits. 
We have the relationships: 
ane 
y, eR +l, di +M dt Back j, at, 


dj, dj, Le 2 
de ae, [ieae. 
When we consider the steady state, in which the currents and voltages 


vary sinusoidally at the same frequency, these equations can be written in 
vector form: 


O= Rj, +L, 


, a - d ir 
Sed (2, + oLyt + =a) j. + oMij, = 6,j, + oMij, , 


4 . 1 )\. - 
0 = oMiy, + (2. + ol -t wa) Je = oMij, + - > 


where ¢, and ¢, are the impedances of circuits I and II when taken separa- 


tely. 

We can easily solve for j, and j,: 

fa te OR al fe Bs ON 

h= 0,0, + o'M? wv k= f0, + oM? 1° 
On re-writing the first equation as: 

w?M?2 s 
‘Y= (4+ in 
2 


we can say that the presence of circuit II changes the impedance of circuit 
I by an amount w*M?/¢,. 


182. Curves in the complex form. If we agree to represent real numbers 
by points on a given axis OX, the variation of a real variable is expressed 
by a corresponding displacement of the point on OX. In exactly the same 
way, the variation of a complex variable ¢ = x + yi amounts to displacement 
of the corresponding point on the plane XOY. 

The case of particular interest is when the point ¢ describes a certain curve 
during its variation; this occurs when the real and imaginary parts, i.e. the 
coordinates x and y, are functions of some parameter u, which we shall take 
to be real: 


= 9(4); ¥ = 92(u). (41) 
We shall now write simply: 
¢ = f(u), where f(u) = 9,(u) + t,(u) , 


and this equation will be referred to as the equation of curve (41) in the com- 
plex form. 
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Equations (41) give the parametric form of the curve in rectangular co- 
ordinates. We arrive at the form in polar coordinates by writing ¢ in the 


exponential form: 


ee o= yi(u), 6 = (uv). 


- 
>» = 0e 


The factor o in this expression is the same as | ¢ |, whilst e, which coin- 
cides with the ‘‘sign’?(+1) in the case of real €(6 = 0 or 2), is a vector of 
unit length, denoted by the symbol: 

; 8 
sen [ = efi = 
: [e| 
(sgn is an abbreviation of the Latin word ‘‘signum” — sign.) 

The necessity for considering the equations of curves in the complex form 
arises out of vector diagrams. If we take the current vector j as constant 
in the relationship 

v= ¢j, 


but allow one of the circuit constants to change, the impedance ¢ and 
the vector v will also change; the end of vector v_ describes a curve, called 
the voltage diagram, and the construction of this gives usa clear picture of 
the variation of v. The point ¢ also describes a curve (the impendance diagram), 
which differs from the voltage diagram only in the choice of scale (taking 
the vector j as unity). 

We now consider the equations of some simple curves. 

1. The equation of a straight line, passing through the point ¢, = «, + 
+ y,%, and forming an angle a with OX, is: 


b= by + 0%; 


the parameter uw here denotes the distance from point ¢, to . 
2. The equation of a circle with its centre at ¢, and radius r is: 


C=C, + rel, 


3. An ellipse with its centre at the origin, its major axis along OX, and 
semi-axes a and b, has the equation in the complex form [177]: 


P= gg Baton brs 0D) off 4 Fg) 0-H, 
2 2 


If the major axis makes an angle g, with OX, the equation of the ellipse 
takes the form: 


c= ere [5 (at dol! + 5 (ad) oH]. 


In the general case, when the centre of the ellipse is at ¢, and its major 
axis makes an angle 9, with OX, its equation is: 


cat, + 0m [ 5 (a + d)ol! + 5 (a — dye]. 
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If b = a, this equation becomes the equation of a circle of radius a: 
C=C, + act Me 


where (vy, + u) is a real parameter like wu. 
If b = 0, we get a segment of a straight line: 


f=¢,+ aev! > (et! + oe) al, + ace"! cosu; F=f, + ver, 


making an angle y, with OX, of length 2a, and with its centre at ¢,, since 
the parameter v = a cos wu is real, like u, but can only take values between 
(—a) and (+a). 

If we consider the circle and the straight line segment as limiting cases of an 
ellipse, when its minor semi-axis becomes equal to the major, or becomes 
zero, we can say in general that the equation 


C= 0,+ weX!+pe—%, (42) 


where ¢,, 4, and wu, are any desired complex numbers, always represents the 
equation of an ellipse. 
This follows by putting: 


; ;. 1 1 
My = Me™ > = Me" ; x (9, + 82) = % 5 - (8, — 82) = 4%, 
when (42) can be written in the form: 
f=h4+M, e(ut6,)f + M, en (U—6a) ft ee ePol [M, e(4t Oo) f 4.M, e— (ut bo) Ay, 


from which it is clear that the curve in question is in fact an ellipse with its 
centre at ¢,, semi-axes (M, + M,), and its major axis making an angle 9, 
with OX, i.e. in a direction bisecting the angle between the vectors yu, and sg. 
The ellipse becomes a circle for M, = 0, and a segment of a line for M,= M,. 

4. Curves of great value in the study of alternating current phenomena 
in circuits with continuously distributed of resistance, capacity and induc- 
tance, are those with equations of the complex form: 


C= ver", (43) 


where »v and y are any desired complex constants. 
We have here, on putting » = N,e%!, y= a + bi and using polar co- 
ordinates: 


£ = 0% = Nyeto! elatbi) a _ Vy ott g(buteo) 


that is: 
o=N, 6%, 6=bu + Q,, 
whence 
_ §—G% 
“a= ; ; 
or finally: 


Q os Neto (N = N e770!) : 


183] REPRESENTATION OF HARMONIC OSCILLATIONS IN COMPLEX FORM 479 


i.e. the curve in question is a logarithmic spiral (Fig. 180), for the case 
a/b > 0). 
More difficult curves of the type: 


= u u 

C = v,e71" 4 y,e784 +... ty evel 
can be obtained by constructing the ‘‘component spirals”’: 
C=, e714, C, =v, 078%,..., f, =v, ere, 


and working out geometrically, for each value of u, the sum of the corres- 
ponding values of ¢,, ¢,,..., ¢, (Fig. 181). 


GS 620 


Fie. 180 Fie. 181 


183. Representation of harmonic oscillations in complex form. A damped 
harmonic oscillation is expressed by the formula: 


2 = Ae~* sin (wt + 9), (44) 


where A and « are positive constants. We introduce the complex quantity 
here: 


t = Aek™F)! p(oreipit - As t+ (ot + mn) i ; (45) 


The real part of this complex quantity coincides with the expression (44). 
We can thus represent any damped harmonic oscillation as the real part 
of a complex expression of the form: 


g = aePit, 


where a and are complex numbers. In the case of (45): 


1 
a= Ad” 3")! and B=w +-é. 


For a pure harmonic oscillation without damping, e = 0, and 8 becomes 
a real number. " *e 
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Expression (45) for ¢ coincides with (43) when 


1,): 
y= Ae” 7) »yo(m+e)i=—etot and u=t. 


It is clear from this that the point ¢ describes a logarithmic spiral as ¢ 
varies, the polar angle @ being a linear function of time ?: 


1 
ieee 2 Taste aL 


i.e. the radius vector from the origin to ¢ rotates about the origin with 
constant angular velocity w. The projection of ¢ on OX performs the damped 
oscillation (44). If e = 0, ¢ moves on the circle ¢@ = A, and its projection 
on OX moves according to the law of harmonic oscillation without damp- 
ing: 

z= Asin (wt + ¢,). 


§ 18. Basic properties and evaluation 
of the zeros of integral polynomials 


184. Algebraic equations. We undertake the study in the present 
article of the integral polynomial: 


f(z) = age” +a”? 4... t aa 4... 4+ One + On, 


where ay, @,,..., a", ..., @, are given complex numbers, z is a complex 
variable, and the initial coefficient a, can be assumed to differ from 
zero. The primary operations with polynomials are familiar from ele- 
mentary algebra. We shall only recall the basic result as regards 
division. If the degree of a polynomial ¢(z) is not higher than the degree 
of another polynomial f(z), f(z) can be expressed in the form: 


F@ = pl)» O@) + RE), 


where Q(z) and R(z) are also polynomials, the degree of R(z) being 
lower than that of g(z). We speak of Q(z) and R(z) respectively as the 
quotient and remainder of the division of f(z) by g(z). The quotient 
and remainder are completely determinate polynomials, so that f(z) 
is expressed uniquely in terms of y(z) in the above form. 

The zeros of the polynomial are defined as the values of z which, when 
substituted in the polynomial, cause it to vanish. The zeros of f(z) are 
thus the roots of the equation: 


f(z) = ag" + az" Be as AO Ge oe Ae eg god Qn_,2+a,=90. (1) 
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The equation written is called an algebraic equation of the nth 
degree. 

If f(z) is divided by (z — a), the quotient Q(z) is a polynomial of 
degree (n — 1) with initial coefficient @,, whilst the remainder F will 
not contain z. The identity follows from the basic definition of division: 


fl) = (@ — 4) Q@) + RB. 
We get on substituting z = a in this identity: 
R = f(a), 
i.e. division of a polynomial f(z) by (2 — a) gives a remainder equal 
to f(a) (Bézout’s theorem). 


In particular, a necessary and sufficient condition that f(z) be divi- 
sible by (z — a) with no remainder is that 


f(a) = 9, 
i.e. the necessary and sufficient condition for the polynomial to be divis- 
ible without remainder by the linear factor (2 — a) is that z=a bea 
zero of the polynomial. 


Thus, knowing that z = a is a zero of f(z), we can divide the poly- 
nomial by the factor (2 — a): 


f2@=@-a9fe@, 


where 
f(z) = bye =f by"? feet Dn-22@+Bn_-1 (bp = a); 
finding the remaining zeros leads to the solution of the equation: 


beet + bz"? +... + BDn92 + bn_1 =0 
of degree (n — 1). 
Before proceeding, we have to answer the question: does every 


algebraic equation possess roots? The answer can be in the negative, 
as regards non-algebraic equations; for instance, the equation 


&=0 (g=2-+ yi) 


never has a root, since the modulus e* of the left-hand side does not 
vanish for any x. In the case of algebraic equations, however, our 
question has an affirmative answer, contained in the following basic 
theorem of algebra: every algebraic equation has at least one real or 
complex root. 
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We state this theorem here without proof. The proof will be found 
in the third volume, on the theory of functions of a complex variable. 


185. Factorization of polynomials. In accordance with the basic 
theorem, every polynomial 


f@=age +a it... t+an_yz+a,, (2) 
has a zero z == z,; it can thus be divided by (z — z,) and written [184]: 
fi) = (@ — %) (ag2? + ...). 


The second factor on the right-hand side of this equation has a 
root z= 2, by the same theorem, and can be divided by (z — 2,); 
so that we can now write: 


f(z) = (@ — %) (@ — %) (ay 2" 4 .-.)- 


On continuing to divide out the linear factors, we finally obtain the 
factorial form of f(z): 


f(2) = a,(z — 2) (2 — %) ... (2 — 2n), (3) 


i.e. every polynomial of the n-th degree can be split into (n + 1) factors, 
one of which is the initial coefficient, whilst the remainder are linear 
factors of the form (z — a). 

At least one of the factors of (3) vanishes on substituting z = 2, 
(s = 1,2, ...,), so that these z = z, are zeros of f(z). 

A z differing from all the z, cannot be a zero of f(z), since none of 
the factors of (3) vanishes for this z. 

If all the z, are different, f(z) has precisely » different zeros; if some 
z, are the same, the number of different zeros of f(z) is less than n. 

We can thus state the theorem: a polynomial of degree n (or algebraic 
equation of degree n) cannot have more than n different zeros. 

An immediate consequence of this theorem is the proposition: 
if a polynomial of degree not higher than n is known to have more 
than n different zeros, all its coefficients and its free term must be zero, 
i.e. the polynomial is identically zero. 

Suppose that two polynomials f,(z) and f,(z), of degrees not higher 
than n, have the same value for more than n different values of z. 
Their difference, f,(z) — f,(z), is a polynomial of degree not higher 
than n, with more than x different roots, and therefore identically 
zero; f;(z) and f,(z) thus have the same coefficients. If two polynomials, 
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of degrees not higher than n, have the same values for more than n different 
values of z, they have the same coefficients and the same absolute term, 
i.e. they are identical. 

This property of polynomials lies at the basis of the so-called method 
of undetermined coefficients, which we shall make use of later. The 
essence of the method consists in the fact that the identity of two 
polynomials implies that they have the same coefficients for the same 
powers of z. 

We obtained the factor form (3) by dividing the polynomial f(z) 
by linear factors in a definite order. We now show that the final form 
is independent of the way in which we divide out the factors, i.e. that 
a polynomial has a unique factor form (3). 

Suppose that, in addition to (3), we have the factor form: 


S(2) = Boz — 21) (@ — 22) ... (@ — &). (3;) 
On comparing these two forms, we can write the identity: 
@o(z — 21) (2 — 2%)... (2 — Zn) = by(z — 2) (2 — 24) .. . (2—2q). 


The left-hand side of this identity vanishes for z = z,, and the same 
must therefore be true of the right-hand side, i.e. at least one of the 
z, must be equal to z,. We can take, for exanple, z, = zj. We cancel 
(z — 2,) from both sides and get the equation: 


a,(2 — 2) ... (2 — Zn) = D(z — 25) (... (2 — 2n)- 


This is valid for all z, including z= z,. But this equation must 
now also be an identity, by the proposition proved above. We can 
use the same argument as above to show that 23 = z,, and so on, and 
finally, that b, = ay, i.e. the form (3,) must coincide with (3). 


186. Multiple zeros. Some of the z, appearing in (3) may be the 
same, as already mentioned. We can put the same factors together in 
groups, and write: 


f(a) = aoe — 4)" (@ ~ 2)" «2 (@ — em)", (4) 
where 2,, 2, -.-, %m are different, and 
key + ky +o. tim = 0. (5) 


If there is a factor (z — z,)“* in the factor form written, z = 2, 
is called a zero of order k,, and in general, the zero z= a of the 
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polynomial f(z) is called a zero of order k, if f(z) is divisible by 
(z — a)*, but not by (2 — a)**}. 

We now give another test for multiple (repeated) zeros. We intro- 
duce Taylor’s theorem here, and first of all remark that the derivatives 
of the polynomial f(z) can be defined by means of the same formulae 
as were valid in the case of a real variable: 


f(z) oe 4 aye * on 2+ Gi 
fF (2) = nag2"* + (n — I) a,2 2 +. + (n — Rage + 
+e. + Gna 
f" (2) = n(n — l)ag2™? + (n — 1) (n — 2)a,27 > 4+... + 
+ (n — k}(n — kb — Wage?" ? +... 4+ 2 aaa. 
Taylor’s formula: 


fa=fa+2y2r@+*s"r@t 


k n 
+... ES2 Oa) +... 42S" 7) 6) 


consists of an elementary algebraic identity in a and z, valid for com- 
plex, as well as real, values of these symbols. 

We now deduce the condition for z= a to be a zero of order & 
of f(z). We write (6) in the form: 


f (2) = (2 — a) | (a) + ET MY (@) + 


— a\i-k 
+... G5 por(ay] 


z— (z — a) 
+ [Fay +227 a) +...4 EEOT™ pencay). 


The second polynomial in square brackets on the right is of lower 
degree than (z — a)“, so that clearly [184], the first square bracket 
is the quotient, and the second the remainder, of the division of f(z) 
by (z — a)*. The necessary and sufficient condition for f(z) to be divi- 
sible by (z — a)* is that this remainder should be identically zero. 
We consider it as a polynomial in (z — a), and get the following con- 
ditions: 

f(@) = fia) =... = f(a) = 0. (7) 
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We must add to these the condition 
f(@ #0, (8) 


since if f(a) = 0, f(z) is divisible by (z — a)**? as well as by (z — a). 
All in all, (7) and (8) give the necessary and sufficient conditions for 
z= a to be a zero of order k of f(z). 

We put y(z) = f’(z), so that: 


v2) =f"@)s ve) =F" @) 5-5 pEM®) = fO@). 
If z = ais a zero of order k of f(z), we have by (7) and (8): 
y(a) = pa) = ... = pa) = 0 and ya) #0, 


ie. z= a isa zero of order (k —1) of yp(z) or, what amounts the 
same thing, of f’(z), i.e. a zero of order k of a given polynomial is a 
zero of order (k — 1) of its first derivative. It can be seen by using this 
property successively that it ts a zero of order (k — 2) of the second 
derivative, a zero of order (k — 3) of the third derivative, etc., and 
finally, a single, or simple, root of the (k — 1)-th derivative. 

Thus, if f(z) has the factor form: 


J (2) = ay (@ — 24)" (2 — %)"*.. (2 — 2m), (9) 
f’(2) will have the form: 
P (2) = (2 — 2) (2 — 2)... (2 — 2) @ (2), (10) 
where w(z) is a polynomial with no zeros in common with f(z). 


187. Horner’s rule. We now give a practical rule for the evaluation of 
f(z) and its derivatives for a given z = a. 

Let the division of f(z) by (2 — a) give a quotient f,(z) and a remainder 
r,; let the division of f,(z) by (z — a) give a quotient f,(z) and a remainder 
72; and so on: 

f(z) = (@— a) fiz) +5 r= fla); 
filz) = (2 — @) f(z) + 723 v2 = f(a); 
fo(z) = (2 ~— a) f(z) + 733 73 = fola); 


We write (6) in the form: 


fe) + re) (2 — a) +...+ —— 


{@)=/(@) +@—a)| 
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We compare this formula with the first of the equations written above, 
and obtain: 


f (a) 


) n-1 
mi (z pa a) , = f (a). 


fy (2) =O) 4 FAO) ay 4... 


We find, on treating f,(z) in the same way: 


a tia n) Fe 
hr (2) = fe pe) (2—@) +... (o) (2 —a)"~*; R= f @) . 


ni 


4 | 3! 


and in general: 
n) 
Tia se) (k= 1,2). 44,"). 


We now put: 
f(z) =ay2" + a2") 4...4 ay 2 + Og 
fy (2) = byt 4 bye A Bye + Opes bg = Ty 


and show how the coefficients 6, of the quotient, and b, of the remainder, 
can be evaluated. We remove the brackets and collect terms in the same 
power of z, and obtain the identity: 


Gig 2 ay 2? gi 2 + yg = (2 — 2) (927 + ott 
4 Bye? + b,-3) +b, = by 27 + (b, — ba) 27-1 + (b, — b, a) 27-7 4...4 
+ (Bp — Op-2) 2% + (Bq — Sy-1 ), 
and comparison of the coefficients of like powers of z gives: 
Gy = by; a, = 6, — b, a; a, = by — by a; «2.3 Gq, = On_y — On 2 @ 
a, = b, — ba_, a, 
whence: 
by, = a3 6, = b,a + a,; bo = bia + a3 ...5 bp = bn 2a + an_ys 
b, = bn, a + a, = 1. 
These equations enable us successively to calculate the b,. 
Similarly, on writing the quotient and remainder of the division of f,(z) 
by (2 — a) as: 
fe (2) = eget? tye 7 Ff epg 2 + Cpegs Cnn = he 
we obtain: 
Co = by; 6, = Coa + by; Cg = 0, a + bys 2065 Opin = Op 3 @ + O_o 
Cn = net t+ On_ =r, 


i.e. coefficients c, are calculated successively with the aid of the 6,, just as 
the b, were calculated with the aid of the a,. 

This method of calculation is called Horner’s rule. 

We obtain the quantities f(a)/k! on applying this rule. 
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The calculation is set out in the table below, which is self-explanatory. 


Box Uys gy gs Ogle, Ogun an 
a + ba, ba, bya, ..., BDyiga, Dy Q, bp1a 
C5 = Giy: Giga. Digs “Opie senate  Dgzas: — Deas b, = 7, =f (a) 
+ CoB, CA, Co, «.., Cyig@, Cy_oO —_—_— 
“(a 
°= ao Cy, Ce, Cyr ees Cy9s Cn =P, = f { ) 
4 (n—2) 
1, =a, 1, Pe fe 
+ Met ( y 
f"- (a) 
Mo = ay Mm =T”,> (n—I 
_ f(a) 
aaa 
Example. To find the values of 
f(z) = 25 + 224 — 22? — 25z + 100 
and its derivatives for z= -—5. 
eee 1, 2, 9, — 2, — 26, 100 
; — 5, 15, — 75, 385, — 1800 
1, — 3, 15, — 77, 360 — 1700 = f (— 5) 
— 5, 40, —275, 1760 
"(~—5 
1, — 8, 55, —362 2120 = £(—?) 
— 56, 65, —600 - 
(5 
— 5, 90 . 
eth var 5 
1, —18 210 = rt) | 
a5 cen ee Ee 
ff?) (— 5) 
1 23 ai 
f) (— 5) 
= 5! 
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188. Highest common factor. We take two polynomials f,(z) and f,(2), 
each of which must have a determinate factor of the form (3). The 
highest common factor of the two polynomials is defined as the product, 
of all the linear factors of the type (z — a) that appear in the expan- 
sions of both f,(z) and f,(z), each individual factor being raised to the 
lower of the powers to which it is raised in the expansions concerned. 
Constant factors have no part in the composition of the highest com- 
mon factor. The highest common factor of two polynomials is a third 
polynomial, the zeros of which are in common with those of the first 
two, each zero having an order equal to the lower of the orders with 
which it appears in the two original polynomials. If the two original 
polynomials have no common zeros they are said to be relatively 
prime. The highest common factor of several polynomials can be 
defined in precisely the same way. 

A knowledge of the expansion into linear factors of the given poly- 
nomials is essential, if the highest common factor is to be obtained 
by the above method. Yet obtaining the expansion (3) amounts to 
solving the equation f(z) = 0, and this represents one of the basic 
problems of algebra. 

The highest common factor can be obtained by another method, 
however, similar to that used in arithmetic for finding the highest 
common factor of integers; this is the method of successive division 
[Euclid’s algorithm], which does not require factorization. Let the 
degree of f,(z) be not lower than that of f,(z). We divide the first poly- 
nomial by the second, then the second, f,(z), by the remainder from 
the first division, then this first remainder by the remainder from 
the second division, and so on, until we finally reach a division with 
a remainder equal to zero. The last non-zero remainder is the highest 
common factor of the two given polynomials. If this remainder does not 
contain z, the given polynomials are relatively prime. Thus, finding 
the highest common factor amounts to division of the polynomials, 
arranged in decreasing powers of the variable. Division of f,(z) and f,(z) 
by D(z), their highest common factor, gives us relatively prime poly- 
nomials, one or both of which cannot contain z. 

We see by comparing expansions (9) and (10) that the highest 
common factor of f(z) and its derivative f’(z) is: 


D(z) = (2 — 2)"7? (@ — 24)"*7*.. (@ — Sn), 


constant factors being omitted as of no account: 
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We obtain on dividing f(z) by D(z): 


A) 
D(z) 


== Oy (2 — 21) (2 — 2q) ... (2 — Sm); 


i.e. division of a polynomial f(z) by the highest common factor of f(z) 
and f’(z) gives a polynomial, all the zeros of which are simple, and coinct- 
dent with the zeros of f(z). 

The operation of obtaining this polynomial is referred to as ridding 
f(z) of multiple zeros. We see that this is achieved without needing 
to solve the equation f(z) = 0. 

If f(z) and f’(z) are relatively prime, all the zeros of f(z) are simple, 
and conversely. 


189. Real polynomials, We now consider the polynomial with real 
coefficients: 


ff) =agz tae t+ oo. pan yztan, 


and we suppose that it has a complex zero z=a-+ bi (b#0) of 
order of multiplicity k, i.e. 


fla + bi) = f(a + bi) =... =f“ MG bi) = 0; 
fPa + bi) = A+ Bi¥¢ 0. 


We now replace all the quantities in f(a + bi) and its derivatives 
by their conjugates. The real coefficients a, will remain unchanged in 
this process, whilst (a + bi) becomes (a — bi), ic. the polynomial 
f(z) remains as before, except that its z = a + bi is now replaced by 
z= a— bi. We know from [173] that the total effect of replacing 
complex numbers by their conjugates is to obtain the conjugate of 
their result, i.e. we get the conjugate of the polynomial. Thus: 


f(a — bi) =fi(a— bi) =... = f(a — di) = 0; 
f(a — bi) = A— Bi¥ 0. 


i.e. tf a polynomial with real coefficients has a complex zero z = a + bi 
of order of multiplicity k, it must have the conjugate zero z = a — bt 
of the same multiplicity. 

The complex zeros of a polynomial with real coefficients are thus 
distributed in pairs of conjugate zeros. Suppose that the variable z 
only takes real values, and let these be denoted by zx. In accordance 
with (3): 

f(x) = ag(% — 2) (@ — &) ... (€ — 2y). 
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If there are imaginaries among the zeros z, the corresponding fac- 
tors will also be imaginary. Multiplication of pairs of factors corre- 
sponding to pairs of conjugate zeros gives: 


[x — (a + bi)] [~— (a — bt)] = [(w — a) —bi) [(@@ — a) + Bt] 
= (¢—ajP?+Ph=—274 prtg, 


where 
p= —2a,¢g=@46 (640). 


Pairs of conjugate zeros give real factors of the second degree, so 
that we can state the proposition: a polynomial with real coefficients 
can be factored into real factors of the first and second degrees. 

This expansion has the form: 

fla) = a(x — 2)" (@ — a)... @@ — a)" (e+ peta)" x 

X (2? + e+ gq)... + met a)", (11) 


where 2,, %,..., x, are real zeros of f(x) of multiplicities £,, k,..., k,, 
and the factors of the second degree result from pairs of conjugate 
complex zeros of multiplicities 1,, 1,, ..., q. 


190. The relationship between the roots of an equation and its 
coefficients. Let the roots of the equation: 


n n—] 
oz +4,2 +... + 4n,_1,%2 + 0a,=0 


be 21, 2, ..., Zn a8 before. 
By (3), we have the identity: 


Gy 2" + ay 2 te... + ag_y 2 + Oy = Og(z — 2) (2 — %) ... (2—Zn). 


We can apply to the right-hand side the familiar rule of elementary 
algebra for multiplying binomials that differ in their second terms, 
and write our identity as: 


Gg ae se ae ae 
= ay [2" S270" 4-8 et Ee * + (= 1) Sas 


where S, denotes the sum of all the possible products obtained by 
taking k of the z, together (s = 1, 2, ...,). We find on comparing 
coefficients of the same powers of z: 


— "1, 24: Ag; * ae k Gk , . a a 
Dir a we a ae) er a al Cae a 
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or in explicit form: 


a 
2 + 2g + pans “Re Aaa ets 
0 
5 _ 22. 
B Zag Rate in Sp eye aa (12) 
a 
Rigg ats Bee tS 8 ores 


These formulae are a generalization of the familiar properties of the 
roots of quadratic equations to the case of equations of any degree. 
They enable us, incidentally, to construct an equation, given its 
roots. 


191. Equations of the third degree. We shall not pay detailed attention 
to the actual calculation of the roots of algebraic equations. This subject 
is dealt with in text-books on approximate evaluation. We dwell only on 
the case of equations of the third degree, as well as sketching some methods 
of calculation that will be useful in future. 

We start with an investigation of the third degree equation: 


yrt+ay+ay+a,=0. (13) 
We introduce a new variable x instead of y, putting 
yomu+ta. 
Substitution of this in the left-hand side of (13) gives us: 
x3 + (3a + a@,) a? + (8a% + 2a,a-+a,) a+ (a? + a, 0+ a,a+a,) = 0. 


If we put a = —(a,/3), the term in 2? falls out, so that the substitution 


changes (13) to the form: 
f(x) = 2 +pr+q=0, (14) 


which does not contain x’. 

If p and gq are real, (14) must have either three real roots, or one real and 
two conjugate complex roots [189]. We decide which of these cases is 
in question by taking the first derivative of the left-hand side of the equation: 


f(x) = 3a? + p. 


If p > 0, f’(x) > 0, and f(x) is always increasing; it will only have one 
real root, since its sign changes from (—) to (++) on passing from 2 == — co 
to x == + co. Now take p < 0. It can easily be seen that f(z) has a maximum 


at w= —/—p/3 and a minimum at «= V—(/3). Substitution of these 
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values of 2 in the expression for f(x) gives us the respective maximum and 
minimum values of the function: 


2p p 
arp —E. 


If both these values have the same sign, i.e. 


or 
q 


the equation has only one real root, lying in either the interval 


(-=—|=B) om (4B. 44) 


On the other hand, if the above maximum value of f(x) is (+) and the 
minimum is (—), i.e. 


q 
t+ 57 <0, (15,) 


the signs of f(— ~), f(—\/—p/3), (+ | —p/3), f(+c0) are respectively (—), 
(+), (—), (4+), and (14) has three real roots. We further remark that condition 


(15,) is certainly satisfied when p > 0. We leave it to the reader to show 
that, for 

ae ea 

7 ey a (155) 
(14) has a multiple root + ¥—»/3 and a root 3q/p, taking p70, and so, 
from (153), p <0. We have inequality (15,) when p= 0 and g #0, and 


3 
equation (14) takes the form z?-+q=0, ie. a= _ whence it follows 
that (14) has one real root [175]. With p = q = 0, (14) becomes: z* = 0, 
and has the root of order three x = 0. 
The results obtained are collected in the following table: 


w+ pr+q=0 


2 a 
a + i > 0 One real and two conjugate complex roots 


2 3 
f + Er < 0 Three real and distinct roots 


2 3 
£ +5 = 0 Three real roots, one of which is repeated 
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Figure 182 shows the graphs of the function 
yu + pe +g 


for the various assumptions regarding (g*/4 + 3/27). The double root in 
case (15,) corresponds to the point of contact of the curve with OX. 

We now deduce a formula expressing the roots of equation (14) in terms 
of its coefficients. Whilst this formula is not convenient for practical calcula- 
tions, a suitable practical method is derived from it in the next article, 
making use of trigonometric functions. 

We introduce two new unknowns wu and v in place of x, putting 


a=ute. (16) 
We substitute in (14): 
(u+v)+piu+trvt+a=0, 
ue + v? + (u + v) (3uv + p) +g = 0. (17) 
We subject uw and v to the condition: 


suv + p=0, 
when (17) gives us: 
us + yS = —q. 


The problem thus reduces to the solution of the two equations: 
Se de se 
wo — Bs ut 4-89. (18) 


On raising both sides of the first equation to the third power, we have: 


3 


P 
3 =f . 3 3 = — 
usp 97° + vi qs 


so that wu? and v? are roots of the quadratic equation: 


2 —AL.=> 
aks 7 9 
i.e. 
ORS ee a Be 
| eee a | oe ool | eee eel ee od 19 
: / £+/G+5 o=|/ 2 f+. ~ 
We finally obtain, from (16): 
3 3 
-_2£4/£2.P. We: Gone) | me A 20 
o=|/ f+ £48 / 2 4° oT" 2} 


This formula for solving the cubic equation (14) is named after Cardan, 
a sixteenth century Italian mathematician. 
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We use R, and R, to denote, for brevity, the expressions under the cube 
root signs in (20): 


x= VR, +VR, 


Each of the cube roots has three distinct values [175], so that the formula 
written gives in general nine distinct values of x, only three of which can be 
roots of (14). The extra values of x 
é are due to the fact that we cubed the 
first of equations (18). We can only 
consider those values, for which u 
and v are connected by the first of 
equations (18), i.e. we must only take 
the values of the cube roots whose pro-~ 
ducts are equal to (—p/3). 
We denote by e one of the values of 
the cube root of unity: 


Qn . , On 1 3. 
f= Cos bisa = — gt 
4n .. 40 1 y¥3 
2 _—_ —— = —- —— — 71 
oS C08 ~ are eee 3 5) 5 4 


3 3 
and we let VR, and V2. denote values 
of the roots that satisfy the above 
Fic. 182 condition. On multiplying these by « 
and e? we obtain all three values of 

the root [175]. 

If we recall that «* = 1, we get the following expressions for the roots 
of equation (14), in which p and g are taken to be any complex numbers: 


8 = 3 ee 3 3 3 
z,=VR,+VR,; 2,= eVR,+ 2VR,; 2, = eV R, +eVR,. (21) 


192, The trigonometric form of solution of cubic equations. We assume 
that the coefficients » and g in equation (14) are real. It has already been 
mentioned that Cardan’s formula is inconvenient for calculating the roots, 
and we now deduce a more practical formula. We consider four separate 
cases. 


g , Pp 
1. 24 2&0, 
4 +37 <° 
It follows from this that » <0. The expressions R, and R, under the 


radicals in (20) will be imaginary, yet in spite of this, all three roots of the 
equation will be real, as we know [191]. 
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We put: 
Par TTe| | ages Lande eee” er | Mat: ean Ae : si 
12/2 tor = 2 si] 4 a7 = 7 (cosp £ tsing), 
whence [171]: 
t= ares cos p= — LL. (22) 
27’ 2r 
We have by Cardan’s formula: 
3_ 
ear (cos pe ii i apace + oie } + 
3_ 
+¥F (cos 2" o £5 (tk =0, 1 2). 


If we take the same values of k in both terms, we obtain for the products 
of these terms the positive number: \r = —p/3. 


We have finally: 


3_ 
2 = 2Yrcos 


gy + 2kn 
3 


(k =0, 1, 2), (23) 


where r and ¢ are defined by (22), and where it can easily be shown that, if 
we take different g satisfying the second of equations (22), we get the same 


set of roots from (23). 


p 


q* 
a. TF 


>0O and p<0O. 


Equation (14) has one real, and two conjugate complex, roots [191], 
whilst it follows from the conditions written that —-(p3/27) < (q?/4). We 


introduce the auxiliary angle w, putting: 


ps 
or 


This gives us: 


3 


since, by (24,): 


(24) 


Sa er, as. (ee guememenninaa ear [a a ea ES aE 
GG a PY |) ae Oe =2) i 
|-4+/4+4 |/ 9 gy COS @ = / 3 cot-> @, 
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We finally introduce the angle y, where 


tan 9 = [tan . w, (24,) 
and get the following expression for the real root: 
ee eed a af-4 (25,) 
r= | 5 (tan g + cot ¢) = nog L 


We suggest that the reader make use of (21) to show that the imaginary 
roots will have the form: 


1 p fo 
3. £ +2 >0 and p>0O. 


In this, as in the previous case, (14) has one real and two conjugate com- 
plex roots. The value here of \p3/27 can be both greater and less than 
| q/2 |, and we take an angle w defined by the following, instead of by (24,): 


Pog texto. (26,) 
This gives: 


<a ae \/s sit 5 
= os ! — — i 
/ t+ | 4 a 7 ‘cosa -|/2 Vesta: aie 


i —————— es Be | cree 
Be Oe | ee | ea See 2 | ee 
2 4° 27 cosmo | 3 es 


We introduce a new angle @ defined by: 


tan 9 = [tan = a, (26,) 
and finally have: 
i /2 (tan » — cot vy) = — 2 /2 cot 29. (27,) 
The imaginary roots will be: 
iVp 
- 27 
/2 cot 2p + ain Bp (275) 
4. A glee een 
4 + 27 


Equation (14) has a repeated root, and here, as in the case of p = 0, 
the solution presents no difficulty. 
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The roots of a cubic equation can be calculated with considerable accuracy 
by using the trigonometric formulae deduced, together with logarithmic 
tables. 


Examples. 1. 
vs + 97? +232 +14= 0. 
We put « = y — 3 and reduce the equation to the form: 
y>—4y—1=0, 
which has three real roots [191]. 


We obtain cos y from (22), and having found @ itself, we determine the 
roots from (23): 


y27 


“Te? log,, cos ¢==1,51156 


cos ~ = 


g = 71°2'56" 


nae = 23°40/59" ; fe = 143°40’59" ; 2 == 263°40'59" ; 


logt5 a — 0.36350 


logyy ¥1== 0.32529; logy, (—y,)==0.26970; log,, (—y,) = 1.40501 


y, = 2.1149; y, = —1.8608; y, = —0.2541 


aw, = —0.8851; xv, = —4.8608; 7, = —3.2541 


2. 
z— 3x +5=>0. 


We determine w from (24,) and from (24,), then calculate the roots from 
(25,) and (25,): 


logy, sin w = 1,60206 ; w = 23°34/11" ; 2 ey = 1194720" 


ns 


log,, tan y = 1.77009; y == 30°29’47"; 2 = 60°59/34" 


Cord = 0,05821 ; == 1.1434 


1 
in 2p 


log,» ¥— p cot 29 = 1.98244; Y— pcot 2y = 0.96037 


a, == —2,2868; 2%, 2%, == 1.1434 + 0.960377 
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193. The method of successive approximations. It is possible in many 
cases conveniently to improve upon an approximate value z, of a required 
root ¢, when x, is known to a certain number of decimal places. One such 
method of correcting an approximate value of a root is that of successive 
approximations. As is explained later, this method is suitable for transcend- 
ental, as well as algebraic, equations. 

We suppose that the equation 


f(z) = 90 (28) 
has been rewritten in the form: 
fi(z) = fi(x) , (29) 
where f,(x) is such that the equation 
fi(v) =m 


has one real root, easily calculable with great accuracy, for any real m. 
Evaluation of the roots of equation (29) by the method of successive ap- 


Y= 8X) 


XX, 


X, X9 EX4 Xe 
Fic. 183 Fie. 184 


Xo 


proximations proceeds as follows: we substitute an approximate value x, 
of the required root in the right-hand side of (29) and find a second ap- 
proximation 2, to the root from the equation: 


fi(%) = f(a). 


We substitute x, in the right-hand side of (29) and get the next approxi- 
mation x, by solving the equation f,(x) = f,(#,), and so on. We thus find a 
sequence of values: 

Lo, Uy, He, 2.0, Ey vee y (30) 
with 
Fil%1) = fol%o)3 file) = folary); «- 5 fi(@n) = fel®p_1)3 --- (31) 


The geometrical significance of the approximations obtained is easily 
shown. The required root is the abscissa of the point of intersection of the 
curves: 


y = f(x) (32,) 
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and 
y = f(x). (32,) 


The curves are illustrated in Figs. 183 and 184, the derivatives fj(z) and 
f,(x) having the same sign at the point of intersection in the case of Fig. 
183, and different signs in Fig. 184, whilst in both cases 


| fo(6) | <1 fi(6) | 


The following construction corresponds to equations (31): we draw the 
straight line x = 2, parallel to OY, to its point of intersection (x,, y,) with 
the curve (32,); we draw through this point the line y = y,, parallel to OX, 
to its point of intersection (#,, ¥)) with curve (32,); now we draw through 
(%1, Yo) the line x = 2, parallel to OY, to its point of intersection (z,, y,) 
with the curve (32,); next we draw through this last point the line y = y, 
to its intersection at (x, y,;) with the curve (32,), and so on. The abscissae 
of the points of intersection give us the sequence (30). 

If the first approximation is taken sufficiently close to &, this sequence 
tends to é as a limit, as is clear from the figure; in the case where f,(€) and 
f,(6) have the same sign, a step-line tending to ¢ is obtained (Fig. 183) 
whereas when f;(é) and f,(¢) have different signs, we get a form of rectangular 
spiral tending to & (Fig. 184). We shall not go into the condition for, and rigor- 
ous proof of, the fact that sequence (30) tends to é as a limit. This can be 
observed directly from the figure in many cases. 

The method described is particularly convenient to apply in the case 
when equation (29) has the form: 


Let & be the root of this equation, and let an approximate value of it, 
w= E+h, 


be known. 
The sequence of approximations will be: 


#, = fo(%o)3 Le = fol%1), ---3 Mn = fel%p—1) .-- 


It can be shown that in fact x, —~ § as n > o, if the function f,(x) has 
a derivative f}(x) which satisfies the condition: 


Ife) |<@¢ <1, 
when 
E—-heoaw< Eth. 


Examples. 1. We take the equation 
a —x—0.2=—0. (33) 
Its real roots are the points of intersection of (Fig. 185): 
y = 28, (34,) 


y=aut+ 0.2 (34,) 
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and (33) has one positive and two negative roots, as can be seen from 
Fig. 188. 

At the points of intersection A and B, corresponding respectively to the 
positive root and to the negative root with the greater absolute value, the 
absolute value of the slope of the straight line (34,) is less than the absolute 
value of the slope of the tangent to curve (34,) i.e. calculation of these 
roots by the method of successive approximations must proceed with equa- 

tion (33) set in the form: 


w= aw + 0.2. 


We take x, = 1 as a first approxi- 
mation for calculating the positive root, 
and obtain the table: 


5 
Van + 0.2 tn + 0.2 


1.2 
%, == 1.037 1.237 
, = 1.0434 1.2434 
== 1.0445 1.2445 
a, = 1.04472 


Fic. 185 - 


With x,, the required root is obtained 

to an accuracy of four decimal places. 

We evaluate the negative root with the greater absolute value by taking 
a%,== —I1 as a first approximation. 


t) 


Von + 0.2 t_ +0.2 


~-0.8 
@, == —0.956 | —0.756 
a, == —0.9456 | —0.7456 
2, = —0.9430 | —0.7430 
w, == —0.9423 | —0.7423 
a, = —0.94214} —0.74214 


@, = —0.94210 


The error in this case does not exceed 2x 1075, 

At C, corresponding to the negative root with the smaller absolute value, 
the absolute value of the slope of the tangent to the curve (34,) is less 
than unity, so that use of the method of successive approximations implies 
setting (33) in the form: 

z= a — 0.2. 
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We take x) = 0 as a first approximation, and obtain: 


xp — 0.2 x, 


= 
e, = —0.2 —0.00032 
x, = —0.20032 


The approximation x, gives the root to an accuracy of five places. The 
approximation to the root proceeds by a step-line in all three cases, as illus- 
trated in Fig. 183, and as is easily verified from Fig. 185; also, x, tends mono- 
tonically to the required root with increase of n in all three cases. 

2. 

x= tana. (35) 


The roots of this equation are the points of intersection (Fig. 186) of 


Y=2u, y= tanez, 


Fig. 186 


and, as can be seen from the figure, the equation has one root in each of the 
intervals 


[en —)%, @n+}) 5 


(n= 0, +1, +2,...). 
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The following approximation will hold for positive roots: 
wig 
an~ (2n + 1) oF ; 


where a,, denotes the nth positive root of equation (35). 
We evaluate the root a,, close to 32/2. We apply the method of successive 
approximations after rewriting (35) in the form: 


x=arctanz, 


and we take x, = 32/2 as the first approximation. 
When calculating the sequence of approximations 


Hy = are tan %_1, 


we must always take the value of the arc tangent lying in the third quadrant. 
We obtain, using logarithmic tables and expressing the arcs in radian measure: 


Hy = 4.7124; x, = 4.5033; 
Ly = 4.4938; X, = 4.4935. 


194. Newton’s method. The process of successive approximations shown in 
Figs. 183 and 184 consists in approximating to the required root by means 
of lines parallel to the coordinate axes. We now give some other similar 
processes, in which use is made of straight lines inclined to the axes. 
Newton’s method is one of these. 

Let xj and x, be approximate values of the root & of the equation 


f(x) = 0 (36) 


and let & be the only root of the equation in the interval (a, 2,). Graphs 
of 
y = f(x) 


are illustrated in Figs. 187 and 188. 

The abscissae of points N and P are the approximations a and x, to 
the root §, which is given by the abscissa of A. The tangent PQ, to the curve 
is drawn at the point P, and from the point of intersection Q, of this tangent 
with the axis of abscissae we draw the ordinate Q,Q of the curve; at the point 
Q we draw the tangent QR, to the curve and from the point R, draw the 
ordinate RR of the curve and so on. 

It is clear from the figure that the points P,, Q,, R, ... tend to A, so that 
their abscissae, 2, #,, 7, ... form a sequence of approximations to £. We 
deduce a formula, expressing z, in terms of 2), _;. 

The equation of the tangent PQ, is: 


Y — f(xy) = f’ (xo) (X — x). 
We find the abscissa of Q, by substituting Y = 0: 


re f (9) 
vy = Vy — “P(®) ’ (37) 
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and in general: 


f (@n-1) (38) 


We have simply observed by inspection of the figures that the 2, are 
approximations to the root ¢, the figures being drawn for the case when 
f(x) is monotonic and remains convex (or concave) in the interval (29, #9), 


y 


R 
AG) 


R, (x2) G, tx,) P (Xo) 


N(xp) 


Pp 
Fie. 187 Fig. 188 


in other words, when f’(x) and f”(x) preserve their sign in the interval (57, 71]. 
We shall not dwell on a rigorous analytic proof. 

We remark that if we applied Newton’s method to the end a» instead of 
to x), approximations to the root would not be obtained, as is indicated by 
the tangent drawn with a broken line. In the case of Fig. 188, the curve 
becomes concave in the region of positive ordinates, ie. f’(z) > 0, and 
Newton’s method has to be applied at the end where f(z) > 0, as we have 
seen. It follows from Fig. 187 that, with f’(x) <0, Newton’s method must 
be applied to the end where the ordinate f(z) <0. We thus arrive at the 
following rule: ¢f f’(x) and f’(x) do not vanish in the interval (xj, £o), whilst 
the ordinates S(x}) and f(x.) have different signs, application of Newton’s method 
to the end of the interval at which f(x) and f’(a) have the same sign gives us a 
sequence of approximations to the unique root of equation (36) contained in 
the interval. 


195. The method of simple interpolation. We mention one further method 
of approximate evaluation of roots. We draw a straight line through the 
ends N, P of the are of the curve. The abscissa of the intersection B of this 
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line with axis OX gives an approximate value of the root (Fig. 189). As before, 
let xj, 2% be the abscissae of the ends of the interval. The equation of NP 
is: 
Y—f@) _~ X—-% . 
f (@0) — f (9) Xo —~ Ly 


We find the expression for the abscissa of B by putting Y = 0: 


of (ro) — %of (x0) 
f (&) — f (@) 


1 (&y — %) f (#0) 


°F (@) — fF)” 


Ly — (o = % 0) f (Fo) * 
f (&q) — f (%) 

Replacing the segment of curve by the straight line passing through its 
ends is equivalent to replacing the function f(x) in the interval by a first 
degree polynomial having the same end values as f(z); or alternatively, 
and this amounts to the same thing, it is equivalent to assuming that the, 
variation of f(z) in the interval is proportional to the variation of wv. This 
method is usually referred to as simple interpolation, and is applied, for in- 
stance, when using logarithmic tables (proportional parts). It is also sometimes 
called the rule of false position (regula falsi). 

If simple interpolation is used simultaneously with Newton’s method 
the possibility arises of approximating both limits x) and x, to the root €, 


or 


(39) 


or 


Fie. 189 Fie. 190 


Suppose, for example, that f(x) and f’(xz) have the same sign at the end 
2 , 80 that Newton’s method has to be used with reference to this end. 
The use of both methods gives us two new approximate values (Fig. 190): 


d of (x9) — Xf (x5) 


FG) — Fe) 
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195} 
We can again apply the same formulae to the approximate values 2} 


and z,, and obtain the new values: 
asf (ay) — af (a) 


ee FY = Pep) 


? 


We thus obtain two series of values: 


f ? a , 
Lg» Ly Ug, ++, By vee sy 


oy ay. scale 


and 
Lo Vy, Loy 


approximating to the root ¢ from the left and from the right. 
If x, and 2, coincide to several decimal places, the root é, lying between 


x, and 2, must be obtained to the same number of decimal places. 


Example. The equation 
f(x) = 


o—xr—0.2=0, 
which we considered in Example 1 of [193], has one positive root in the inter 


val 1 <a@< 1.1, and 
S’(x) = 5a4— 1 and f(x) = 20x? 


do not change sign in this interval. We can therefore put 


t= 1; w= 1). 


We calculate the values of f(x): 
f(1) = —0.2; f(1.1) = 0.31051 , 


from which it is clear that f(x) and f(x) have the same (plus) sign at the right- 
hand end (xz, = 1.1), so that it is in regard to this end that Newton’s method 


must be applied. 
We firstly evaluate f’(x) at the right-hand end: 
J’(1.1) = 6.3205. 


We have by (37) and (39): 
, 0.1 «0.2 
a=1+ —O.losl 1.039 , 


0.31051 
t= 1.1 — 6.3206. 1.051. 


We evaluate for the next approximation: 
f(1.039) = —0.0282; f(1.051) = 0.0313; f’(1.051) = 5.1005 , 
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whence: 
> 0.012 x 0.0282 
Ly = 1.039 + ORR = 1.04469 , 
0.0313 
w, = 1.051 ~ Fo5- = 1.04487, 


which gives the value of the root to an accuracy of five places within two 
units [193]: 
1.04469 < & < 1.04487. 


§ 19. Integration of various functions 


196. Reduction of rational fractions to partial fractions. We described 
above a number of methods of evaluating indefinite integrals. We 
supplement this description in the present section and give it a more 
systematic character. The first problem is that of integrating rational 
fractions, i.e. the quotients of two polynomials. Before we turn to 
the solution of this problem, we establish a formula which represents 
a rational fraction as the sum of several fractions of the simplest type. 
This is known as the reduction of a rational fraction to partial fractions. 

Let us be given the rational fraction: 


If it is an improper fraction, i.e. the degree of the numerator is 
not lower than that of the denominator, we can divide out an integral 
part consisting of the polynomial Q(x) and write the fraction in the 
form: 


F (x x 
Fay = 90+ Fe o 
where (2) /f(x) isnow a proper fraction, the numerator of which is of lower 
degree than the denominator. We shall further assume that this latter 
fraction is irreducible, i.e. that the numerator and denominator are 
relatively prime [188]. 
Let x = a be a zero of order k& of the denominator: 


f(x) = (« — a)" f(z) and f,(@) 4 0. 


We show that the fraction can be written in the form of a sum: 


ee eee eS ere Ca (2) 
(x — a)* f, (x) (cz —a)* (2 — a)*-1 f, (a) "i 
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where A is a constant and the second term on the right-hand side is 
a proper fraction. 
We form the difference: 
g(t) CA (#) ~ AF, (2) 


(w—a)*f,(e) (e—a)* (a—a)*f, (x) 


and define A in such a way that the numerator of the fraction on the 
right-hand side of the equation written is divisible by (x — a) [184]: 


g(a) — Af(a) = 0, 
whence 


= Fay (h(a)#0). 

We can cancel (# — a) in the right-hand side just mentioned with 
this choice of A, and we thus arrive at identity (2). This shows that 
separation of the term of the form A/(a — a)", which is known as a 
partial fraction, enables us to lower the power of the factor (x — a)* 
appearing in the denominator by at least unity. 

Suppose that the denominator can be written in the factor form: 


f(z) = (@ — a,)" (@ — a)... (@ — ay). 


We do not write a constant factor, since this can be divided into 
the numerator. Repeated application of the above rule for separating 
out the partial fraction gives us the reduction of a proper rational 
fraction to partial fractions: 


f (x) (x — a,)" ~ (@@—ajent ona, 
pa A) + AQ), ae oe ae A? 
(x — ay)** (x — ay)" T— Ag 
ae ie bs 
a ale amg 
+ a ne er 3 
(@ — ap)" "a_i . ~ Om . 


Wenow give some methods of determining the coefficients appearing 
on the right-hand side of the identity written. If we clear this of the 
denominators, we arrive at an identity between two polynomials, 
and on equating corresponding coefficients, we get a system of linear 
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equations defining the required coefficients. As mentioned above [185], 
we call this the method of undetermined coefficients. 

A different approach can be used, in which we assign particular 
values to the variable x in the identity between the two polynomials 
mentioned above. This substitution method can also be used as a preli- 
minary to repeated differentiation of the identity (3). 

We shall not dwell on the proof of the fact that expansion (3) is 
unique, i.e. its coefficients have fully defined values, independent of 
the method of expansion. We give examples later of using these 
methods for finding the unknown coefficients of the expansion. 

Even when the polynomials p(x) and f(x) are real, the right-hand 
side of (3) may still contain imaginary terms, resulting from imaginary 
zeros of the denominator. We shall mention another expansion of a 
rational fraction which is free from this defect, though here we 
confine ourselves to the case when the denominator of the fraction 
has only simple zeros, since this case is of the most value in applications. 

The sum of partial fractions corresponding to a pair of conjugate 
complex zeros of the denominator, x = a + bi, is 


A+ Bi A-—Bi 


Z—a— bi zr—a+bi- 


If we reduce these fractions to a common denominator, we get 
a partial fraction of the form: 


Met+N 


pee ical Sina aes _7=o2+t be 
migeeg. Ce 2a; g= a? + 6). 


We can thus reduce the real rational fraction in this case to real 
partial fractions: 


@ (x) bet. A, ome = eee os A, 


f (2) w—a, @—~— Ay L— a, 
Mye+N, Mx +N, Mz + Ns 4 
TBtpe+qa t mteete tt tpt’ CU) 


where the fractions in the first line correspond to real zeros of the 
denominator, and those in the second line to pairs of conjugate 
complex roots. 


197. Integration of rational fractions. Integration of a rational 
fraction leads by (1) to integration of a polynomial, which gives 
another polynomial, and to integration of a proper rational fraction, 
which we now consider. 


197] INTEGRATION OF RATIONAL FRACTIONS 609 


If the denominator only has simple zeros, the problem reduces, 
by (4), to the two types of integral: 


A 
1. [og de = Alog(z—a) +0 
and 
Mau--N 
2 atpetg * 
Recalling what was said in [92], we get a result of the form: 
Ma+N _ 2 2a +--p 

are eg dz = Alog (a? +. px + g) + ware tan aaa +0 


The integral is expressed here in terms of a logarithm and an arc 
tangent. 

We now take the case when the denominator of the proper rational 
fraction contains multiple zeros. We return to expansion (3). Any 
imaginary numbers that may appear in it will only play an inter- 
mediary role in the subsequent working and will vanish in the final 
result. 

Integration of a partial fraction in which the denominator has a 
degree higher than the first yields another rational fraction: 


is Ai) , af A, 
Goa Goa nelae C (kj—s>1). 


The sum of the fractions obtained after integration gives the alge- 
braic part of the integral, which, on reduction to a common denomi- 
nator, is clearly a proper fraction of the type: 


@ (2) : 
(a — hy} (@ — ag)-2 (a — a) 


The numerator w(x) is a polynomial of degree lower by at least 
unity than the degree of the denominator, whilst the denominator 
consists of the highest common factor D(x) of the denominator f(x) 
of the integrand and its first derivative f’(x) [188]. 

The sum of the fractions not yet integrated: 

Aq 


x — Gy L— Ay L— Bm 


gives on reduction to a common denominator a proper fraction of 
the form: 


@, (@) 
(@— ay) (@— Gy)... (@— Gp) 
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where @,(x) is a polynomial of degree lower by at least unity than the 
degree of the denominator, whilst the denominator consists of the 
quotient D,(x) of f(x) divided by D(a). We thus obtain the Ostrograd- 
skii-Hermite formula: 


y (x) @ (a) @, (2) 
\Fq- = tert) Bere (5) 


We can find D(x) and D,(x) without knowing the zeros of f(z) [188]. 
We now show how to determine the coefficients of the polynomials 
a(x) and w,(x), the degrees of which we can take as one less than the 
degrees of the corresponding denominators. We get rid of the integral 
signs by differentiating equation (5). We get rid of the denominators 
in the identity thus obtained, and get an identity between two poly- 
nomials; on applying to this latter the method of undetermined coeffi- 
cients or the substitution method, we can find the coefficients of 
w(x) and w,(x). 

The Ostrogradskii-Hermite formula thus gives the algebraic part of 
the integral of a proper rational fraction, even in the case when the 
zeros of the denominator are unknown. The denominator of the frac- 
tion under the integral sign on the right-hand side of equation (5) 
contains only simple zeros, and we can evaluate the integral by reduc- 
ing to partial fractions, the result being expressed in terms of loga- 
rithms and are tangents, as we have seen. We have to know the zeros 
of D,(x) for this last operation. 


Example. Using the Ostrogradskii-Hermite formula: 


_ avr +t faty Oa* + ex +- 


We differentiate with respect to x: 


- 1 (ae + B) (a8 + 1) — 3x (ae? + Bo + y) da? tex +n 
(x3 + 1)? (x3 + 1)? oa =e 


and obtain, on clearing fractions: 


1 = (2am + 8B) (a9 + 1) — 3a*(ax? + Bu + y) + (du? + ex + 7) (v9 + 1). 


We compare coefficients of 25 and find 6 = 0, then compare coefficients 
of a and find y = 0. We substitute y = 6 = 0 in the identity written and 
compare coefficients of the remaining powers, and find: 


e—a=0; n—28=0; 2a+e=0; B+n=1, 
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whence finally: 


1 2 
a=y=d=e@=0; Boss ney, 


so that 


war 
(23 + 1)? aera - slaer: 
The last integral is evaluated by reducing to partial fractions: 


| er: 4 Me+twN 
mt+l oe+l’ a@—2z+1 


We clear fractions: 
l= A(v@?*—ae +1) + (Me +N) (e# 4+ 1). 


Substituting «= —1 gives A = 1/3, then comparing coefficients of x? 
and the absolute terms gives: 


2 
M=~->; N= 3) 
and consequently, 
1 1 x—2 
w+1l° 38(@+1)) 3(2?@—2+l)° 


We finally get: 


[ea SS “ae s/o ait 
22 — 1 


1 1 
= 5 log (w+ 1) ~ Flog (et 241) + Fe are tan a 3 +C, 
whence 


daz 
J (a +1) serpy t < log (@ +1) ~ 4 log (a? — 2 +1) 
ae | 

3 


198. Integration of expressions containing radicals. We consider 
some other types of integral, which reduce to integrals of rational 
fractions. 

1. The integral 


ax+b)\* fax+b)\" 
fel (Sta) (Sea) |e (6) 
where F# is a rational function of its arguments, i.e. the quotient of 
polynomials in these arguments, whilst A, uw, ... are rational numbers. 


Let m be the common denominator of these fractions. We introduce 
a new variable t: 


+ ae arc tan ma +0 
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Evidently, after this, x, dz/dt and the expressions: 
ax +b) (= +o\t 
(= +d 7 Ce + z) 
will be rational functions of ¢, and (6) reduces to theintegral of a ration- 
al fraction. 
2. Binomial differential. The integrals of binomial differentials : 

If 2" (a + ban)? da, (7) 
where m,n and p are rational numbers, reduce in many cases to the 
integral (6). 

We put 2 = #7": 


pes 
far (a+ barrde = — {ta (a +- bt)? dt. 


If por (m-+-1)/nis an integer, the integral obtained is of the type (6). 
It follows from the evident equality: 


mal — p 
| eri —a (a +: bt)? adi= [ eerie (= + bt } ae 


is = +-p is an integer, integral (7) reduces to 


that in the case when 
the form (6). 

There is a theorem of Tchebysheff, according to which the above 
three cases exhaust all the cases in which the integral of a binomial 


differential is expressible in terms of elementary functions. 


199, Integrals of the type { R(x, ax* + ba + c)dw. An integral of 
the form 


j R(x, Yax* + br + c)de, (8) 
where £ is a rational function of its arguments, leads to the integral 
of a rational fraction with the aid of EHuler’s substitution. 

In the case a > 0, Euler’s first substitution can be used: 
Yax® + br + ¢=t— az. 


On squaring both sides of this equation and solving with respect 
to x, we get: 


Pn a 
Vato’ 
from which it is clear that x, da/dt, and Jax” + bx + care rational func- 


tions of f, and therefore integral (8) leads to the integral of a rational 
fraction. 
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In the case c > 0, we can use Huler’s second substitution : 


Yaa? + ba +c = tx + Ve. 


We leave it to the reader to verify this. 

In the case a < 0, the quadratic expression (az? + bx + c) must 
have real zeros x, and x,, since it would otherwise have the (—) sign for 
all real x, whilst Yaz* + br +¢ would be imaginary. In the case of 
real zeros integral (8) leads to integration of a rational fraction with 
the aid of Huler’s third substitution : 


Va (a — &,) (% — %) = t (x — 2%), 


which we suggest may also be checked by the reader. 
EKuler’s substitutions lead to complicated expressions for the most 
part, and we therefore give a second method of evaluating integral (8). 
For brevity, let 
y = Vax? + bx +c. 


Every positive even power of y consists of a polynomial in x, and 
the integrand is therefore easily reduced to the form: 


__ @, (@) + 2 (x) y 
RG, WY) = Freya lay’ 


where the w,(x) are polynomials in x. If we get rid of the irrational in 
the denominator and carry out elementary transformations, we can 
put the expression written in the form: 


W, (a) 
w,(%) y 


W, (2) 
W, (x) 


R(z,y) = ae 


The first term is a rational fraction, which we know how to integrate. 
On dividing out w,(x)/w,(z) into an integral part and reducing the re- 
maining proper fraction to partial fractions we arrive at an integral 
of the form: . 

? (2) 
Yas? + bx + ¢ 


and at another of the form 


dz (9) 


dz 
(a —a)"Vax? +bx+e’ 


(10) 


where g(x) is a polynomial in x. 
We assume here that polynomials ,(x) only have real zeros. 
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Before we consider integrals (9) and (10) in general, we note two 
simple particular cases of integral (9): 


ip OA a Ss 
=e 


=Liog(e+2+)e+eet2)+o (@@>0, ay 


a 


1 
di SAE 


frester”| oye +0. (12) 
2 


Formula (11) is easily obtained with the aid of Euler’s first sub- 
stitution, whilst we worked out (12) previously in [92]. 
Integral (9) can conveniently be worked out by using the formula: 


[ieee = 9) \aa? + bret hf ae, (13) 
where »(z) is a polynomial whose degree is one less than that of y(z), 
and Ais a constant. We shall not dwell on the proof of (13). By differ- 
entiating (13) and clearing fractions, we obtain an identity between 
two polynomials, from which the coefficients of »(x) and A can be 
determined. 

Integral (10) reduces to integral (9) with the aid of the substitution 


Rete 
=. 
Example. 
fas -[ ES e- 
z+Yat—ae tl z—1 
if x aw?—e-+] 
= | ——— dr — = = 
z—l J (c©—1)yat—zt+1 
w—2+1 
=2-+ log (#~—1) — ——— 
Hee ) (a —1) fa? -—a2 +1 
But 
a—ae2+1 _ 1 
ee ee 


and therefore 


e—xr+tl A dx 
— $$ dt = ——_—_——— dz Se ee 
(2 —1) Va? —2 +1 re +(oay Se 
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In accordance with (13): 


de ote P+ a 

SS =Ayru— 2x Goa ee 
emer {wan 

We differentiate this relationship and clear fractions, and obtain the 
identity: 


= a(2x — 1) + 21, 
whence 
a=1; =5, 


and therefore, by (11): 
Va? —a2+1 2 2 
On substituting 


pest pin de 
t 
we obtain: 
ee ees ee 
(a ~1)Vat—a+l | 


mop (t+ 5+ VO TTT] +O— 


=—tog {2 ae tla ar +e goayrtserti}+0= 
= —log(a#@ +1-+4+ 2¥a®*—a@+1)+log(@@—1)+0. 
Finally: 
da re ee | 
fey 2 pe (2 — gt eT) + 
+log(@@+1-+2Va?—2@+1)+C. 


Integral (8) is a particular case of an Abel integral, which has the form 


f Rw, y) de, (14) 


where RF is a rational function of its arguments and y is an algebraic function 
of x, i.e. a function of x, defined by the equation 


f(@, y) = 0, (15) 
where the left-hand side is an integral polynomial in x and y. If 
= yP (2), 


where P(x) is a polynomial of the third or fourth degree in x, the Abel integral 
(14) is called an elliptic integral. We discuss these latter in the third volume. 
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They are not generally expressible in terms of elementary functions, and the 
same applies all the more for the general Abel integral. If the degree of the 
polynomial P(x) is higher than the fourth, integral (14) is called hyper- 
elliptic. 

If (15), expressing y as an algebraic function of x, has the property that 
x and y can be expressed in the form of rational functions of an auxiliary 
parameter ¢, integral (14) evidently reduces to the integral of a rational frac- 
tion. In this case, the algebraic curve corresponding to (15) is referred to as 
unicursal. In particular, Euler’s substitutions serve to prove the unicursality 
of the curve: 


y = av + be +e. 
200. Integrals of the form { R(sin x, cos x)dz. Integrals of the form: 
f§ R(sin 2, cos x) da, (16) 


where F# is a rational function of its arguments, reduce to integrals 
of rational fractions on introducing the new variable 


] 
t= tan 3% 


We obtain, in fact, with the aid of well known trigonometric for- 


mulae: 
— 72 


sing = oe 


EEE. - igen ds. 
Pa. naa 
and in addition, 

2di 


= 2arc tan ¢; de = iT» 


from which our assertion follows at once. 

We now notice some particular cases, where the working can be 
simplified. 

1. Suppose that R(sin x, cos ~) remains unchanged on replacing 
sina and cosx by (—sinz) and (—cos2) respectively, ie. that 
R(sin xz, cos x) has period 2. 

Since 

sin x = cosxtanz, 


R(sin x, cos x) is a rational function of cos x and tan x, which remains 
unchanged on replacing cos x by (— cos 2), i.e. it contains only even 
powers of cos x: 


Risin x, cos x) = F,(cos? x, tan x). 
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It is sufficient in the present case to substitute 
t= tana, 


in order to reduce (16) to the integral of a rational fraction. 
With this: 


2 
da = Tae? cos? & = 


1 
a 1+#° 


Thus, if R(sin x, cos x) remains unchanged on replacing sin x and 
cos x by {—sin x) and (—cos x) respectively, integral (16) reduces to 
the integral of a rational fraction with the aid of the substitution t = tan x. 

2. We now suppose that (sin x, cos x) merely changes sign on 
replacing sin x by (—sin #). The function 


R (sin x, cos x) 
sin a 


will be completely unchanged with this replacement, i.e. contains 
only even powers of sin x, so that: 


Risin x, cos x) = R,(sin? x, cos x) + sin x. 
On substituting ¢ = cos x, we get: 
f Rsin x, cos x) dx = — [ R,(1 — #, 2) de, 


ie. if R(sin x, cos x) merely changes sign on replacing sin x by (—sin x), 
integral (16) reduces to the integral of a rational fraction by the sub- 
stitution t == cos x. 

3. It can easily be shown in the same way fiat if R(sin x, cos x) 
merely changes sign on replacing cos x by (—cos x), (16) reduces to the 
integral of a rational fraction by substituting t = sin a. 


201. Integrals of the form fem [ P(x) cos ba + Q(x) sin ba]dz. Inte- 
gration by parts of an integral of the form: 


Je y(ax) dz, (17) 
where ¢{z) is a polynomial of the nth degree in x, gives 
Le gy (x) dx = ~ e* @ (x) — m4 fo y’ (x) da. 


Having thus separated out from the integral a term in the form of 
a product of e and a polynomial of degree n, we are able to lower 
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the degree of the polynomial under the integral sign by unity. If we 
continue to integrate by parts, whilst noting that 


fede = + +, 


we obtain: 


J &® p(x) dx = e* y(x) + C, (18) 


where (x) is a polynomial of the same degree 7 as (x), i.e. a product 
of the exponential function e™ and a polynomial of degree n retains the 
same form on integration. 

On differentiating (18) and cancelling e from both sides of the 
identity obtained, we can find the coefficients of the polynomial 
w(x) by the method of undetermined coefficients. 


We now consider the integral of more general type: 
J e*[P(x) cos ba + Q(x) sin ba] da, (19) 


where P(x) and Q(x) are polynomials in x. Let 1 be the greater of the 
degrees of these polynomials. If we use the expedient of introducing 
complex numbers, we can reduce integral (19) to integral (17) by sub- 
stituting for cos bz and sin bz in accordance with Euler’s formula [176]: 


@bxi ate @ oxi ebxi a 7 oxi 


cos bx == 5 ; sin ba = a 


This gives: 
§ e™[P(x) cos bx + Q(x) sin ba] dx = 
aes f eat Pox (x) dz ae {ee 9, (x) dz, 


where g(x) and @,(x) are polynomials of degrees not higher than n. 
Application of formula (18) gives: 


§ e*[P(x) cos bx ++ Q(x) sin bx] da = e@*™ yx) + &@—"™ w(x) + C, 


where y(z) and y,(x) are polynomials of degrees not higher than n. 
On substituting: 


e7*t _. cos br + isin ba, 
we finally get: 


f e*[P(a) cos be + Q(z) sin bx] da = 


= e“[R(x) cos bz + S(x) sin bz] + C, (20) 
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where R(x) and S(x) are polynomials of degrees not higher than n. 
Hence we see that the integrand in (19) retains the same form after 
integration, with polynomials of degrees equal to the higher of the de- 
grees of the original polynomials. 

We differentiate (20), cancel e in the identity obtained, and 
equate coefficients of like terms of the form 2* cos bx and x‘ sin bx 
(s = 0, 1, 2, ..., n) on each side; we thus get a system of linear equa- 
tions defining the coefficients of the polynomials R(x) and S(z). 
We remark here that, if either cos bz or sin bx is absent from the 
integrand, both trigonometric functions still have to be written on 
the right-hand side of the formula, bearing in mind the rule given 
above concerning the degrees of polynomials R(x) and S(z). 

Integrals of the form: 


f e* v(x) sin(a, x + 6,) sin(a, x + b,) . 
. cos(c, x + d,) cos (e,% + d,) ... dx 
reduce at once to integrals of type (19). 

In fact, by using the familiar trigonometric formulae that express 
the sums and differences of sines and cosines as products, we can 
conversely express the product of any two of the above trigonometric 
functions as a sum or difference of sines or cosines. Repeated appli- 
cation of this transformation enables us to reduce the number of 
trigonometric factors under the integral sign to one, and hence we 
obtain an integral of type (19). 

Example. By (20): 

fo” sin ba dz = e™(A cos ba + Bain bx) + C. 


We differentiate and cancel e*: 


sin ba = (aA + 6B) cos be + (—bA + @B) sin bz , 


whence 
aA+bB=0, —bA+aB=1, 
i.e. 
b a 
A= gpa Pate’ 
and finally: 


fem sin bx dx = e «(— cos bx + ~———, ea a 5 sinba] +C, (21) 


wis i 
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116. (5 + 4sin 2)~1. 117. 4a V[a/(b—ax)]. 118. sin? x/(1 -+ cos? 2). 
119, 5a ei, 120. sin 2c", 121. 2m? p(2ma™ + b)’—? a™ log a. 
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122. (a cos Bt — Bsin Bt) & 
123. e™ sin 6 x. 124. e~* cos 3x. 125. a"? a-*"(n — 22? log a). 
126, — sin 2 cos” 1/a a¥°S* (1+ log a Veos 2). 


127. 32-2 (sin =)" cot = log 3. 


128. (2ax + b)/(ax? + ba + c). 129. (a? + a?)~?”. 130. Va/(1 + Ya). 
131. (x? + 2ax)~"?, 132, —20-1 log—$ x. 133, —2? tan[(x — 1)/z]. 


3a? — 16x + 19 
134. (2a + 11)/(a? — w — 2). 135. T—l@—3)@—3)" 


136. 1/(sin? x cos x). 137, //a? — a?. 
— 62? 15a log? (ax-++b) 
138. G92) log @ 222) 139. (ac+6) 
140, 2(x? + a?)~?”. 141. (ma + n)/(a? — a®). 142. 2 sin log a. 
143. sin~$ x. 144, 2-1 V1 + a?. 145. (% + 1)/(23 — 1). 
146. 3/1 — 9a? [2° *'" ** log 2 + 2 (1 — arc cos 32)]. 


: bax + b sin b 
147, (35 9*/°08 &* 1593.4 sin? aaloos? ba) ¢ POS az cos be + b sin as sin ba 


cos? bx 
148. (1 + 2sin x)~1. 149. a1 (1 + log? a)~2 
1 log a 1 —1 
50, en ss 5 [ements 
; Yl —2?. arcsin x +3 © ayia loata ~ x (1+ log? x) 


152. a?/(x4 + a? — 2). 153. 2 cos} x sin™1? x. 154. (x? — 3x)/(x* — 1). 
155. (1 + a)—1. 156. (1 — 2)~*” are sin x. 

157. y’ = life > 0, y’ = —1lifa < 0; y’(0) does not exist. 
159. I/x. 160. f’(z) = —1, x < 0, f(z) = —e*, e > 0. 
161. 1 — x. 162, 2 + + (w — 3). 163, —1. 164, 0. 

170. (1 + 2x) (1 + 3x) + 2(1 + x) (1 + 3x) + 3(@ + 1) (1 + 22). 
171. ad + 2) (5x? + 19% + 20) (w + 1)~4 (x + 3)78. 

172. =e — 4% 4 2) [a(x — 1) (x — ava 


173. 5 (80? -+ 5)? (a? + 1)-*, 174, (eee anes, 
175, a) *-3 ‘(l+3 =z log 2). 176. x* a (= fee z). 
177, afi * [= Boe. ot cos x log nx). 


178. (cos si" * (cos x log cos x — sin x - tan 2). 
1\* ] 1 3 t—1 
179, P i {Jog (1 He =} si wah 180.32. 181.255 
18 ARH 184.2 M8 195, a 
"ee 


"¢@+1)° 
186. tan : 187. % ie — (a) tan ¢. 
189, —tan(3!). 190. y’ = —lift<0, y= +4+1ift> 0.191. —2e™. 
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192. tan ¢. 193. 1. 194. co, 195. No. 197. Yes. 198. 2/5. 199. —b? z/a? y. 

200. —2?/y?. 201. —x(3a + 2y)/(x? + 2y). 202. —/y/x. 203. —(y/x)*”. 

204, (1 — y5)/(1 + 8xy? + 4y5). 205. 10/(10 — 3 cos y). 206. —1. 

207. y cos? y/(1 — x cos? y). 208. y(1 — x? — y?)/a(1 + a? 4+- y?). 

209. (a +- y)?, 210. (x + y — 1)7}. 211. &”* 4+. ya. 

212. y/(x — y). 213. (x + y)/(% — y). 

214. [cy + xx? + y?]/[ex — ya? + y?]. 

215. y(x log — y)/x(y log x — x). 216. 45°; arc tan 2~63°26’. 217. 45°. 

218. arc tan(2/e) ~ 36°21’. 219. (0, 20); (1, 15); (—2, —12). 

220. y = x? —x-+ 1. 221. — 1/1]. 222. (1/8, — 1/16). 

223. At (4,2) tangent is « — 4y-+4=0, normal is 4% + y = 18; 
at (4, —2) tangent is x + 4y + 4=0, normal is 4x — y = 18, 

224.y —-5 = 0;x4-4+2=0.225.% = 1l,y= 0. 

226. 7x — 10y + 6, 10% + Ty — 34 = 0. 

227. y = 0, (%+4) a+ (n—4)y— 7 Y20=0. 

228. 54 +- 6y — 13 = 0; 6a — By + 21=0. 229.%-+ y = 2. 

230. At (1, 0) y = 2a — 2,44 2y = ljat(2,0)4+ y= 2,4 —y= 2; 
at (3,0) y = 22 — 6, 2y 4- « = 3. 

231. 14x — 13y + 12 = 0, 13a + l4y = 41. 

235. 40°36’. 236. At (0,0) the curves have common tangent; at (1,1) 
they intersect at an angle arc tan 1/7 ~ 8°8’. 

238. The subtangent and the subnormal are 2, the tangent and 
normal 2 //2. 

239. 1/(log 2). 242. 3 cm/sec.; 0; —9 cm/sec. 243. 15 cm/sec. 

244. B moves towards 0 with velocity 1.5 cm/sec. 


245. (a) y = x tana — +9 (2/v, cos a)?; (b) vp sin 2a/9; 


(c) Vo? — 2v, gt sin a + g? # making an angle 
tan~! [(v, sin a — gf)/v) cos a] with the x-axis. 

246. —0.4 units per second. 247, (9/8, 9/2). 

248. (a) 1.2 10 ~- 3.8 cm/sec; (b 40) cm*/sec. 249. + zt cm/sec. 

250. 562° + 210art. 251. 2(2a2 + 1) e*”. 252. 2 cos 2a. 

253. 2(1 — w”)/3(1 + 2)?. 254. —a(a? + 22)~9/, 255. 2 arc tan x + 
- Dall + 2%). 256. 2/(1 — a?) + 2a(1 — 2*)~*” are sin x. 

261. y’’’ = 6. 262. 4320. 263. 24(x + 1)~5. 264. —64 sin 2a. 

266. 0; 1; 2; 2. 267. Speeds are 5; 4.997; 4.7; accelerations are 0; 
—0.006; —0.6. 268. 1! a”. 

269. (a) ni (1 —2)~@; (6) (—1)"F? 1.3.5... .(2n — 8) 2-7 at". 
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270. (a) sin (a + = + nx); (b) 2” cos (2a + nn); (c) (—3)" 0 **; 
(d) (—1)"™ (n =A) 1 (l + a) gs fe) (= ie (1 2)"; 
(f) Qn (1 — 2)—"?; (g) 2"? sin [20 + + (n — 1)x]; 
(h) (~ ie aa gait ed onde b)-" 
271. (a) xe* + ne*; (b) 2"-* oe *[2(— 1)" a2 4+ Qn(—1)"4 a + 
4+ n(n — 1) (—1)""7]; 
(c) (1 — 2?) cos (% + - nz) — 2nx sin (7 +> (n — 1) x); 
(d) (—1)""7 1.3.5. ... (2n — 3) 2-7 a" F [ax — (2n — 1]; 
(e) (—1)" 6(n — 4)! 2°" if n > 4, 
272. (n — 1)! 273. (a) 988; (b) 2(1 + #); (ec) —V(1—#). 
274. (a) —a~1sin~°t; (b) (3a cos* ¢ sin me (c) —(4a sin* > t)-! 
(d) —(at sin’ f)~1 
275. (a) 0; (b) 2e°%. 276. (a) (1 + #) (1 + 38); (6) tl +4) (1 — 8-3 
277. —2e~'(cos ¢ + sin f)~°. 278. 1. 280. dy = 0.009001; dy = 0.009 
281. 1. 282. dS = 2x Ax, AS = 2x Ax + (Az)?. 
285. At x = 0. 286. No! 287. —a/72 ~ —0.0436. 
289. (a) 0.485; (b) 0.965; (c) 1.2; (d@) —0.045; (e) 0.81 radians. 
290. 565 cm?. 291. 5 ~ 2.25; Y17 ~ 4.13; 70 ~ 8.38; 640 ~ 25.3. 


292. V10 ~ 2.16; 70 ~ 4.13; 200 ~ 5.85. 

293. (a) 5; (b) 1.1; (c) 0.93; (d) 0.9. 294. 1.0019. 

296. No; since f’(2) does not exist. 297. No; since f (2/2) does not exist. 

300. — 1/3. 301. co. 302. 3. 303. 1/2. 304. 2/z. 305. 1. 306. 0. 

307.00, ifn >1; a4 if n=1; Oif n< 1. 308. 0. 309. 1. 310. 1/5. 

311. (a) 0; (b) 0; (c) 2; (d) e; (e), (f) the limit does not exist. 

312. The function is continuous. 

313. (a) x = 0, y = 0; (0) all points of the line y = 2; (c) all points 
on the circumference of the circle x? +- y? = 1; (d) all points on 
the coordinate axes. 

314. dz/dx = 3(x? — ay), dz/ay = 3(y? — az). 

315. dz/Ox = 2y(x + y)—*, dz/ay = —2ax(x + y)?. 

316. 0z/da = — y/x?, d2z/dy = 1/x. 

317. dz/Ax% = x(a? — y?)~1?, ozfoy = —y(a? — 271”, 

318. d2/da = y?(a? + y2)~9?, dz/oy = —ay(x? + y*)7*”. 

319. dz/da = —(a? + y?)~*?, dzfay = y(a®@+y)—*? [x + V(a®+y]- 

320. 02d = —yl(a? + y?), d2/0y = a/(x? + 9). 

321. dz/ax = yu", dz/oy = x” log x. 

322. 02/Ox = —yxu? z, dz/oy = x1 z. 
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323, d2/d0 = xy?(2a? — 2y*)"7/[| y | (at — y4)], 
d2fay = —ya?(Qa® — 2y2)*7IT| y | (at — y*)]. 
324, 0z/da = y~*” cot [(x + a) y*], 
8z/ay = — > (e + a) y~*” cot [(@ + a) yy”). 
325. u, = y? 21, uy = & > loga : Qy. 
326. u, = y/(1 + xy), wy = x[(1 + ay). 
327. f. = 1/2, fy = 0. 328. f. = 1, fy = 1/2. 
329. Af = 44a” + Ay + 24 2? + 2Awx dy + Ax? Ay; df = 4dx + dy 
(a) Af —df= 8; (6) Af — df = 0.062. 
331. dz = 3(a? — y) dw + 3(y? — x) dy. 
332. dz == 2xy? dx + 3a? y? dy. 
333. dz = 4(2? + y?)~(ay? dx — x? y dy). 
334. dz = sin 2a dx — sin 2y dy. 
335. dz = y? a" dx + a (1 + y log x) dy. 
336. dz = 2(a? + y’)“'adx + ydy). 337. df= (# + yy) (dx — ady/y). 
338. di = 0.062 cm, 41 = 0.065 cm. 
339. (a) 1.00; (b) 4.998; (c) 0.273. 
340. a(ag — BI/g Vig. 341. of(t log t — 1)/{t log? t). 
342. y~?!? #(6 — x/2y°) cot(y~*” 2). 
343, 2i(log ¢) (tan t) + (é + ¢~1) tan ¢ + sec? #(1 + 2) log i. 
344, 0. 345. (sin z)°°**(cos x cot x — sin # log sin 2). 


Chapter LIT 


1, 2 aa? 40. 2. 208 + da? + 8a +4 0. 


3. at + 2 (a +b) a + > abs? +o. 
4, a? x + > aber! + oP a? +. 5. Qu) (2px) /3 +c. 
n-1 1 
n 


at +e 7, (na)" +c. 


9 i 9 ! / I 
8. a’ — —- as! ae a? aft l8 ——3 e+e. 


"“m—l 


2 5/2 3 13/3 3 7/3 1/8 
9. = @ +e. 10. +3 & ay & — 6a +e. 
2m+ M+n+ 2N+s 
11. 2x 4 , 4a % 2x cn, 


4m+1 ' m+ In+i 4n +1 - 


/ / } ! 2  _14: i 
12, 20°? a? — daw + 4a? 2? — 20? 4. = a7 2? 2? +o, 


1 
* 9Vi0 


x —YV10 


1 x 
13. —- tan —— . 14 — 
are tan + ¢ 24 yi0 


yi Vi 


log | +6. 
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15. log[z + 4+ 22] +C. 16. arcsin ri ee 


17, arc sin 5 —log [% + //(a?-+2)] + ¢. 


18. tanz — 2+ c. 19.2% —coth x + c. 20. (3e)*/(log 3 + 1). 21.6 — a. 


22.0) 7’ — + gT?. 23, 3. 24, (210 — 1)/log 2. 25. 156. 26. log x. 
27, —V(1+a4). 28. 2xe-** — e*". 29, > a"? cos x + 272 cos (272). 
30.0 =n 7,n = 0,1,2,.... 3. >. 32. log 2. 33. (p + 1)-1. 34, 7/3. 
35. 100/3. 36. 7/4. 37. 16/3. 38. — 2/3. 39. + log 2/3. 40. log 9/8. 


41, 35 — 32 log 3. 42. arc tan 3 — arc tan 2 = arc tan 1/7. 
43. log 4/3. 


44, 2/16. 45. aa 46. a log|c / (a—a) |. 47.” 4+ log | 2a + 1{ +c. 


48. — se4+ Plog | 3 + 2e|+c. 49. + — Grlog|a + ba| +c. 
50, 4 PAF tog | aw + B| +e. 

SL. 5-2? + x + 2log |x — 1. 52, 5-02 + Qe + log |x +3| +c. 
53. at + ta +o + Ww + Blog|a—1|+e. 

54. a? x + 2ab log | 2 —a| — B(x —a) +c. 

55. log |a +-1| + («+ 1)71. 56. —2b V1 — a. 57. ~— =. (a — ba)?” 
58. akiucaus Gaus a, 4|+c. 

59. > log | 22 — 5| +c. 60.4 log (2a°-+ 3) +e. 

61. sy log (a? 2? + bY) + = are tan % +6. 62. are sin fe. 
63. = are tan 23 + ¢. re ee 

65. 1a tan 5 a)". 66. 4 (are sin x)3/?. 67. (—a/m) e"™ +c. 
68.0 — 4°—**/(3 log 4). 69. e&* + e7* +c. 

70.5 a(e?*/* — 97 */4) 4 oy 4 G, 

71. leg a= lee b)- e b-* — a~* b*) — 2a +c. 


q*/2 —4x 1 -(+x2) 
oe Toga? + isa? Mo. 78. ve me 
7A. e+ seq T, 75. et X46, 
77. log |e* — 1] +e. 10.0— (ate! a 79. O— + (6— 9/8, 


80. C + + log | xt — 4x +- 1|. BL. Tz aro tan = +o. 82. C—se™. 
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83. IE arc tan (V3 x| — ia log [a3 + /2 +322]+c. 

84. set e— ta — 2 log|e+1| +e. 

85. aoe t*, 86. tes | GORE |e: 

87. 7 [log | sec 8a-+tan 3x| + Sn nie +e. 

88. C — (log x)~1. 89. log | tan x + |/tan?x—2| +c. 
] 

90. es tan(x 2) + C — TGF * 

92. + (a3 4+ 12/8 + ¢. 93.5 are sin (%) + ¢. 


94. ene —a+e. 


95. — + — 4 sin a +o. 96. aresin (5 tana] +0. 
pra i(k a) eo 98. — 2 = (lh 1 + log z)*? +. 


99. C — 2 log | cos Va — 1 |. 
100. ; log | tan (=) |+° 
101, 7% '"* 4 log? (1 + a)+ arctan %-+c. 
102. C — log | sin x + cos 2}. 
103. C — /2 log | tan — a =il— 2¢— V2 C08 +o. 


104, 2 + = log = a +c. 


105. log | z | + 2arc tan + C. 106. e"”* + c. 


107. -- are sin 218 )(4—322) +c. 108.2 — log (1 + e*) +c. 


"3 ee 
1 a—b 
109, Var bt arc tan ye e+ ¢. 


110. log {e* + Ve* — 2}. 11. a log | tan aa | +c. 


91. C + a" *flog a. 
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112, C — -2— cos (2na/T’ + @,). 118. -log| (2-+ log x)/(2 —log2)|-+e. 


114, 0 — + (are cos 5 #)*. 


115. C — e~ "*, 116. > are sin & sin? *| +c. 117. c—2 cot 2. 


y2 
118. xs 1 (are sin x)? — /1 — 2? +. 
119, tbe [sec x + Vsec? a + 1] +. 
V5 + sin 2x ase 


: O 
. ae 


121. are tan i tan 2) +e. 122. — flog {a +- Va? + 1}}82 + ¢. 


y2 y2 
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123. (a) C + 1/2 are cos |/2/x, if a > 2; (6) C — log (1+ e™); 
(c) O + a (5a — 3)8; (d) Fw + 19% — Aw + IW +e. 
(e) log[sin + V1 + sin? x] + ¢; 
124, + [ (Qa + 5)*/12 + 5 (2x + 5)H/11] +c. 
125, 2 (7 29 —-5 9 + 2fe—2log|1 + Yz|+ ¢): 
126. log| (2x -+ a ET_1y (V2e --1+1)|+ec. 
127, 2 arc tan Ve* — 1. 128. log x — log 2 Jog | log x + 2 log 2| +c. 
129. ame +c. 130. 30. ( *__ 9) (et + 1)? 4 og, 
131. —— (cos? « — 5) Vcos: 


133. pee -- eee x. 


134,0 —+ ym — + y2— ao. 
135, |x? — a2 — a arc cos a/z + ¢. 
136. arc cos 1/¢ +c if x>0 and arccos (—I1/a) +c if #<0. 


137, x2 F 1 — log [1 + 2? + ure — log 2 +c. 

138. C — ot V4 — a. 139, ae yi — ge 4 ae arc sin x +c, 
140. 2 are sin x +c. 141. x log x — x -+c. 

142, x arc tan x — > log (1+ 2) +. 

143. x arc = a+ V1l—2? +c. 144. C + sine — x cosa. 
145. O44 —- * sin 3x + > cos 3a. 

146. C — rs + 1)e*. 147. C — (x log 2 + 1)/(2* log? 2). 
148, 5 (92? — 6x + 2) e+ 0. 149. C — (x? + 5) 0 

150. C — 3e7*? (43 +. 922 4. 54a + 162). 

151. C — —e cos 2a + = Sin 22. 

152. + (202 + 10x” + 11) sin 2a + + (Qe + 5) cos 2a+ c. 
153. za loge — = + ¢. 154. x log? x — 2% log x + 2a +. 
155. C — a a log x ja. 156. 2 /z logr—4 |u + ¢. 
157, Es (x? + 1) arctan o— ta + ¢. 


1 —— 
158. 3 v? arcsin x — garesin @ + z+ fayl— x? 4+, 


161. Marat add 1) +c. 162. Liog{ 2 z\ +e 
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62 — 1 
163. —— in —— are tan aT +e. 
164, + log (a®— Ta + 13) +2 —= are tan ae +e. 
165. 3 log (a? — 4¢ 4+ 5) + i are tan(x — 2). 
166. «— Flog (a? + 84+ 4) + are tan 272 +c. 


167. x as 3 log (a? — 6% + 10) + 8 arc tan (x — 3) +. 
sa +c. 169. arc sin(27% — 1) +c. 


168. yg aresin 
mata ye + pet a|+e. 
zt2|+e. 112.0 + 3log|#—3|—3log|x —2|+<. 


(a — 1) (a + 3)8 (a — 1)4 (a — 4)8 
173. sz lo ie GEE +e. 174. os we -3y +e, 
175, 5a + = saa iS si ete aaa 
176, (1 + x)~*+ log a |e. 
177, 4-@ — + log (2%—1) — + log (24+ 1) + log ae. 
] ll 8 
Mb. 7 Oe os ea te 


179.0 — 2 (@—3)?—F(@+ 
8 27 a —5 
180.0 + gery 7 BetDt ay 08 | 5 op? | 


181. O — 5 (a® — 3¢ + 2)", 182, «+ log|x| — 4-log (a? + 1) +. 
183. 2 +- Glos | ae pe ener 
184, ay log le — 3| —olog |w —1|-+ Gelog(a® + 4e +5) + 
+ — arctan (w+ 2)+c. 185, sin z— + sin? x er 
186. C — cos + = cos? x — = coss a 187, + sin? x — + sind 2 +. 


l 
188. + cos © = 3 poet S +6. 


2 3 
189, — sin? — + cosec? a — 2 log|sin x| +c. 
3 1. 1. x 1 
pie ee 2a +- -g5 Sin 4a +c. 191. = — 35 35 sin 4% +- ¢. 
1 rer 
192, ya Gaaeaae 2% +- ¢. 


193, Pe + eee Sate ag 
194, C — cot x — ~ cot? a. 195. tan x + + tan? a = tania +-c. 
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196. C — = cota — = cot a. 197, C+ tana+ = tan? 2 — 2 cot 2a. 
198, + tan? a + 8 logitan x| — 3 cot? a — + cot! e+ ¢. 
199, sec? xt 2 log | tan > +c. 
1 ; 1 1 1 
200. + ¥2 [log] tan -2|+og| tan (2+ =7}|]+<. 
201. C— 7 COs % cosect 7 — Zz C08 % cosec? & +- = log) tan 5-2 +e. 
me sin 4% sec? en 
3 jog | tan (22 + 

+ 35 og | an ( + =)| 

204, C — = cot? a — log|sin z|. 205.0 — = cot?” + cot w+ 2. 


206. <. tan?-> + tan} — 3 tan -j-+ Slog] cos—+-2| +a+te. 


1 ge + sin 22? + ¢. 
3 3 3 
208, C — > cost? x + cos??? a — <2 cos! */? g +. ¢, 


209. 2 ose ate. 


210. oi log (2? + 22+ 1)/(2— 22+ ae tan —— liam 
-+-c, where z= oe 211, C—sF : TF COs oe 22. 
212. C — Fy sin 250 + > sin 5a. 213. ee 
aye oe ee een 215, 1 sin 2ax + -5- cos 2b + c. 

1 } er 
216. ->- x cos p — z- sin (2w% -+ 9). 
217. > sin x ee — sin 5a 4 sin 7a -+- ¢. 

1 i 1 
218. 34 cos 6% — >> cos 4% — —- cos 22+c. 

1 Feely eee 
219. ~z log eS +e. 

tan a+ 2 

220. 75 loe tan ([pe+ 4] ||+«. 221, #—tan—a-+e. 


222.C — x + tanz + sec 2. 
1 
tan—a2—6 


] 
tan-> —3 


225, Te fy log| 2 sing + 3 cos | + ¢. 


+c. 224, arc tan (1 + tan x) +e. 
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226. C — log|cos x — sin x|. 227. > arc tan (+ tan x). 
228, > (x +1) V3 — 22 — a? + 2aresin—> (x +1) +e. 
229, 5 x V2+ 22+ logfa+/2+ 2] +c. 
230. — zVor+9— + logfa+Va? +9] +c. 
1 cae aS ee 
231, — (« — 1) Va? — 22 + 2 + + log [w—1 + Vz*§— 22 + 2]. 
232, 5 2 Va? — 4 — 2log|x+V2?—4| +c. 
233, 0 + (2x + 1) a? + & — —- log|2e-+1+ 2Va®+2|. 
234, 2. 235. Divergent. 236. 1/(1— p) if p< 1; divergent if p> 1. 


237. Divergent. 238.5 x. 239. Divergent. 240. 1. 


241. 1/(p — 1) if p > 1; divergent if p < 1. 
242. 2. 243. x/\/5. 244. Divergent. 245. Divergent. 246. 1/log 2. 


247, Divergent. 248. l/loga. 249. Divergent. 250. 1/k. 251. a a. 


252, — =i 
3 3yV3 

256. Divergent. 257. Convergent. 258. Convergent. 259. Convergent. 

260. Divergent. 261. Convergent. 264. 32/3. 265. 1. 266. 1/2. 267, 17/4. 


268. 2. 269. log 2.270. m? log 3. 271. na®, 272, 12. 273. > p®. 274, 9/2. 


275, 32/3. 276, 4. 277.-<- a?. 278. 15 x. 279, = mab. 280. 3x a*. 
281. x(b? + 2ab). 282. 6x a, 283, 5-0. 284, 2 na? 285. — na’. 
286. a?, 287. — ma, 288. n, 289.2 (14 — 8 2) a’. 
290. a p?(1 — e?)— 37. 
1 1 8 
291. a (0 + 53}. 292. 2 V2. 293.5, (10 10 — 1). 
294. //2 + log (1 + /2). 295. 71+ e? — /2 — 1+ log [1+ e—1]+ 
+ log (V2 + 1). 296.1 + Slog. 297.log[e + Ye®—1]. 
1 1 
298, log (2 + /3). 299. (1 + e%). 300. 4 /3a. 301. = aT?. 
302, 4(a° — 68)/ab. 303. 16a. 304, va V1 4a® + 4 alog[ 2a + 
+ V1 4x7]. 
305. 8a. 306. 2a[/ +-log(1-+ Y2)]. 307. = a*/30. 308. = x ab®. 
3 ne 4n 32 
309, 3 x2, 310. (a) 7; (b) “*. B11. $2 mat. 312. 32/10. 


+ — log 3. 253. 254, Divergent. 255. Convergent. 


313. + (15 — 16 log 2) 7 a°, B14, 27? a. 315. 5 a RH. 
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316. % ah? a. 318. (a) 52? a3; (b) 6x3 a; (c) = x a3(9n* — 16). 


319. 


323. 
325. 


326. 


327. 


329, 2 
331. 


332. ( 
334. 
335. 
336. 
337, 
339. 
341. 
344, 
348. 
350. 
352. 
354. 


ag 


ease 


106 xc a, 320.5 na. 321.-— a a. 822. x abh(1 + h/3c?). 


= z abc. 324. 2n[V2 + log (1+)2)] 

a (V5 — V2) + wlog 2(/2 + 1) — wlog (1 + 5). 
2x [V2 + log (1 + /2)]. 

z ma ate? + oe? + 4) = + x a?(2 + sinh 2). 
= z ale — 1) (e+ e-+ 4). 330. 4x? ab. 

a) 2a b? +- 22 ab e~lare sin ¢; 

(2) 2x a? + 2B e~}[log(1 -+ e) —log(1 — e)], where e=(a?—6")1/a. 


9 


(a) = mats (b) 16 n® at; (0) ae 333, +2 na’. 
M,=16jP$O; M,=Layete. 

M, = + ab, My = 4 a?b 
M, =U, = =a; f=y= Fa. 
ann 338. 27 a? 
Z = (asin a/a), y = 0. 340 f= na, y= oa 
% = 4a aa = 342. = y = 9/20. 343.2 = xa, y= a. 
(0; 035, a). saa 0; 2). 346. (0, 0,54). 347. 20°. 
Se Ty = $8 b. 349, 4. ibe. 

ee i ere 351.5 a(r$ — rf). 


i art h o(@ = density). 353. ak 


V = 277 a? b, S=4n7 ab 355. > mt. 


Chapter IV 


1 1 —~ _ 9 
ae te 2. =: 3.22! ‘i 4.n~?. 3. (2 + 2) (n + 1) ik 


2n/(3n + 2). 


~Ifn(n +1). 8 1.3.5...(2n — 1)/1.4.7...(8n — 2). 9. (—1)"7). 
10. 2 
15. 


(-1)"+3 


11. Divergent. 12. Convergent. 13. Divergent. 14. Divergent. 
Divergent. 16. Divergent. 17. Divergent. 18. Divergent. 19. Diver- 
gent. 20. Convergent. 21. Convergent. 22. Convergent. 23. Con- 
vergent. 24. Convergent. 25. Convergent. 26. Convergent. 
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27. Convergent. 28. Convergent. 29. Divergent. 30. Divergent. 

31. Convergent. 32. Divergent. 33. Convergent. 34. Convergent. 

35. Convergent. 36. Divergent. 37. Convergent. 38. Divergent. 

39. Convergent. 40. Divergent. 41. Divergent. 42. Convergent. 

43. Divergent. 44. Convergent. 45. Divergent. 46. Convergent. 

47, Divergent. 48. Convergent. 49. Divergent. 50. Convergent. 

51. Convergent. 52. Convergent. 53. Divergent. 54. Divergent. 

55. Conditionally convergent. 56. Conditionally convergent. 

57. Absolutely convergent. 58. Divergent. 59. Conditionally con- 
vergent. 

60. Absolutely convergent. 61. Conditionally convergent. 

62. Absolutely convergent. 63. Absolutely convergent. 64. Divergent. 

65. Absolutely convergent. 66. Conditionally convergent. 

67. Divergent. 68. Absolutely convergent. 69. Absolutely convergent. 

70. Conditionally convergent. 71. Divergent. 72. Absolutely con- 
vergent. 

73. Absolutely convergent. 75. Yes. 76. Convergent. 

77. |R,| < 1/120, |R;| < oe R,<0,R;>0. 


78. By <2 + Ea 


79, Rn < (n+ 2)/(n +1) (n+ II; By <3x107°. 
80. —l<2< 1. ae —2<4< 2. 82. —-l<2a< 1. 


1 
y2 <5 
86. —1 <2 < 1. 87. ee ee eet 
89. —co <a < 00, 9. 4 << 4.91. —4 <a xt. 


92.-2<a< 2.93. -e<a<e. 94 |z| <1. 95. 
i] <3. 97% |z| < /2. 98. 2 = 0. 99% |z] < ~. 
100. |z| < 1/2. 104. —log (1 — 2), (-l <x < 1). 

105. log (1 + 2), (—1 < « < 1). 106. Slog st, ({a| <1) 
107. Arc tan x, (|x| < 1). 108. (« — 1)-%, (|x| < 1). 

109, (1 — 2%) (1 + 2%)-2, (|x| <1). 10. 2(1 — 2)-3, (Ja ] <2). 
M1. a(2 — 1)~?, (|| > 1). 


1 1 1—2 
112. -5- [arc tan « — —ylo8 ise (ja |< 1). 


1 
113. “Bb vif V3. 114, 3. 


115. —78 + 59(@ + 4) — 14(@ + 4)? + (@ + 4)3, (oo < @ < ©). 
116. 543 — 4a? — 34 + 2 4 (15a? — 8% — 3) h 4+ 
+ (15a — 4) h? + 5h3 (—co < & < cw, —00 <h < ©). 
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U7. > (—1)""! (« — 1)"/n, (0 <2 < 2). 


ne 


us. S(—1)" (w — 1)", (0 <a < 2). 


119. S (n+ 1) (e+ 1)", (-2<4 <0). 


120, [i+ yee (|2|<co). 


03 n-1 13.5... (2n—8) (x—4)" 
Teor ae (—1) 4.6.8... 2n gin 


ns aj2)"—* 
122. a aes 2B) (|2| <o). 


»,(09<a< 8). 


gan- -38 gt 


123, S(— ye. (— co <a < 00). 
124, 1+ S(- 1-1 24 gf (|| < 00). 


aig st <0). 
n=1 ‘ 


ig 288..; BASD 
257-13" nt 


126.2+ > 7+ S(-0 ({a| <8). 


Chapter V 


1, 5/3; —2. 2. (y? — 2°) /2ay, (a* — y?)/2ay, (y? — 2°) /2ay, 2ay/(x — y?). 

3. f(z, 2) =14+a—2. 4. 2= Rl — FR). 5. f(z) = (i + 22)/e. 
> (a — ay). 7. f(u) = w+ 2u;z=2—1-4 Vy. 

8. f(y) = Vi + ys 2 = Vo + y. 


9. (a) The interior and circumference of the circle 2? + ¥° = 1; 
(b) z only exists along the line y = 2; (c) the half-plane x + y > 0; 
(d) The strip —1 < y <1; (e) The square {|x| <1, jy! <1; 
)lyl< els @) |e] > 2, |[y| <4; (2) The interior of the 
annulus bounded by r = a, r = /2a; (i) The regions 2nn <x < 
<(2n-+1)x in the half-plane y>0O and the _ regions 
(2n — 1)x < a@ < 2nz in the half-plane y < 0; (7) 2 + y > 0; 
(k) the whole zy-plane; (I) the whole zy-plane except (0, 0); (m) 
x >0, y>2; (n) the whole zy-plane except the lines 2 = 1 
and y = 0; 0 the interior of therings 2nz < 2? + y? < (2n+1)2 
(n = 0, 1, 2, Pe. 
10. u,, = ye(xy)**, Uy = x2(xy)*"*, wu, = (xy)? log (zy). 
ll. uy, = ye” ie re = 427 lox 2,4, aye", 
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12, u, = 3(x? — yz), wy = 3(y? — az), uz, = 3(22 — ay). 

13. uy, = 2ay? t/(1 — 27), uy = 2a? yt/(l — 2”), uz = 22? y? zt/(1 — 2), 
U, = Pll — 2"), 

14, u,, = —ar~3, uy = —yr-3, u, = —2r73. 

15. uy = y2e[(-+ y)? (@ + 1), ty = walle + y)? (2+ 1), uy = 
== xy/(z + y) (2+ 1). 

16. f. = 1, fy = 1/2, f, = 1/2. 17. r* sin 6 drdé dg. 

28. d2/Ox = — y/(x? + y*), dz/du = 1/(1 + 2?). 


29. d2/da == ya” +, de/da = 2 | 9 q’ (x) loga + |. 


30. dz/ox = 2x ef/au + ye af/dv, dz/dy = — 2y Of/du + xe” df/dv. 
31. dz/du = 0, dz/ov = I. 
1 y 1 
32. dz/dx = y (1 — =| f’ (u), d2/Oy = (2 es “ f (uw), (way + uy. 
36. 0?z/da2 = abcy?/(b?x® + a®y®)*”, 622/a Oy = — 
— abcay|(b?a? +- a®y?)®”, 022/dy? = abca?/(b2x® + a®y2)*!?. 
37, 022/dx? = 2 (y — u")/(a? + y)?, 072/Oxdy = — 2u/(x? + y)?, 
822/Oy? = —1)/(a? + y)?. 
38. 62z/Oa Oy = ay/(2Qaey + y?)*”. 
44. z = 0 (min.) at (1, 0). 45. No maximum or minimum. 
46. z == —1 (min.) at (1, 0). 47. z2 = 108 (max.) at (3, 2). 
48.z = —8 (min.) at (/2, —/2) and at (—/2, |/2). 
49, 2 = aa (max.) at. (+ a//3, + d/V3) 


pes Wi (min.) at (+ a//8, + B/Y3). 


50. z = 1 (max.) at (0, 0). SL. z = 0 (min.) at (0, 0). 

52. z = 3 (max.) at (1, —1). 

33. (a2) The two functions z= 3 + /25 — — (% — 1)? — (y + 2)? are 
defined by the equation. The (+) sign a a function which has 
a maximum value 8 at the point (1, —2); this function takes 
its minimum value 3 at all points on the circumference of the 
circle (w — 1)? + (y -++ 2)? = 25, the function not being defined at 
points outside this circle. The (—) sign gives a function which 
has a minimum value —2 at (1, —2); this function takes its 
maximum value 3 at points on (x — 1)? + (y + 2)? = 25, not 
being defined at points outside the circle. 
(6) One function has a maximum (z = —-2) at (—1, 2) while 
the other has a minimum (z = 1) at (—1, 2); both functions reach 
their other bounding value at points on the curve 473 — 4y? 
— 12% + l6y — 33 = 0. 
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54, z has max. value 1/4 at (1/2, 1/2). 
55.2 has max. value 5 at (1, 2) and min. value —5 at (—1, —2). 
56. z has min. value 36/13 at (18/13, 12/13). 


57.2 has max. value 1 + = /2 at (-< + kz, a. + kz), 


; L 3m 5x 
and min. value 1 — 7 y2 at (= + ka, ar kz). 


58. u has min. value —9 at (—1, 2, —2) and max. value 9 at 
(1=52,9); 

59. uw has maximum value a? at (La, 0, 0) and minimum value ¢? at 
(0, 0, --e). 

60. The cube with edge V8, 


61. The box has a square base of edge (2V)3 and has height (+ Vy)". 


62. An equilateral triangle of side = p. 63. Cube. 
64. The triangle with sides 3p/4, 3p/4, p/2 rotated about the 
smallest side. 


65. P is at the centre of mass (Hee te Pi ea Sat) 
m,+m,+m, * m+ m,+m, 


66. — +2 4+ = = 3. 
67. If the ellipsoid has semi-axes a, b, c the rectangular parallelepiped 
should have edges 2a///3, 2b//3, 2c//3. 
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total 161—163 

of variable 18 
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equivalence of 72 
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properties of 46, 47 
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indefinite 213 

sum 294 
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INDEX 


Involute of circle 193 
Irrational number 81 
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Kepler’s equation 59, 130 
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336 
formula 159 


method of undetermined multipliers 


432 


Least value of function 140, 430 


Leibniz’s rule 123 
Lemniscate 200 
Limacon 197 
Limit 
of function 61 
double 400 
of several variables 400 
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Linear functions 17, 20 
Logarithm 
of complex number 469 
natural 78 
Logarithmic 
functions 37, 93, 106, 348 
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spiral 196, 266, 478—479 
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formula 337 
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282, 283 

of rational fractions 232, 233, 508— 
511 

rules for 227—230 

of trigonometric expressions 516 — 
519 

of uniformly convergent series 383 


Interval, closed, open 5 
Inverse functions 31, 108 


circular 41, 108, 111, 352 
principal values of 43 


series 337 
Many-valued functions 33 
Maxima and minima 
of functions 132—137 
rules for finding 133, 135 
of several variables 421 
absolute 422, 423 
conditional 431 
Mean value theorem 242, 243 
de Moivre’s formula 453 
Modulus 
of complex number 446 
of system of logarithms 79 
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Multiple zeros of polynomial 383 
Multipliers, undetermined, Lagrange 
method 432 


n-dimensional space 399 
Natural logarithms 79 
Node 181 
Normal 

to curve 184 

to surface 419 


Odd functions 252 

Open interval 5 

Ordered variables 43 

Osculation, point of 183 
Ostrogradskii— Hermite formula 510 
Ovals, Cassini’s 200 


Parabola 23, 25, 256, 265 
Paraboloid, hyperbolie 427 
Partial 
derivatives 
of first order 402 
of higher orders 405 
fractions 506 
Passage to limit 
under differentiation sign 382 
under integral sign 381 
Polar equation of curve 194 
Polynomial(s) 332, 479—489 
with real coefficients 489 
relatively prime 488 
Polytropie curves 29 
Poncelet’s formula 284 
Primitives 213, 244 


Radius of curvature 169 
Rational fraction, expansion into par- 
tial fractions 506 
Real numbers 3, 80 
operations on 83 
Reduction formula for integrals 254 
Relative error 120 
Remainder 
of series 316, 327 
term, Taylor’s formula 335 
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Revolution, surface of 271 
Riemann integral 299 

Rolle’s theorem 147 

Roots of complex numbers 465 


Section of numerical set 80 
Semicubical parabola 181 
Semi-open interval 5, 6 
Separation of algebraic part from 
integral 509 
Sequence of functions (infinite) 374— 
377 
Set, numerical, bounded above, be- 
low 79, 85 
Series 
absolutely convergent 328, 359, 372 
alternating 327 
convergent 315 
divergent 315 
double 369 
Maclaurin 337 
power 386 
Taylor 337 
trigonometric 374 
uniformly convergent 374 
Single-valued functions 34 
Singular points of curve 180 
Sinusoidal quantity 470 
Slope 
of straight line 18 
of tangent 103 
Spirals 196 
Strict bounds of numerical set 85 
Subnormal 185 
Substitution 
change of variables by 230 
by Euler’s method 230, 612 
by rational-fractional method 611, 
512 
by trigonometric method 516 
Subtangent 185 
Sum of series 315 


Tabular method of specifying func- 
tion 11 
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Tangent 184 
formula 281 
method 502 
plane 417 
Tests for convergence of series 
Abel’s 384 
d’Alembert’s 321 
alternating 327 
Cauchy’s 320 
integral 324 
Gauss’s 365 
Kummer’s 363 
with positive terms 319 
Weierstrass’s 384 
Torus 278 
Total differential 162, 402 
of function of function 404 
Transcendental curves 184 
Trifolium 260 
Trigonometric functions 38, 93, 105, 
106, 108, 460 
expanded into power series 340 


Trochoid 189 


Undetermined coefficients. method 
of 232, 507 

Unicursal curves 516 

Uniform convergence 
of sequence 377, 380 
of series 374, 383 


Uniformly continuous functions 70 


Variable 4 
bounded 44 
independent 5 
of integration 221 
monotonic 56 
Vector diagram 471 
Velocity of motion of point 101 
Volumes of solids 268—271 


Weierstrass’s test 384 


